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Abstract
In this article, we introduce the concept of Branciari S,-metric space which is a generalization of
S-metric space and Sy-metric space. By defining a topology on such spaces some interesting topological
properties have been studied herein. We prove fixed point theorems for two contractive type mappings
over such spaces. Finally we apply our established theorem to find a unique solution of a system of linear
algebraic equations.

1 Introduction and Preliminaries

During the last ninety years, fixed point theory is one of the interesting areas of research in Mathematics.
Several generalizations of usual metric structure had been made by a good number of researchers for their
need, particularly in order to study fixed point theory, one such generalized metric space known as rectangular
metric space was introduced by Branciari [1] in the year 2000, where the triangle inequality had been replaced
by a so-called quadrilateral or rectangular inequality. Z. Kadelburg and S. Radenovié in their survey article
(See [3]) discussed in a nutshell the structure of rectangular metric spaces. The definition of rectangular
metric space is given as follows:

Definition 1 ([1]) Let X be a nonempty set and p: X x X — [0,00) be a mapping. Then p is said to be a
rectangular metric if it satisfies the following conditions:

(i) ple,y) = 0 if and only if & = y;
(i) pla,y) = p(y, ) for all z,y € X;
(i1i) p(z,y) < p(z,a) + p(a,b) + p(b,y) for all x,y € X and for all a,b(a #b) € X \ {z,y}. The pair (X, p)

1s called a rectangular metric space.

There are several rectangular metric spaces which are not usual metric spaces. Let us recall the following
example.

Example 1 ([3]) Let U ={0,2}, V={X:n>1} and X = U UV. Define p: X* — [0,00) by

fo:ya

if x #y and either x,y € U or x,y € V,
ifeeU andy €V,

xz ifxeV andyeU.

p(x,y) =

< = O

Then p is a rectangular metric on X but not an usual metric since

2 1 1

p(0,2) =1> = = p(0,=) —|—p(§7

2).
3 3 )
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In 2012, Sedghi et al. [8] introduced a new type of metric structure consisting of three variables known
as S-metric. Several authors worked on such type of spaces and proved several fixed point theorems (See
[2, 5, 6]). Subsequently in the year 2016, N. Souayah and N. Mlaiki [9] investigated the notion of Sp-metric
spaces which generalizes the concept of S-metric spaces.

Definition 2 ([8, 7]) Let X be a nonempty set. An S-metric on X is a function S : X® — [0,00) that
satisfies the following conditions, for all x,y,z,t € X:

(i) S(x,y,z) =0 if and only if x =y = z;

The pair (X, S) is called an S-metric space.
There are various types of S-metric spaces, some of them are given below.

Example 2 ([8]) (1) Let X = R"™ and ||.| a norm on X, then S(z,y,2) = ||y + 2z — 2z| + |ly — 2| is an
S-metric on X.

(2) Let R be the real line. Then S(z,y,2) = |z — 2|+ |y — 2| for all x,y,z € R is an S-metric on R. This
S-metric on R is called the usual S-metric on R.

Definition 3 ([4, 9]) Let X be a nonempty set and let s > 1 be a given real number. A function Sy : X3 —
[0,00) is said to be Sy-metric if and only if for all x,y,z,t € X: the following conditions hold:

(i) Sp(z,y,2) =0 if and only if x =y = z;
(”) Sb(xa Y, Z) < S[Sb(x> z, t) + Sb(ya Y, t) + Sb(za 2, t)]
The pair (X, Sy) is called an Sy-metric space.
Example 3 ([9]) Let X be a nonempty set and card(X) > 5. Suppose X = X1 U Xa a partition of X such

that card(X1) > 4. Let s > 1. Then

0 ife=y=z,
5 ife=1=y and z = 2,

Sp(z,y,z) = n_}l ifr=1=y and z > 3,
o) ifr=2=vy and z > 3,
otherwise.

forall xz,y,z € X. Then Sy is an Sy-metric on X with coefficient s.

2 Introduction to Branciari S,-Metric Space

In this section we give the definition of Branciari Sp-metric space and discuss some properties of such spaces.

