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Abstract
This paper is concerned with the following semi-linear Moore-Gibson-Thompson equation, namely
Upet + upe — Agu — Ague = [u|?, n€eH, t>0,
{ w(0,n) =wo(n) , w(0,n) =wi(n), wu(0,n)=wu2n), neH,

where p > 1, and Ay is the Kohn-Laplace operator on the (2n + 1)-dimensional Heisenberg group H.
We intend to apply the method of test function to establish the non-existence of global weak solutions.
Then, this result is extended to the case of 2 x 2-system of the same type.

1 Introduction

The main goal of this paper is to discuss the non-existence of global weak solutions to the following semi-linear
Moore-Gibson-Thompson equation
{ Ut + U — AHU — AHut = |’Lt|p, ne H, t> 0, (1)
U(O, 77) = UO(W)a ut(oa 77) = ul(n)a utt(ov 77) = U2(77)7 ne H,

where p > 1, and Ay is the Kohn-Laplace operator on the (2n + 1)-dimensional Heisenberg group H. Then
we extend our analysis to the following 2 x 2-system of the same type,

Uttt + U — AHU — AHUt = |U‘q, RS H, t> 0,
Vgee + Vgt — Apv — Agvy = [uP, neH, t>0, @)
U(Oaﬁ) = U0(77)7 ut(ovn)) = ul(n)v Utt(()ﬂ?) = “2(77), ne H,

v(0,m) = vo(n),v¢(0,m) = v1(n), ve:(0,m) = v2(n), n € H.

Our article is motivated by the paper of W. Chen and A. Palmieri [8] which deals with the blow-up of
solutions for the following semi-linear Cauchy problem for MGT equation in the conservative case with
nonlinearity of derivative type, namely

ﬁum + Ut — Au — ﬂAut = |ut|p, T € Rn, t> 0,

(u, ug, ug)(0, ) = e(ug, u1,uz)(z), xR,

where p > 1 and € is a positive parameter describing the size of initial data. More precisely, they proved
that there exists a positive constant £y such that for any £ € (0,e] the solution u blows up in finite time.
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534 Moore-Gibson-Thompson Equation on the Heisenberg Group

Furthermore, the upper bound estimate for the lifespan

—1y—1
Ce ")

if 1< p < Dpai, (n),

T(e) <
-1
e iE p=par,(n),
holds, where C' > 0 is a constant independent of € and pg;, (n) = Z—ﬂ is the so called Glassey exponent. The

MGT was previously analyzed by several authors from a different point of view. We can mention, among
others, the works ([1], [8], [7]) for a variety of problems related to this equations. Recently, the critical
exponent to the following structurally damped wave equation with the power nonlinearity |u:|?:

{ w — Au A p(=A) 2wy = [uef?,  x € R, 3)

w(0,2) = uo(x), u(0,2) =wus(x) xe€R",

has been studied by Tuan Anh Dao and Ahmad Z. Fino [3]. It was shown in [3] that if
a N .
l<p<14— where &=min{l,a},
n

then, there is no global (in time) weak solution to (3). Very recently, Vladimir Georgiev and Alessandro
Palmieri [9] investigated the non-existence of global (in time) solutions to the following semi-linear Cauchy
problem

ug — Agu = |ul’, neH, t>0,
(4)

U(Oan) = EUO(U)a ne Ha

where p > 1 and € > 0 is a parameter describing the smallness of the data. It was shown that if

2
1<p§ppuj(Q):1+é, where @ = 2n + 2,

and
ug € L*(H) satisfies lim inf / uo(n)dn > 0,
Dr

R—o0
where Dp = B"(R) x B"(R) x [-R?, R?], and B"(R) denotes the ball in IR™ around the origin with radius
R, then, there exists no global in time weak solution to (4). Let us underline that, to our knowledge, the
MGT equation has not been widely investigated on Heisenberg group. For this reason, motivated by the
above contributions, in particular by [9], our goal in this paper is to obtain sufficient conditions for the
non-existence of global solutions to problems (1) and (2). For more details on Heisenberg groups and partial
differential equations in Heisenberg groups, we refer the reader to ([2], [4], [5], [6]) and the references therein.
First, for the sake of the reader, we give some known facts about the Heisenberg group H and the operator Ay.

