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Abstract

In this paper, we develop some quantum estimates of Hermite-Hadamard type inequalities for -
convex functions. In some special cases, these quantum estimates reduce to known results.

1 Introduction

In recent years, the topic of quantum calculus has attracted the attention of several scholars. Quantum
calculus stands as a connection between mathematics and physics. It has large applications in many mathe-
matical areas such as number theory, special functions, quantum mechanics and mathematical inequalities.
In quantum analysis, we obtain g-analogues of mathematical objects that can be recaptured as ¢ — 17. In
recent years, many researchers have shown their interest in studying and investigating quantum calculus.
Quantum analysis is also very helpful in numerous fields and has large applications in various areas of pure
and applied sciences. For some recent developments in quantum calculus, interested readers are referred to
[18-20,22].

Theory of inequalities and theory of convex functions are closely related to each other, thus a rich literature
on inequalities. One of the most extensively studied inequality in the literature is the Hermite-Hadamard
inequality: if §: Z C R — R is a convex function defined on the interval Z of real numbers and wi,wo € 7

with w1 < ws, then
5(5) st [ s < TS 1)

2 wo — w1 Sy, 2

This famous result of Hermite and Hadamard can be considered as necessary and sufficient condition for a
function to be convex. Various improvements, generalizations, and variants of this inequality can be found
in the papers [1-17,25,27].

Inspired by the works of Liu and Zhuang [23] and Liu, Zhuang and Park [24], we aim to develop some
quantum estimates of Hermite-Hadamard type for g-differentiable ¢-convex functions.
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2 Preliminaries

In this section, we recall some previously known concepts and basic results. Let Z be an interval in real line
R and ¢ : R x R — R be a bifunction.

Definition 1 ([21]) A function F:Z — R is called convex with respect to ¢ (briefly p-convex), if
F(twr + (1 = twa) < F(wa) +to(F(wi), F(w2))
for all wy,ws € T and t € [0, 1].

Remark 1 If we set (A, B) = A — B in the above definition, then we recover the classical definition of
convex function.

Clearly, any convex function is ¢p-convex function. Furthermore, there exists p-convex functions which
are not convex. For example, we consider § : R — R as

5(2)2{ —z, ifz>0,

Z, if 2 <0,
and ¢ : [—00,0] X [-00,0] — R as
A, if B=0,
¢(A,B) =< —B, ifA=0,

—-A-B, ifA<0,B<0.

Then, it is not hard to check that § is ¢-convex. Also, it is obvious that § is not a convex function. On the
other hand, let Z = [w1,w2] C R be an interval and 0 < ¢ < 1 be a constant.

Definition 2 ([26]) Assume § : Z — R is a continuous function and let x € . Then q-derivative on T of
function § at x is defined as

S(x) — F(gz + (1 — gw1)
(1—-g)(z—w)

We say that § is g-differentiable on I provided ., D,§(x) exists for all x € I. Note that if wqy = 0 in (2),
then ¢D,§ = D,§, where Dy is the well-known g-derivative of the function §(x) defined by

S(z) — $(qx)
(1-q)z
Definition 3 ([26]) Let § : T — R be a continuous function. We define the second-order q-derivative on

interval L, which is denoted as wng%, provided ., Dy is q-differentiable on T with wngS =, Dg(, DGF) :
7T — R. Similarly, we define higher order q-derivative on I, ,,, Dy : T — R.

w1Dq5($) = , T F W w1Dq$(W1) = mlggl W1Dq§($)~ (2)

Dqg(m) =

Definition 4 ([26]) Let §:Z C R — R be a continuous function. Then g-integral on T is defined by
F() widgt = (1= q)(z —w1) Y ¢'F(g’z + (1 — ¢ )wn)
w1 i=0
for x € . Note that if w1 = 0, then we have the classical q-integral, which is defined by
/ F(todgt = (1-q)x > _ q'F(¢'z)
0 i=0

for x € [0,00).
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Theorem 1 ([26]) Assume §, & : T — R are continuous functions, a € R. Then, for xz € Z,

[ B0+ 0] wdt = [ 50+ [ S0 dy

1 wi wi

| @Ot =a [ 50

1 w1

Also, we introduce the g-analogues of wq and (x — w1)™ and the definition of ¢-Beta function.

Definition 5 ([22]) For any real number w1,

1—qg*t
1—gq

[wi] =

is called the g-analogue of wy. In particular, for i € Z™", we denote

[i] = =¢ "+ +q+1L

Definition 6 ([22]) Ifi is an integer, the q-analogue of (v — w1)® is the polynomial

. 1, ifi =0,
(m—wl)q:{ - o

(z—wi)(z—qwi) - (—¢ twy), ifi>1

Definition 7 ([22]) For anyt,s >0,

1
By(t,s) :/0 o1 - qm)zfl odq (3)

is called the q-Beta function. Note that

1
1
Bq(t71) :/ =t 0dg® = =, (4)
0 1]
where [t] is the q-analogue of t.

At last, we present the following lemmas [23] that will be used in this paper.