Definition 4 Let X be a nonempty set and o : X3 — R be a function. Then o is said to be Branciari
Sy-metric if it satisfies the following conditions:

(Z) J(xuyaz) =0 ’Lf and only ’fo =y =z
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(ii) For any x,y,z € X and for a,b € X \ {x,y, 2z} with a # b we have
o(z,y,2) < klo(z,2,a) + 0(y,y,a) + 0(2,2,b) + 0(a, a,b)],

where k > 1. The pair (X, o) is called Branciari Sy-metric space.

Definition 5 A Branciari Sy-metric o on a nonempty set X is said to be symmetric if o(x,z,y) = o(y,y, )
forallx,y € X.

Proposition 1 (i) Let (X,S) be an S-metric space (See Definition 2). The X is also a Branciari Sp-
metric space for k = 2.

(i) Let (X, Sy) be an Sy-metric space with coefficient s > 1 (See Definition 3). The X is also a Branciari
Sy-metric space for k = 2s2.
Proof. (i) The first condition of Definition / follows trivially for an S-metric. Now let us choose z,y,z € X
and a,b € X \ {z,y, 2z} with a #b. Then we get

S(z,y,2) < S(z,2,0) + 5y, y,a) + 5(z,2,a)

< S(z,z,a) + S(y,y,a) + 25(z, z,b) + S(a,a,b)

<2[S(z,z,a) + S(y,y,a) + 5(z,2,b) + S(a, a, b)].

Therefore all the conditions of Definition 4 are satisfied and therefore S is a Branciari Sy-metric for k = 2.
(ii) Clearly, Sy satisfies the first condition of Definition . Now let us take x,y,z € X and a,b €

X\ {z,y, 2z} with a #b. Then we get

Sp(z,y,2) < s[Sp(z,z,a) + Sp(y,y,a) + Sp(z, z,a)]
[Sb(, z,a) + Sy(y, y, a)] + s°[284(2, 2,) + Sy(a, a,b)]

<
<s
S 2 [S (.’17,.1', a) + Sb(y7y7 a) + Sb(Z, Z, b) + Sb(G/)aa b)]

Therefore Sy, is a Branciari Sy-metric for k = 2s>. =

Proposition 1 shows that any S-metric space or an Sp-metric space is also a Branciari Sp-metric space
but there are several Branciari Sy-metric spaces which are neither S-metric spaces nor Sp-metric spaces.

Example 4 Let X =N and 0 : X3 — [0,00) be defined by

0 fe=y=z

5 ife=1=y and z = 2,
o(z,y,2) = %Tl ifr=1=y and z > 3,

s Ur=2=yandz >3,

3 otherwise.

Also we take o(x,x,y) = o(y,y,x) for all x,y € X. Then o is a symmetric Branciari Sy-metric on X for
k= % but it is neither an S-metric nor an Sy-metric for any k > 1.

Definition 6 Let (X,0) be a Branciari Sy-metric space. Then

(i) A sequence {x,} in X is said to be convergent to some z € X if o(zp,xn,2) — 0 as n — oo.

(it) A sequence {x,} in X is said to be Cauchy if o(Tpn, Tn,Tm) — 0 as n,m — oco.
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(i1i) X is said to be complete if every Cauchy sequence in X is convergent to some element in X.

Next we prove some lemmas with respect to symmetric Branciari S,-metric space which will be useful
for our further results.

Lemma 1 Let (X,0) be a symmetric Branciari Sy-metric space and {x,} be a Cauchy sequence in X such
that x,, # Ty for n#m. Then {x,} converges to atmost one point.

Proof. If possible let {z,} converges to two distinct points = and y. Since all the elements of {z,} are
distinct, we see that there exists p > 1 such that x,, ¢ {z,y} for all n > p. Thus

U($7$7y) k[ (mvxvxn) +U(y7y,$n+1) +U(l‘n,$n,$n+1)}
= k[20(Tpn, Tn, ) + 0(Tpt1, Tni1,y) + 0(Th, Tn,y Tpyr)] for all n > p.