The Heisenberg group H whose points will be denoted by n = (z,y,7), is the Lie group (R*"*1;0) with
the non-commutative group operation o defined by

non =@+, y+y . 7+7 +2xy —2'y)),

for all n = (z,y,7),n = (2/,y',7") € R" x R" x R, where . denotes the standard scalar product in R™. This
group operation endows H with the structure of a Lie group.
The Laplacian Ay over H is obtained from the vector fields X; = % + 2yi% and Y; = 8%_ — 2.%'1'(%_, by

n

Ag=> (X7 +Y7).

i=1
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Observe that the vector field T' = % does not appear in the equality above. This fact makes us presume
a "loss of derivative" in the variable 7. The compensation comes from the relation

[X,,Y;] = —4T, i,j€1,2,3,...n

The relation above proves that H is a nilpotent Lie group of order 2. Explicit computation gives the expression

0? 0? 0? 0? 0?
Ax = 4y, 2L i@+ ) L.
i ZZ<aZ+ay2+ Yigmar  Wiggar (x”yl)aﬂ)
A natural group of dilatations on H is given by
oa(m) = (A, Ay, A7), A >0,

whose Jacobian determinant is )\Q, where ) = 2n + 2 is the homogeneous dimension of H. The operator Ay
is a degenerate elliptic operator. It is invariant with respect to the left translation of H and homogeneous
with respect to the dilations §. More precisely, we have

Ag(u(non)) = Agu(non’), Am(uody) = (Agu)ody, forall nn cH.

The natural distance from 7 to the origin is introduced by Folland and Stein, see [4]

1

2\ 17
|| o 2 < 2 2
Nu=|7"+ E(%‘"‘yi) .

i=1
Before stating our main results, we collect some preliminary knowledge needed in our proof. Let us set

Hr =(0,T) x H, and H = (0, 00) x H.

Definition 1 (Weak solution for (1)) Let T > 0,p > 1, and (ug,u1,u2) € (LI(H))S, We say that
w €LY (Hr) is a local weak solution to (1) on Hr if

loc

/ lu(t, n)[Po(t, n)dndt+/ (u1(n) + ua(n ))s0(0777)dn—/uO(n)AHw(O,n)dn
Hr H

= —/H u(t, n) Py (t, m)dndt + /H u(t, n)py (t,n)dndt —/ u(t,n)Anp(t,n)dndt
T T

Hr

+ / u(t,n)Anp;(t,n)dndt, (5)
Hr

for any test function ¢ € C§° ([0,00) x H) such that o(T,n) = ¢,(T,n) = ¢u(T,n) =0 for alln € H. If
T = oo, we say that u is a global weak solution to (1).

Definition 2 (Weak solution for (2)) Let p,g > 1 and T > 0. We say that (u,v) is a weak solution to
the problem (2) if (u,v) € L} (Hr) x IL (Hr) and satisfies the equations

/ ot m)| 9o (t, m)dndt + / (s (1) + ua(n)) (0, )y — / o (n) Do (0, )y
H H
/ w(t, )Py (t n)dndt+/ U(t,n)wtt(t,n)dndt—/ w(t, n)Aue(t,n)dndt
HT HT

Hr

4 / u(t,n) Ass (£, )t (6)
H

T
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and

/ fu(t, m) P o(t, m)dnde + / (v1(n) + v2(n)) (0, m)dy — / oo () Ao (0, )y
Hr H

= */ v(t, M)t dndH/ v(t,m) e (t,n)dndt f/ v(t,n)Ane(t, n)dndt
Hr Hr Hr

+/ v(t, n)Amp,(t,n)dndt, (7)
Hr

for any test function p € C§° ([0,00) x H) such that o(T,n) = ¢,(T,n) = @u(T,n) =0 for alln € H. If
T = oo, we say that (u,v) is a global weak solution to (2).

Now, we are ready to state the main results of this paper.

Theorem 1 Let (ug,ui,us) € L'(H) x L (H) x L*(H) satisfying the following condition:

/H (ur (1) + ua(n)) dy > 0. (8)

If
1<p<1+ 2
Pl G
then there is no global (in time) weak solution to problem (1).