Lemma 1 (a) Let §(x) = 1. Then we have

/1 OdJ?— l—qi
0 i=0

(b) If §(x) = = for x € [0,1], then we have

/xod:l:_ 1—q§:
i=0

(c) Let F(x) = 2 for x € [0,1]. Then we have

[ =m0 S =
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Lemma 2 (a) Let §(x) =1 — qx for z € [0,1], where 0 < g < 1 is a constant. Then we have

1 1 1 1
1—qx dx:/ dzfq/ T odgr = ——.
/0( )Oq 0 0%q 0 0%q 14+gq

(b) Let §(z) = z(1 — qx) for x € [0,1], where 0 < g < 1 is a constant. Then we have

1 1 1
1

x(l —qx dx:/xdx—q/x2d:v: .

/o( Jodat = JLwotat = T o S T g )

(c) If §(x) = 2*(1 — qz) for x € [0,1], where 0 < q¢ < 1 is a constant, then we have

1 1 1
1
2 2 3
1—gqx) odyx = z° odgx — z° odyx = .
/0 ) ody /0 o q/o T U4+ A+ g+ P+ )

3 Hermite-Hadamard Inequalities for p-Convex Functions

We need the following auxiliary result, which will be useful in proving our main results. This result was also
proved by Liu and Zhuang [23].

Lemma 3 Let §:Z = [w1,wa] CR — R be a twice q-differentiable function on 70 with wngS continuous
and integrable on §, where 0 < g < 1. Then the following identity holds:

g8 (w1) + §(wa) 1 - Plwz —wi)* [
11+ q — wy — w1 Sy, () o = %ql/o 1 = DB (1 = e + tueodt. (5)

The next theorem gives some estimates for the left-hand side of the result of (5) through ¢-convex
functions.

Theorem 2 Let §:Z = [w1,w2] CR — R be a twice g-differentiable function on I° with wng%’ continuous
and integrable on T, where 0 < q < 1. If \WIDSSV” is @-conver on [wy,ws] for m > 1, then the following
inequality holds:

g8 (w1) + §(w2) 1 /“’2
_ wid
’ 14¢ W2 — W1 Jy, 8@y g
2 2 1
q¢*(wa — wq) o m 9 m 9 m\ \ m
< m([ﬁ ‘wquS"(UJl)‘ + Kaop (‘wquS(WQ)’ ) wquS(wl)} )) ) (6)
where
1 o]
K, = / t(1—qt)™ odgt = (1—q) > _¢*(1— g™
0 i=0
and

1 o)
Ky = / tQ(l _ qt)m Odqt — (1 _ q) Zq?n(l _ qz—&-l)m.
0 =0
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Proof. Using Lemma 3, Holder inequality and the fact that |wlD2$ |™ is a @-convex function, we have

— T)w, Ao
1+q W — w1 o1 ()wlq

\‘%1) R 1 e

QQ(wz—M)Q
1+¢
QQ(wz —w1)2

1+¢

Pls—w) (1, N o )
17"“] (/0 ! Odqt> </0 t(l - qt) ‘Wqug((l - t)wl + tw2)| odqt)

1
210 — wi)2 1 - I ’
T (w2 —wi)” (/ todqt> | D2 ()| /t(l—qt)’"odqt
1+¢ 0 0

1

1
/ t(l — qt)w1D§S((1 — t)wl + ﬁwg)odqt
0

1
/ H1 = qt) [on D2F((1 — by + twn)| odyt
0

3=

3=

(DS D3 |

0

t2(1 — qt)™ odqt>

Now, applying Lemma 1(b), we have

‘qg(wl) + F(w2) 1 /w2

wid
1+q Wy — w1 S(I) 1GqT

w1

2 - 2 ]- 17# m m m
q“"f+:1) <1+q> (o D251 K1 + 6 (Jon D2F(w2)|™ [ D2F(w1)| ") K2)

3=

2wy — wy)?
= W(Kl |W1D23'(a)|

It is easy to check by Definition 4 that

m m

+ K (o D23 )™ o D23 )"

(oo}

1
K, = / t(1—qt)™ odgt = (1—q) Y _¢*(1— ¢t
0 =0

and
1 o _
K, = / (1= qt)™ odgt = (1—q) > _¢*(1— g™
0 i=0
Thus, we get (6). m
Remark 2 By setting ¢(A, B) = A — B in Theorem 2, we recapture [23, Theorem 5.1].
Corollary 1 In Theorem 2, if ¢ — 17, then we get

! m _ 1 _ ! 2 _\m _ 2
Kl:/o =0t = T2y KQ‘/O =t = G T+ 2)(m £ 3)°

and (6) reduces to the following inequality:

F(wi1) + F(w2) 1 “2
5 — /w1 F(z)dz
(w2_w1)2 1 7 m 2 7 m 7 m %
S T ((m+1)(m+2) B G Dmr am )7 (82 ) )>
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Remark 3 If p(A,B) = A— B and g — 17, then (6) reduces to the following inequality:

2 Wy —w 22— (m+1)(m+2)(m+3

1

S 2sten) L [ < B2 ((mﬂ)lS"(wl)m+2|%”(w)z>’”> |

Corollary 2 If m is a positive integer, then Theorem 2 amounts to:

(1—gt)™ < (1—qt)y",

and (6) reduces to

‘ qg(wl) + 1?{((“)2) _ 1 - S’($)w1dq$

1+q Wwo — W1

QQ(WQ - w1)2

(1+q)> ™

1

(Ba2:m 1), D3§ ()| + B, (8m + g |y DS ()| ™ oy D3| ") ) ™

Theorem 3 Let § : T = [wi,ws] C R — R be a twice g-differentiable function on 7% and wlD T be
continuous and integrable on I, where 0 < q < 1. If |, D2F|™ is @-convex on [wi,ws], where n,m > 1,
% + % =1, then

@Fw1) +3(w2) 1 “2
\ L) L 5
q2(w2_wl)2 % |w1D§S(w1)|m @(|W1D§S(w2)|mv|W1D28(w1)|m) %
S Targ (L) ( 1rq " s , (7)

where

1 [e%e)
L= / t(1—qt)" odgt = (1 —q) qu(l — gt
0

=0

Proof. Using Lemma 3, Holder inequality and the fact that |W1D§S |™ is a @-convex function, we have

45 (w1) + §(w2) 1 vz
_ wod
‘ 1+gq wo — w1 Jo, §(@)urdge
2 —wl 2 !
1 +q /0 t qt S(( t)w1 +tWQ)0dqt

—

q wy + tw
=~ 1 w1 1 2 0&q

Pws —w)? )2 1 - 1 .
</ t(1—qt)" od t) </ by DI((1 = t)wy + two)| odqt>
1 +q 0 0

; 1
<|M1D25(w1)|m/ t odgt
0

1
wlDES(wl)!m)/O 2 odqt>

3k

1 n
wz*wl

tl—qt od t)
 14+q <A

3

10 (o D3|
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Applying Lemmas 1(b) and 1(c), we have

g8 (w1) + §(w2) 1 w2
— d
‘ 1+g¢ w2 — W1 Jy, @) e®
1 m m m =
¢*(wy — w1)? /1 H(1 = gb)™ odyt |w1D3§<w1)’ " 2 (|w1D3§(W2)’ >|w1D28(w1)‘ )
= 1+q 0 0%a 1+q 1+q+¢?

o q2(w2*w1)2 1 |w1D33’(w1)‘m @(|w1D33’(w2)‘ma|w1D§S(w1)|m) "
= 7(L)n —+ .
l+gq 1+q 1+q+¢?

It is easy to check by Definition 4 that
1 o0
L= [ =g adyt = (1= Y1 -
i=0
and thus, we get (7). =
Remark 4 By setting ¢(A, B) = A — B in Theorem 3, we recapture [23, Theorem 5.2].
Corollary 3 By letting g — 1~ in Theorem 3, we get

! n _ 1
L:/O e e CEIL

and (7) reduces to the following inequality:

S(w1) + F(we) 1 /wz

5 P 5(z)dz

wi

(wz—w1)2 ( 1 >717 <3|3//(w1)m+2<p (|3"(w2)m,|§”(w1)|m)>’l"

Remark 5 If p(A,B) = A— B and ¢ — 17, then (7) reduces to the following inequality:

S(wi) + F(w2) 1 /w2

2 Wo — W1q

5(z)dz

w1

(w2 — w1)? 1 55w + 218 w2) "\
= T3 ((n+1)(n—|—2)) ( G ) -

Corollary 4 In Theorem 3, if n is a positive integer , then

(1—qt)" < (1-qt)y,
and (7) reduces to

g8 (w1) + §(w2) 1 2
1+4+4¢ Wy —wy w1 §(@odge
Pz — 1) s (1D (o DES )| s DS )™ | *
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Theorem 4 Let § : I = [wi,ws] C R — R be a twice q-differentiable function on I° and ., D2F be
continuous and integrable on I, where 0 < q < 1. If |W1D§S|m is p-convex on [wi,ws|, where n,m > 1,

%—Fi:l, then

m

1+¢ w2 — Wi

'qg(wl) + F(w2) 1 /wz

wi

M(R)i(iwss(wl)ym 3

1+¢

where

1
R= / t"(1 —qt)" odgt = (1 —q)
0

Proof. Using Lemma 3, Holder inequality and the fact that |w1D§{§ |™ is a @-convex function, we have

%(w)wl dqx

o2 D8 @)[" | DS (@1)] ™)

(x)wl dqu

1+¢

Z (qi)"‘H (1 _ qi-l-l)n.

=0

‘qﬁ(wl) +3(wr) 1 ”
1 + q Wy — W1 w1
2005 — w12 1
s = [y DS~ e + by
+q 0
2(00 —wi)2 1
M/ t(1 = qt) |uy DIF((1 = thwr + twa)| odyt
1+¢q 0

2 _ 2 1 g ! "
Clwz —w1)” (/ (1 — gt)" odqt> (/ |on DFF((1 = thws + two) [ Odqt)
0 0

1+¢

1
2 )2 1 w I
oz ([ - ) (o [
144¢q 0 0

1

1 m
+p (leDES(wz)l'”,|w1D§S(w1)|m)/ todqt> .