Taking n — oo we get o(z, z,y) = 0, a contradiction. Hence {z,,} can converge to atmost one point in X. m

Lemma 2 Let (X,0) be a symmetric Branciari Sy-metric space and {x,} be a sequence in X with distinct
terms, which is both Cauchy and convergent. Then the limit of {x,} is unique say x and moreover for all
z € X one can get

—o(z,x,2) <liminf o(z,, z,, 2) < limsup o(x,, Ty, 2) < ko(z, z, 2).

n—oo N—00

Proof. If z = x then the inequality is clearly satisfied. So let z(# x) € X. Then there exists ¢ > 1 such that
xn & {x, z} for all n > g. Therefore

O'(IE",IH,Z) S k[20($n7xnyxn+1) +O'(Z,Z,IL') +O’(.’L’n+1,l’n+1,$)]
= k[20(zpn,ZTn,Tny1) +0(x,2,2) + 0(Xpnt1, Tny1, )] for all n > q.

Taking n — oo we have limsup,, ., o(zn, Tn, 2) < ko(z,x, z). Also we get

O’({E, Z, Z) § k[20(:{:, xz, xn+1) + 0(27 Z, mn) + U(mn+1a Tni1, xn)}
= k[20(@nt1, Tny1,x) + 0(Tpy Tny 2) + 0(Tpt1, Torr, x,)] for all n > q.

Taking n — oo we have liminf,, o o(zp, zp, 2) > %U(:&:C,Z). Hence by combining these two we get the

required conclusion. m

The following remark shows the distinction between some behavioral properties namely convergence and
Cauchyness of a sequence in a Branciari Sy-metric space with that in an S-metric space and S,-metric space.

Remark 1 (i) In an S-metric space, the limit of a convergent sequence is always unique but from Example
4 it is clear that {n},>3 converges to both 1 and 2.

(i) Any convergent sequence in an S-metric space is Cauchy but in Ezample 4 we see that {n},>s3 is
convergent but it is not Cauchy since o(n,n,m) =3 for all n,m > 3.

(#ii) It is also known that an S-metric is continuous that is imy, o S(Tn, Tn, z) = S(z, ,z) forall z € X
whenever {x,} converges to x but in Example j we see that lim, . o(n,n,1) = 5=0(221)
though {n}n>3 converges to 2.

We can define open balls in a Branciari S,-metric space (X, o) in a usual way. For an € X and € > 0
we define B7(z,¢) ={y € X : 0(y,y,x) < €}.
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Remark 2 Let us take
To = {0} U{Uy(#£0) C X : there exists €, > 0 for every x € U, such that B (x,€;) C Uy }.

Then T, forms a topology on X.

The topology 7, of X possesses some interesting properties, which are as follows.

Remark 3 (i) (X,0) may not be Hausdorff with respect to the topology T,. If it is, then in Example
4 there exists two open sets U and V such that 1 € U, 2 € V and UNV = 0. Now there ewists
r1,72 > 0 such that B°(1,71) C U, B°(2,r2) C V and therefore B°(1,71) N B7(2,1r3) = 0, but we see
that B°(1,7) N B?(2,t) # 0 for any r,t > 0, a contradiction. Hence in Example J the topology T, is
not Hausdorff.

(ii) Also the open balls in (X, 7,) may not be always open sets. In Example 4 we see that B (3, %) ={1,2,3}
but B (1,7) contains all but finitely many elements of N for any r > 0 and therefore B (1,r) ¢ B (3, %)
for any r > 0. Hence B?(3,%) is not open in 7.

3 Some Fixed Point Theorems in Symmetric Branciari S;,-Metric
Space

Theorem 1 (Analogue to Banach Contraction Theorem) Let (X,0) be a complete symmetric Bran-
ciari Sp-metric space and T : X — X satisfies

o(Tz,Tx,Ty) < ac(z,z,y) for all z,y € X, (1)

where a € (0,1). Then T has a unique fized point in X.

Proof. Let g € X be arbitrarily chosen and we construct the sequence {x,} by z,, = Tx,_1 for all n > 1.
If 2,1 = =z, for some p € N, then T has a fixed point in X. So we assume that z,, # z,41 for all n > 0. We
show that {z,} is Cauchy sequence in X.

Case-I: « € (0, ﬁ) Then

Sn = O'(Z‘n, Tn, Jjn-i-l)
S OéO'(SCnfl, Tn—1, mn)

S Oé2g(xn—27 Tp—2, mﬂ—l)

< a"o(zg, zo,x1) = "8 for all n > 1.