Theorem 2 We assume that (ug,u1,u2) € (Ll(]l-]l))3 and (v, v1,v2) € (Ll(]HI))3 satisfying the following
conditions:

/ (us (1) + us(n)) dy > 0 and / (v1(n) + va(n)) dy > 0. (10)
H H
I

2
1<pq§1+ﬁmax{p+1,q+1}, (11)

then there is no global (in time) weak solution to (2).

The proofs of our main results are given in the next section.

2 Proofs

In this section, we give the proofs of Theorems 1 and 2.

Remark 1 Throughout, C' denotes a positive constant, whose value may change from line to line.

2.1 Proof of Theorem 1

Proof. Let u be a global weak solution to (1), then for any regular test function ¢, one has
[ ot ndnds + [ o)+ ) o0 m)dn = [ o) dsipt0.my
< [ futtmllguttlind+ [ juenliea(tnlinge+ [ unlldsomiaa (12

+ [ Ruttml|Ang (6 n)ldnde =+ Ja o+ T+ S
H
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Applying the following e-Young inequality
/ 1 1
ab<ea’? +C.?, a,b,e,Cc.>0,p>1, —+—=1,
p

/

we get estimate for J; as follows:

1 _1
] < /H ()| pree (8, )\ dirdt = /H (s )l (6 m)™ 5 (6, 1) a1 il

(13)
SE/HIU(tvn)lp@(t,n)dndHCs/Hso‘P—l(t, M@t (E,m) |77 dndt.
Similarly, we have
2] < / [u(t, n)l |0 (8, 1) |dndt = / u(t, )7 (8, 1) 7 (£,1) |0y (8, ) |dndt
SS/HIu(t,n)\”w(t,n)dndt+Ca/Hw’ﬁ(tm)lwtt(m)lﬁdndt,
< [ ot mliap(tmldnde = [ (e mleb me 2l Asplt, ldnde
Ss/HIU(t, n)lpso(t,n)dndHCe/HW“(t,n)IAHso(t,n)lﬂldndt,
and
| Ja] < / [u(t, )| Awep, (t,n)|dndt = / u(t, )7 (8, )@ 7 (£, )| Ampy (£, 1) |dnd
SE/HIU(t,n)Ipw(t, n)dndt+Cs/HsfP1(t,n)IAH%(t,n)lpldndt-
Combining the estimates from (12) to (16), one has
[ tuttmiee.mne + [ (o) + uzlo)) o0, myan
H H (17)
< <A(p, ¢) + B(p,¢) +C(p,¢) + D(p, ¢)+Aﬂlu0(n)|AH¢(0,n)ldn>,
where
Alp, o) = /H T (b, ) g (1) | 727 i, (18)
B(p.¢) = /H o7 (8, ) ey )| 72 i, (19)
C(p,sa)/Hsfpll(t,n)lAw(t,n)lfldndt, (20)
and
Dip. ) = /H T (1) Aasipy (1) |77 . (21)

We introduce the following test function as defined in ([9])

o (T2 x|t + Jy|* + ¢
pr(t,n) = ( ||R4|| > R>0, o>>1, (22)
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where ¢ € CS°(IR™) is a decreasing function satisfying

1 if 0<r<i,

o(r) =
0, if r>2.

We point out that supp(¢p) is a subset of
Tr = {(t,x,y,r) EH:0<T2+ ||t + |yt +t* < 2R4}7
while supp(¢og)iet), supp(r)it), supp(Anpgr) and supp(Am(pg):) are subsets of
Tr= {(t,m,y,r) EH:R* <74 |z + |yt +t* < 2R4}.

Moreover, it is clear that

4o (N + 4 o
Nupn(tn) = I (a4 ) g
+160 ((|$|5+| ‘6)+27 (|$|2_| |2)33 + 72 (|$|2+| |2))¢/1071
>0 y yl*) z.y y
16 —1 _
L1690 = 1) (1o 1 1y19) + 27 (jal? — ) 2y + 72 (e + [y]?)) 6267 .