0
Employing Lemmas 1(a) and 1(b), we obtain

’q%’(wl) +8ws) 1 /wz

1+gq wg — w1

w1

Plwe —w1)? 1 m
(erql(R)”(|w1D§3(w1)’ +

It is easy to check by Definition 4 that

S(I’)wldql’

# (| D38 @2)|™ |y DFS(1)[")

1
R:/ (1 = gty odgt = (1 —q)
0

and thus, we get (8). m

i

1+¢

o0

(@)@ —ghn,
=0

Remark 6 By setting ¢(A, B) = A — B in Theorem 4, we recapture [23, Theorem 5.4].

Corollary 5 In Theorem /, if ¢ — 1, then we have

1
R= / t"(1-t)"dt=pB(n+1,n+1).
0

1
> m
)

)

3
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Using the properties of Beta function, that is, f(z,x) = 21_2””6(%, x) and B(z,y) = %, we obtain that

B(n+1,n+1)=2"20+bg <;n + 1) Sl
where T'(1) = /7 and I'(t) is Gamma function:
() = /OOO et le dx, t>0.
Thus, inequality (8) reduces to the following inequality:
Bln) T8(wa) ! - S(z)dz

2 w9 — W1

(wg — w1)? <22n1F( W(n + 1))5 <|8,,,(w1)m+ @ (I8 (w2)]™ 18" (w1)|™)

1

- 2 2

3~

(w2 — w1)? (ﬁ)i (r(n+1> ) (|s"<w1>|"”+ so(|s/'<m>m,|s"<w1>|’")>

8 2 I'(2 +n) 2

Remark 7 If p(A,B) = A— B and ¢ — 17, then (8) reduces to the following inequality:

Flwy) + F(ws) 1 w2
5 R 5 F(x)dx
(w2 —w)? (VAT (Tt D\F ([ )™ + [ )™ ™
= 8 <2> (r(;+n)> ( 2 )

Corollary 6 In Theorem 4, if n is a positive integer, n > 1, then
(1—qt)" < (1—qt)y,
and (8) reduces to

g8 (w1) + §(w2) 1 /w2

wid
1+q W — w1 S(x) 1 qx

wi

q2(w2 - w1)2

1+¢

# (|on D2§(w3)] ", ngS(W)IM)y.

(Bq(n—&-l,n—i-l))% <|W1D§S(w1)\m+ 1T q

Theorem 5 Let § : 7 = [wi,ws] C R — R be a twice g-differentiable function on I9 with wngS be
continuous and integrable on T where 0 < q < 1. If |, D2F|™ is @-convex on [wi,ws] where n,m > 1,
1,1

n + m = ]., then

8 (w1) + F(w2) 1 -

‘ 1 q 7(“)2 w1 Jw, S(w)wldqx

(J?(w —w )2 1 i m wa)|™ " "
e <[n—|—1]> (W ar D38 ()| ™ 4+ Watp (|uy D3 (w)|" [y DS 1)) ) ™ (9)

where

1 o)
Wl = / (1 — qt)m Odqt — (1 _ q) Z q’L(l - qH-l)m
0 =0
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and

1
W2:/ t(1—qt)™ odgt = (1 —q) qu —gthHm
0

Proof. Using Lemma 3, Holder inequality and the fact that |wlD2$ |™ is a @-convex function, we have

gF(wi) +Flw2) 1
w, d
‘ 1+g¢ w2 — Wi 3()1q$
2—w12 !
= / t 1-— qt D2§((1 — t)(,U1 + twg)od t
1+q 0
(JJQ—LU12 ! 2
< —1vq Otl—qt |y DI (1 — t)wr + twa)| odgt
2—w12 1 - 1 , . -
< </ t" od, t> (/ (1—gt)™ |0, DFF((1 — t)wy + tws)| Odqt)
1+q  \Uo 0
1
n 1
Wwal 2 m m
< t" dgt w D 1—qt dgt
T 1+q < 0 > <|1 i)l A( a0 oy

3k

+p (‘wngg(“&)‘m )

1
o D (w)[™) / t(1 — gt)™ Odqt> ,
0
and applying (4) in Definition 7, we have
‘qg(wl)+g(w2) 1

wa
_ o d
1+gq wy — w1 Jy, §(@ordg

Q2(w2 — w1)2 1 " 2 m ! m
L+4+q <[n—|—1]> <|W1Dq5(w1)| /0 (L —qt)™ odgt
m 1 Z
W D3s)|") [t - W)
0

) ' (Wl ’wlD§S(w1)|m + Wa (‘W1D2§(w2)‘m ’ |w1D§§(W1)’m) )H.

m

+ (Ju D25 (w2)] ™

P (wr —wy)? 1
o 1+¢q ([n+1]