Similarly, we have
* n n Qx
Sy =0(xp, Tn, Tny2) < ao(xo, To, z2) = "5}

for all n € N. Now if x,, = x,, for some m > n, then we have

0< S, =0(Tn,Tn,Tni1) = 0(Tm, Tms Tmt1) = Sm.
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Therefore S, = S,, < aSp,—-1 < ... < a™™"S, < S,, which is a contradiction. From this it follows that
ZTp # Xy for any n, m(n # m) € N. Now for p = 2m + 1, we have

IA

IA

IN

0(Tp, Ty Trtp)

k[20(zn, Tn, Tny1) + 0(Tnips Totp, Tnt2) + 0(Tnt1, Tny1, Tnyo)]

2ko (T, T, 1) + kO (Tpg1, Tntt, Tnsa) + ko (Tpt2, Tnto, Tntp)
2k0(Tpy Ty Tnt1) + ko (Tpp1, Tnt1, Tnt2)

+k2[20(xn+27 Tpt25 Tnt3) + 0(Tntps Tntps Tnta) + 0(Tnt3, Tty Tnya)]
2ko(xp, T, Tnt1) + ko (Tpt1, Tna1, Tnio)

2 2 2
+2k O'(Q?»,H_Q, Tn42, x’rL+3) + k U($7L+3, Tn+3, $7L+4) + k U(xn—i-47 Tn+4, x7t+p)

2k[0 (T, Ty Tpt1) + 0 (Tnt1s Tt 1, Tnt2)]

+2k%[0(2n12, Tnt2, Tnts) + 0(Tni3, Tnis, Tnga)) + -

+2k™ [0(Tnt2m—2; Tnt2m—2; Tnt2m—1) + O(Tnt2m—1, Tnt2m—1, Tnt2m)]
+km‘7(xn+2mv Tn+2m; xn+2m+1)

2[{ k(™ 4+ ™) + k2 ("2 4 " T3) + - -

FE™ (@ TEMTZ g TEme )Y 4 gma 2 g (10, 200, 1)

2k(1 + @)1 + ka? + ... + k™a*™]S,

2k(1 + )

T ha? aSy for alln > 1.

Also for p = 2m we get

IN

IN

IN

(T, Ty Trtp)

k20 (xn, Tn, Tnt1) + 0(Tnigp, Tntps Tnt2) + 0(Tnp1, Tngl, Tni2))

2ko (Ty, Ty Trg1) + kO (Tpg1, Tntt, Tnta) + ko (Tnto, Tnto, Tntp)

2ko (Tny Ty Tnt1) + kO (Tpg1s Tng1, Tnta)

+k? [20(Tnt2, Tnt2, Tnts) + 0(Tntp, Tntp, Tnta) + 0(Tnt3, Tt s, Tnta)]
2ko (T, Tp,y Tyy1) + ko (Tpt1, Trtt, Tny2)

2 2 2
+2k U(-Tn+2a Tn+4+2, xn—i—3) +k U($n+37 Tn+3, $7L+4) +k 0'(33n+47 Tn44, -Tn—&-p)

2k[o (2, Tr, Trt1) + 0(Trnats Tntls Tna2))

+2k? [U($n+27 Tni2, Tni3) + 0(Tnys, Tnyis, $n+4)] 4

+2]‘377171[U(mn-i-2m—47 Tniom—4 Tny2m—3) + 0(Tnt2m—3, Tnirom—3, Tny2m—2))
+k" o (Tnt2m—2, Tntom—2, Tntom)

2{k(a™ + o™ 1) + k2 (a2 £ a3 4

+EM T o2 oM g (g, g, 1) + KT T a2 20 (1, 20, 220
2k(1 + a)a"[1 4+ ka? + ... + k™2™ 48 + kMl 26

2k(1 + ) _2k(1+ o)

n n 2\m—1 g* n n ok
1_ka20650+0[ (k;a) SO—WO[ S()+O[ Soforallnzl.