It is easy to check by Definition 4 that

1
le/(lfqt) odgt = (1 - q) Zq —q "
0

and .
WQ:/ 11— gt)™ odgt = (1 —q) Zq% _ gthym
0
thus, we get (9). m
Remark 8 By setting ¢(A, B) = A — B in Theorem 5, we recapture [23, Theorem 5.5].
Corollary 7 In Theorem 5, if ¢ — 1, then we have

! 1 ! 1
Wi=[ Q-t"dt=——\ Wo= [ tl-t)"dt= —— —
! /0( ) m+ 1 2 /o (1-1) (m+1)(m + 2)
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and (9) reduces to the following inequality:

’S(w1)+3(wz)_ 1 /wg(x)dac

2 Wy — W1

w1

(10)

(wz—w1)2< 1 >i (m +2) [§"(w1)]" + ¢ (18" (w2)[™ , 18" (w1)|™) "
- 2 n+1 (m+1)(m+2) ’

Remark 9 If p(A,B) = A— B and q — 1, then (9) reduces to the following inequality:

2 wWo — W1

‘s(wl) + §(w2) 1 / " Sw)da

w1

(w2 — wn)? ( | )i <<m+1> |3"<w1>m+|3"<w2>|m)’*‘
- 2 n+1 (m+1)(m+2) '

Corollary 8 In Theorem 5, if m is a positive integer, m > 1, then

(1—gt)™ < (1—qt)y",

and (9) reduces to

’qmwl)w(w»_ L

w d
1+q We — W1 S(.’L‘) 18T

w1
1

¢ (we — w1)? "

ek (o) (Bum ) DS

wlDSS(Wl)}m))

‘ m

3

+B,2m + 1) (|, D25 (w2)|"

Theorem 6 Let § : 7 = [wi,was] C R — R be a twice q-differentiable function on 70 with wngS be
continuous and integrable on T where 0 < ¢ < 1. If |, DZF|™ is @-convex on [wi,ws] where n,m > 1,
% + % =1, then

48 (w1) + F(wa) 1 o
. 2) o | §(x)w, dgx
L]Q(OJQ — w1)2 % |w1D§S(W1)|m ¥ (|W1D§S(w2)|m ’ |W1D(§S(w1)|m) %
i7q M ( m+1 m+ 2] (12)

where

o0

M= /O (1—gt)" odgt = (1—q) > _q'(1— g™

=0



Rangel-Oliveros et al. 243

Proof. Using Lemma 3, Holder inequality and the fact that |w1D F|™ is a p-convex function, we have

‘q%o FFw) 1 e

w, d
1+q we — w 3(1')1111'

“(wa —wn 2/1751 oy D2F((1 — t)wr + tws )odyt
1+q o q q 1 2)00q

[y

1+g¢

1 1
- 1 n ! m "
¢ (w2 —w1)® < (1—qt)" Odqt> (/ tm |w1D§S((1 —twy + tw2)| gdqt)
1+ q 0 0

1

1 n 1
wg—wl 2 m m
(1 —qt)"™ odgt wD t" odgt
1+q <0 %) 0q> (‘1 qg(wl)‘ /0 o

—w)?
g(ws —wr)* / H(1 = qt) |y D2F((1 — t)wr + tws)| odgt
0

1 -
4 (Jur D25 )| o DES )| ") [ odqt> :
0
and applying (4) in Definition 7, we have
g8 (w1) + F(w2) 1 2
’ 1 + q B Wy — W1 g(x)wldqx
q2(w27w1)2 </1 _ n ); |W1D(3%(w1)|m ¢(|M1D35(w2)|m,‘wngg(wl)’m) -
- 1+g o (1=at)" odyt [m + 1] + [m + 2]
o Pwr—w)? 1 (e DB @) 0 (o DEF (2] wy DEF (1)) | ™
= (M)* + .
1+¢ [m +1] [m + 2]

It is easy to check by Definition 4 that

M= / (I —qt)" odgt = (1 —gq) Zq g thHn

thus, we get (10). m
Remark 10 By setting ¢(A, B) = A — B in Theorem 6, we recapture [23, Theorem 5.6].
Corollary 9 In Theorem 06, if ¢ — 1, then we have

M:/Ol(l—t)"dt:

and (12) reduces to (10) in Corollary 7.
Remark 11 If ¢(A,B) = A— B and ¢ — 1, then (12) reduces to (11) in Remark 9.
Corollary 10 In Theorem 6, if n is a positive integer, n > 1, then
(I—gt)" <(1-qt)y,
and (12) reduces to
g8 (w1) + F(wz) 2

]-+q a W — wq w1 S

3=

q2(w2 - w1)2

174 (5 1n+1

|w1D2s ol | v (|on D2 (w2)|™ , |y D23 (w1)]™)
[m + 1] [m + 2]
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Theorem 7 Let § : T = [wi,ws] € R — R be a twice g-differentiable function on I° with ., DZF be
continuous and integrable on T where 0 < q < 1. If |, D}§|™ is p-convex on [wi,wa] for m > 1, then

q8(w1) + F(w2) 1 vz
_ o d
‘ l1+q W2 — w1 8@y g
qz(WQ - wl)z 2 m 2 m 2 m #
2= (i Lo, D2 ()| + Vg (| DES@2)|™ n DES (1)) ) ™ (13)
1+¢
where ) -
Vlz/tm(lfqt) odgt = ( lfqz HmEl(p — gtthym
0 1=0
and

(qi)7n+2(1 _ qi—i—l)m

M2

ng/otm“(l qt)™ odgt = (1 —q)

I
=)

7

Proof. Using Lemma 3, Holder inequality and the fact that |,, D2F|™ is a @-convex function, we have

g8 (w1) + F(w2) 1 w2
' I+¢q Wy —wp S(x)wldqx
_ 2 1
= war qwl /0 t(1 = qt)w, DFF((1 = t)wr + twa)odyt

—_

2(wa —wr)? 9
< / (1 — qt) \wlD F((1 — t)wy +tws)| odgt
1+q 0

1

_ 1 m
@(wr —w1)” ( od t) </ (1 = gt)™ |y D2F((1 — t)wy + tws)| ™ Odqt)
1+ q 0

1
w — W m
(w2 —w1)” ( odt) <|w1D§S<UJ1)’ /tm(l—qt)modqt
0

1+g¢q

i

1
+ (| D25 (@2)|" o D2 (w1)| ™) /0 £ (1 - gt)" odqt> ,

and applying Lemma 1(a), we have

‘qS(m) +ws) 1 / 3@y

1+gq wo — w1

1

2 2
q (W2 - wl) 2 m m m
< = 7 —
< 11 e (’wll)qg(wl)‘ /0 (1 — qt)™ odgt

1

1 N
+o (|w1D§3(WQ)|m , IW1D§S(w1)|m) / L1 — gt)™ Odqt> "

0

2 _ 2 m m
- Pl (35 )"+ i ([ D)

It is easy to check by Definition 4 that

1 0o
V= [ 60— a oyt = (-0 3 @) (- )
0 =0

and
(qi)m+2(1 _ qi-ﬂ—l)m7

gk

1
sz/ (L — gt)™ odgt = (1 —q)
0

Il
=]

7
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thus, we get (13). m

Remark 12 By setting ¢(A, B) = A — B in Theorem 7, we recapture [23, Theorem 5.5].

Corollary 11 In Theorem 7, if ¢ — 1, then we have
1 1
Vi = / t"(1—t)"dt = pB(m+1,m+1), Vo= / t" (1 —t)™dt = B(m +2,m + 1),
0 0

and (13) reduces to the following inequality:

‘3(‘”1) T - S(x)dx
2 Wy — W1 w1
(LL)Q — W1 %

2
< 5 ) (BOn+ 1m+ 1) 5" @)™ + Blm +2,m + D (1§ (w2)|™ 18" (wn)|™) )

Remark 13 If o(A,B) = A— B and g — 1, then (13) reduces to the following inequality:

+ 1 w2
‘S(UA) : Flwa) o F(x)dx
_ 2 L
< (W2+1) (,B(m +1,m+2) |S”(W1)|m +B8(m+2,m+1) |g/l(w2>|rn)

Corollary 12 In Theorem 7, if m is a positive integer, m > 1, then

(1—gt)™ < (1—qt)y",

and (13) reduces to

45 (w1) + §(w2) 1 vz
‘ 1+4q Wy — w1 / §(@)urdge

w1
q2(w2 - w1)2
1+g¢

By(m -+ 2m -+ D ( |y D (w2)| " o, DS ()| "))

(Bym+ L +1) [, D2 ()"

m

Theorem 8 Let § : T = [wi,ws] C R — R be a twice g-differentiable function on I9 with wngS be
continuous and integrable on T where 0 < g < 1. If |w1DZS|m is p-convexr on [wi,wsa] for m > 1, then

a8 (w1) + F(w2) 1 w2

‘ 1+g¢q T we—wi Sy, (@) dy

¢ (wa — w1)? 1 \!w m
: 12+q 1 (1 +q) (ﬁq(er 1,2) [ DS ()|

3=

+mmﬁaamomnxwgwwmaxwgw)>. a9
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Proof. Using Lemma 3, Holder inequality and the fact that |wlD2$ |™ is a @-convex function, we have

g¥(wi) +Flw2) 1 2

1+4+¢q wa — w1 Sy,

(m)wldqx

2 . 2 1
‘1(“’1"’7“’1) / H(1 — qt)u, D2F((1 — B + twa)od,t
+q 0

200 — wi)2 [T
(](1271)/ t(1 — qt) [y DIF((1 — hwr + two)| odqt
+q 0

2 N 2 1 1-L 1
Q(wfiwl) (/ (1-qt) odqt> <|wlp§s(w1)}"‘/ ™ (1 — qt) odyt
+4q 0 0

1

1—L

w1
(/ (1 = qt) |, D2F((1 — thwy + twa)|™ odqt)
0

L

m

1
wngg(wl)]m)/O t™ (1 — qt) odqt> )