(3)

Therefore from (2) and (3) we conclude that {z,} is Cauchy in X. Since X is complete it follows from
Lemma 1 that {x,} converges to a unique point z € X. Now,

0 (Tpi1, T, T2) < ac(xy, 2n,2) — 0 as n — oco.
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Hence Tz = z and z is a fixed point of T"in X. The uniqueness of fixed point is very much clear.

Case-II: o € [ﬁ, 1). Then there exists N € N such that o!¥ € (0, ﬁ) Now due to the contractive condition

(1) we see that T™ also satisfies the contractive condition (1) for the Lipschitz constant o”. Therefore by
Case-I, TN has a unique fixed point in X and thus in this case also T has a unique fixed point. m

Example 5 Let X =N and o : X3 — [0,00) be defined by o(z,z,2) =0 and o(z,z,y) = o(y,y,z) for all
z,y € X with

10 ifr=1=y and z = 2,

1 o1
oy, 7) = D) ife=1=y and z > 3,
» %ﬁ ifr=2=y and z > 3,

5 otherwise.

Then o is a complete symmetric Branciari Sy-metric space for k = 4 but it is neither an S-metric nor an
Sp-metric space. Let T : X — X be given by

o ={3 5ot

Then T? satisfies the contractive condition (1) for any o € (0,1) and thus T? has a unique fized point in X.
Therefore T has a unique fived point x =5 in X.

Theorem 2 (Analogue to Kannan fized point theorem) Let (X,0) be a complete symmetric Branciari Sy-
metric space and T : X — X salisfies

o(Tz, Tz, Ty) < plo(z,2,Tx) + o(y,y, Ty)] for all z,y € X, (4)

where B € (0, %) Then T has a unique fized point in X.

Proof. Let zyp € X be taken as arbitrary and let us construct the sequence {x,} by z, = Tz, for all
n > 1. If x;_1 = x; for some ¢ € N then T has a fixed point in X. So we assume that z,, # x,41 for all n > 0.
Here we show that {z,} is Cauchy sequence in X.

Case-1: § € (0, %—;—1) From the contractive condition (4) we get

(Txn—ly Txn—h Txn)

O'(an, xnaxn-i-l) =0

< Blo(n-1,Tn-1,%n) + 0(Tpn, Tn, Tny1)] for all n > 1. (5)
From which we get S,, = o(@n, Zn, Tni1) < %U(mn,l,xn,l,xn) = Y0 (Tp—1,Tp—1,Tn) = VSp-1 < ... <
Sy for all n € N, where v = % < % Also we have,

N
8
3

|

=
8
3

|

—
8
3
S~—
+
Q
—
8
3
+
=
8
3
+
—
B
T
™
=

= B(1+ )" 1S for all n > 1. (6)

By a similar calculation as the previous theorem we can show that {x,} is Cauchy in X and therefore due
to the completeness of X there exists a unique v € X such that x,, — u as n — co. Now,

o(Tnt1, Tnt1, Tu) = o(Txy, Ty, Tu)
< Blo(xn, Tny Tny1) + o(u,u, Tu))
< Bo(xn, Tn, Tni1) + Bk[20 (u,u, x0) + o(Tu, Tuy Tpy1)+
0(Tp, Tn, Tny1)] for all n € N. (7)
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B(4+k)o(Tn,Tn ,Tnt1)+2kBo(Tn,Tn,u
Therefore o(xp41, Tpt1,Tu) < ( - )

fixed point of T. The uniqueness of fixed point ig evident.

Case-II: 8 € [k%rl, %) Then there exists N € N such that ¢V =1 € (0, k%rl) where v = % < 1. Now
due to the contractive condition (4) we see that T?V satisfies the contractive condition (4) for the Lipschitz
constant ByN~!. Therefore by Case-I, TV has a unique fixed point in X and hence T has a unique fixed
point. m

— 0 asn — oo. Hence Tu = v and u is a

Example 6 Let X = {%, %, .} and o : X® — [0,00) be defined by o(x,z,2) =0 and o(x,z,y) = o(y,y,x)
for all x,y € X with

In—m| ifr=~L=y 2z2==L and |n—m|>1,
o(x,y,2) = 3 Z'fx:%—y,z—%and [n —m| =1,
1 otherwise.