and applying Lemma 2(a) and the fact that (1 —qt) = (1 — gt), we have

0 (| D2 (w2)] ™

48 (w1) + §(wa2) 1 -
’ 1+¢q Cwr—wi w1 (Dt

9 B 2 1 17% m
: (W12+ :1) (1 + q) (ﬂq(m +1,2) [, DS (w1)]

3

+By(m +2,2)¢ (| DEF(w2)|"

wlDis(wlﬂm)) ,
thus, we get (14). m

Remark 14 By setting ¢(A, B) = A — B in Theorem 8, we recapture [23, Theorem 5.9].
Corollary 13 In Theorem 8, if ¢ — 1,

' 1
B 1.2) = [0 =00t Gy
and
L .
A+ 22) = [ 000 = iy
then (14) reduces to
s(wl) +S(WQ) 1 w2
‘ 2 T Wy —wy /wl F(x)dx
(wy — wy)? 9 1 ) .
: 4 ((m+1)(m+2)(m+3)) ((m+3) 13" (w1)]

1
m

+(m+ D (1§ (w2)™ 5" @n)I™) )
Remark 15 If ¢(A,B) = A— B and ¢ — 1, then (14) reduces to the following inequality:
F(w1) + §(w2) 1 /w

2 w9 — w1

S(z)dx

w1

1 1

)) i (2 1§ (w)|™ + (m + 1) ‘g”(wgﬂm) "

<

(WQ_UJl)Q < 2
4 (m+1)(m+2)(m+3
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Theorem 9 Let § : T = [wy,ws] € R — R be a twice g-differentiable function on I° with ., DZF be
contmuous and integrable on T where 0 < q < 1. If |, DZF|™ is @-convex on [wy,ws] where n,m > 1,
14 E =1, then

LB R

- d
1+gq w2 — w1 Jy, 8@y g

1

o1 Dy8(w )’m)>m. (15)

1+gq (1+q)(1+q+Q)

2 _ 2 L 2 m 2
q (w12+ :1) (ﬂq(n—l—l,Q))E (‘wqug(wlﬂ + (‘WlD F(w2 |

Proof. Using Lemma 3, Holder inequality and the fact that |w1D23 |™ is a @-convex function, we have

IQS(wi)f qsm) o ! — @) dyr

< W /01 (1= gt) |w, DFF((1 = Jwr + tws)| odyt

- M (/1 (1 — qt) odqt> ' (/1(1 — qt) |y D2F((1 =ty + tuso)|™ Odqt> ’
P . 0

<

20, N2 1 B 1
(]((‘"’127"‘)1) (/ t"(1— qt) ()dqt> ( |w1D§3(w1){m/ (1 —gqt) odgt
+4q 0 0

1

0

1 m
+ (Jun DZ§@2)|™ o D2 (w1)| ™) / t(1 - gt) odqt> :

and applying Lemma 2(a) and (b) and the fact that (1 — qt) = (1 — gt), we have

g8 (w1) + F(w2) 1 vz

e S L [ Se)dye

¢ (wa — w1 )? (/1 niy ) | D23 (w)|™ ¢ (Jou D2F(w2)|™ , oy DZF(w1)|™) B
= 1+gq , [t odat 1tq (1+9)(1+q+¢?)

 Pr—w)? 3 (D28 (on D352)| " DES0]™) |
- MW”“’?))( g T (roltere) '

Hence, we get (15). m
Remark 16 By setting ¢(A, B) = A — B in Theorem 9, we recapture [23, Theorem 5.10].
Corollary 14 In Theorem 9, if ¢ — 1,
! 1
B(n+1,2) = /0 (1 — t)dt = EFSEFTL

and (15) reduces to

‘3(011) ;5(002) 1 /Qf 3(x)dx

w2 —wq

(w2 —wn)? LV (30l + e (8 )l 1wl
< 252 (o) ( 6 ) |
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Remark 17 If o(A,B) = A— B and q — 1, then (15) reduces to the following inequality:

Blo) 8w 1 [t

2 Wo — W1

(w2 — wn)? | g )" 4 18 )\
= 2 ((n+1)(n—|—2)) ( 6 > '

Theorem 10 Let § : 7 = [wy,ws] C R — R be a twice q-differentiable function on I° with w1D2$ be
continuous and integrable on T where 0 < q < 1. If |, D2F| is @-convex on [wy,ws], then

8 (w1) + F(w2) 1 w2
\ L) [ s dis

Plwr —w1)? [+ a4+ +¢) |w, D2F(w1)| + (1 + Q) (|w, D2F(w2)] s |wy DiF(w1)]) (16)
1+gq I+ +g+¢>)(A+q+¢*+¢3) '

Proof. Using Lemma 3, Holder inequality and the fact that |, D2F| is a ¢-convex function, we have

‘ g8(w1) +8(w2) 1 - F(@)w, dg

1+g¢ Wy — Wi

UJQ—WQ

2 1
t(1 — qt),, D3F((1 —t tws)od,t
22l [ 40— ), D31 = s + b,

—

)2
W2_w1 2
tl—th (1 = t)w1 + twa)| odyt
T itq /0 qt) |w, DEF((1 — t)wr 2)| o0

q*(we — w1)
1+¢q

1 1
(\wngﬁ(mﬂ/ t(1 = qt) odgt + ¢ (Ju, DoF(w2)| s |wy D2T(w1)]) / (1 — qt) odqt>7
0 0

applying Lemma 2(b) and (c), we have

- %’(:L')wldql'

’qﬁ(m) + F(wa) 1 2
144¢ w2 — Wi

¢?(wy — w1)? <(1 +q+¢3+¢°) |W1D3§(w1)| +(1+q)p (|W1D23 wa | ’wlD S( w1)|)>
1+gq A+l +a+¢>)(1+a+q*+q°) ’

thus, we get (16). m

Remark 18 By setting ¢(A, B) = A — B in Theorem 10, we recapture [23, Theorem 5.7].

Corollary 15 In Theorem 10, if ¢ — 1, then (16) reduces to the following inequality:

S(wi) + F(w2) 1 /“’2 S()d (w2 = w1)? 2]8" (w1)| + @ (18" (w2)], 3" (w1)])

24

2 Wo — W1

x| <

Remark 19 If o(A,B) = A— B and q — 1, then (16) reduces to the following inequality:

S b3 L [y <

Wy — W1 w1

(w2 = w1)? (18" (w1)] + 3" (w2)])
24 '
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Theorem 11 Let § : T = [wi,wz] € R — R be a twice g-differentiable function on I° with ., D2F be
continuous and integrable on T where 0 < q < 1. If |, D}§|™ is p-convex on [wi,wa] for m > 1, then

¢ (w1) + F(w2) 1 vz
‘ 1 + q - Wy — wy o1 3(z)w1dqz

- ¢ (wa — w1 )? 1 +q+ ¢+ ¢%) |w, D3 (w1)|™
T (1491 +q+4¢?) l+qg+¢+¢3

m

+(1+q)¢ (!wngg(wz ‘ |w1D2§(w1)|m)>m_ (17)
l+q+¢>+¢3

Proof. Using Lemma 3, Holder inequality and the fact that |W1D§S |™ is a p-convex function, we have

- S(z)wldqz

1+4+4¢q wo — W1 Jy,

‘ﬁWﬁ+mm> | e

—wy)? [
w2 WI / t — wlD 3"((1 — t)wl —|—to./2)0d t
1 +4q 0

[y

2
wg—wl
t(1 — qt) |, D2F((1 — t)wr + dyt
Lol [0 - ) | DS = o + )] o,

1
wg—wl
t(1—qt) dgt
- 14+q (0 %) >

1
wa — W)

ﬁl—t dt
1+q <0 @) o >

1 o
+meD%WﬁW4mD$wnW)AHGWM%Q

- 1
(/ t(1 = qt) |w, DEF((1 — t)ws + twa)|™ odqt)
0

1—L

m 1
(\wngg(wl)\m/ t(1 — qt) odgt
0

1
m

and applying Lemma 2(b) and (c), we have

‘wwn+&w@_ 1 e
1+4+4¢q w9 — w1

S(Qi)wldqiﬂ

1

¢ (wa — w1) 1 )1m ( |y D2F (wr)[™ N ¢(|W1D33(w2)|m,lwlpgg(m)r”))
)

3=

IN

2
1+g¢g <(1+q)(1+q+q2 14+q)(1+q+q?) (1+q+@)(1+q+¢*+¢°)
1
¢*(wo — w1)? 1+ g+ P+ |, D2F(w)]™ + (14 )¢ (Juy DEF (w2)|™ | D2F(w1)]™) \ ™
(1+¢)?(1+q+4q?) l+qg+¢*+¢3 '

Thus, we get (17). m
Remark 20 By setting ¢(A, B) = A — B in Theorem 11, we recapture [23, Theorem 5.8].

Corollary 16 In Theorem 11, if ¢ — 1, then (17) reduces to the following inequality:

‘S(wl) +3(wa) 1 wz S(m)dw’ - (wo 12w1)2 (2 1T (wi)|™ + ¢ (|3’2/(w2)\m ) |§”(w1)|m)> m.

2 W9 — W1

Remark 21 If o(A,B) = A— B and q — 1, then (17) reduces to the following inequality:

i

2 wWo — W1

x| <

’S(wl) + §(w2) 1 /w2 3()d

e
12 2



250

4

Some Quantum Estimates of Hermite-Hadamard Inequalities

Conclusion

Quantum calculus has large applications in many mathematical areas such as number theory, special func-
tions, quantum mechanics and mathematical inequalities. In this paper, develop some quantum estimates of
Hermite-Hadamard type inequalities for p-convex functions. Theses results in some special cases recapture
the known results. We hope that our results may be helpful for further study.
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