Then o is a complete symmetric Branciari Sy-metric space for k = 3 but not an S-metric, since

1 11 1
-, =,=)=2>20(=, = -, —,-)=1
o559 =2> 200553 +o(5 1o 3)
Let T : X — X be given by
i oifz=1,
- {1 5]

Then T satisfies the contractive condition (4) for 8 = é and thus T has a unique fixed point x = % in X.

4 An Application to the System of Linear Algebraic Equations

In this section we give an application of Theorem 1 for solving a system of linear algebraic equations.
Let us consider the system of n linear algebraic equations in n unknowns

P1171 + P12%2 + ... + P1aZn +c1 =0,
DP21T1 + P22%2 + ... + P2nTyn +c2 =0,

(8)
Pn1®1 + P22 + ... + PunTn + Cn = 07

where p;j,¢; € R for all 1 < 4,5 < n. We can write the system of linear equations in matrix notation as
PX +C = O, where P = (pij)nxn, X = (z1,22,...,25), C = (c1,¢2,...,¢n) and O = (0,0, ...,0). To find a
solution of the system of linear equations (8) we have to find a fixed point of the mapping T : R® — R”
defined by TX = QX + C, where Q =P + In that is Q = (qij)nxrn with qij = Dij if 4 ;éj and qii = DPii +1
forallti=1,...,n.

Now we define o : (R")3 — [0, 00) by

o(@.y.2) = max [(z; = yi)? + (g — 2)*), where & = (2.),y = (u:) and = = (=), ©)

Then o is a symmetric Sp-metric space that is a symmetric Branciari Sp-metric space for k = 4.

Theorem 3 If

n
Z|Qij|§\/a<1f07‘all1§i§n,

j=1

then the system of linear equations (8) has a unique solution in (R™, o).
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Proof. To find a unique solution of (8) we show that the mapping 7' : R” — R" defined by Tz = Qx + C for
all z € R”, where Q = P + I,, that is Q = (¢ij)nxn With ¢;; = p;; if i # 7 and ¢;; = pi; + 1 for all i = 1(1)n,
satisfies the contractive condition (1). Now for any « = (z;) and y = (y;) in R™ we have

2

o(Tz, Tz, Ty) = max Z(h‘j(xj )

(25 — ;)|

IA
=
NE
N
AN
:N

[~

I

=
<

r 2

n
< 121%}(712;'(1”‘\/0(33’3:’3/)
J:
- 2
n
= | max > lail| olz2y)
L J::l
< ao(z,z,y).

Since (R™, o) is complete, and by Theorem 1, T has a unique fixed point that is the system of linear equations
(8) has a unique solution in R™. m

We now give a numerical example in support of Theorem 3.
Example 7 Let us consider the following system of linear algebraic equations in three variables

0.7¢7 + 0.2z +0.1z3+ 1 =0,
0.1z7y +0.925 + 0.423 +2 =0, (10)

Then the system of linear algebraic equations (10) has a unique solution.

Let X = R3 be the symmetric Branciari Sy-metric space endowed with the metric o : X — [0, 00) defined
by
o, ,2) = max (e~ )* + (s — )%), for all z = (w5),y = () and = = () in X.

We can write the above system of linear algebraic equations (10) as

—0.7.’1}1 — 0.2.’1?2 — O.lZL'g —1= 0,
—0.1z;1 — 0.929 — 0.423 — 2 =0,
70.3271 - 011‘2 - 08$3 — 3 = 0
Here P11 = —0.7, P12 = —0.2, P13 = —0.1,’ P21 = —0.1, P22 = —0.9, P23 = —0.4; P31 = —0.3, P32 = —0.1,

p33 = —0.8;, 1 = =1, co = =2 and c3 = —3. Thus q11 = 0.3, g1o0 = —0.2, ¢33 = —0.1; g1 = —0.1, g2 = 0.1,
g23 = —0.4; g31 = —0.3, g32 = —0.1 and ¢33 = 0.2. Here we see that

3
> laijl =06 for all 1 <i < 3.

j=1

Hence from the Theorem 3 it follows that the system of linear algebraic equations (10) has a unique solution
in R3, which is given by 1 = —0.792, x5 = —0.656 and x3 = —3.507.
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