R8

We can easily check that there is a positive constant C' > 0, independent of R, such that

|Aneg(t,n)] < CR2¢77% (1¢'|6 + 6% + 6”]9) | (23)

and
|(Ampg(t,n))] < CR™,

(24)

[(pr(t;m)il < CR™, (25)
[(er(t,n)ul < CR?, (26)
(27)

(Rt )] < CR™2.
From (23)—(27), one obtains

A(p, ) < CRIFI=7%1 (28)
and

B(p, ) < CROM =771, (29)

Cp, ) < CROYI- 71, (30)

D(p,¢) < CRITI=T, (31)

At this stage, we pass to the scaled variables

(t,n) = (t,z,y,7) — ((t,f)) =(t= R M, =R 'z, j=R 'y, 7= R_27)) .

Let
K= {(i, &, §, 7) € H suchthat 1<Ii]*+|z*+ |g|* + 7> < 2},
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and
Kr= {(x,y,T) €H such that R* < |z|*+ |y|* +|7]* < 2R4}.

Employing (17), (28) and (29), one has

/ u(t, m)[Peo gt )t + / (ur(m) + w2(n)) (0, m)ely
H H

(32)
<C <R”1 + R +/ uo(n)IIAHwR(Om)IdO :
Kr
where 5 3
B 2 _ _3p
71 =Q+1 b1 and 7, =Q+1 P 1’
which follows from (32) that
/H(m(n) +uz(n)) ¢r(0,m)dn < C (R“ + R +/}C IuO(n)IIAWR(O,n)dn> ; (33)
R
and
/H [u(t,n)|Peg(t,n)dndt < C <R” + R + /}C uO(n)IIAHsoR(Om)Id@ : (34)

It is clear that the assumption (9) is equivalent to v; = max(vy;,75) < 0 . For this reason, we will split our
consideration into two cases.

Case 1: In the subcritical case 1 <p <1+ %7 letting R — oo in (33) we easily deduce

/H (wr (1) + ua(n)) dy < 0,

which contradicts the assumption (8).

Case 2: For the critical case p =1+ %, from (34) we can see that

/ |u(t,n)|Pdndt < C' hence  lim lu(t, n)|Pog(t,n)dndt = 0. (35)
H

R—o00 Th

From (12), one obtains

/ Iu(t,n)l%R(tm)dndH/ (u1(n) +u2(n)) pr0,m)dn < C [ |u(t,n)[Ppr(t,n)dndt.
H H TR

Letting R — oo and invoking (35), we get easily

/ fut, m)|P)ddt + / (wa() + ua(n)) dy = O,
H H

which contradicts the assumption (8). Summarizing, the proof of the Theorem 1 is completed. ®

2.2 Proof of Theorem 2

Proof. First, we introduce the same test function as in Theorem 1. Let us assume that (u,v) is the global
solution to (2). Then for any regular test function ¢, we have

/ fu(t, ) Pio(t, ) dndt + / (01.(n) + v2()) (0, )y — / vo(m) Asp(0, n)dn

H H H

< / oty m) [ puee (£, ) it + / ot )l pus (£ 1) it + / ot )| Amp(t mldndt— (36)
H H H

+/H|v(t7n)|AHsDt(tm)ldndt,
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and

/ ot )| (t, m)ddt + / (u (1) + w2 (1)) (0, m)dly — / o (1) Asp (0, m)cln

H H H

< / () | pree (£ )l + / ()| e (8 )|l + / fu(t, n)| | Dso(t,)ldndt (37)
H H H

+ /H (e, )| | sz (£, ) .

Taking ¢ = ¢ and using the Holder inequality with parameters p and %, one obtains

/Iv(t,n)l"wg(t,n)dndﬂr/(U1(n)+U2(n))s@R(0,n)dn—/ [uo (M| Anp r(0,7)]dn
H H

1 (38)
(A(p,wR) 7+ B0, 0p) T +Cp o) T +D(p,or) T (/ lu(t, n)[Per(t, n)dndt)
An analogous treatment with parameters g and , gives
| e Pentmdndt + [ )+ wa(o) (0.0 - / [o0(n) | A (0, )l
1 (39)
(A(q,sog) T+ Blg.0p)'T +C(0,00)'T +D(gp)'T (/ vt n)|*er(t, n)dndt>
Using the same change of variables as in Theorem 1, one has
)|e @ED@p=1) _y v »
Iv (t,m|*er(t,n)dndt < CR ., lu(t, m)[Por(t,n)dndt | (40)
and
» (Q+D)(a=1) _4 q a
HIU(tvn)l pr(t,n)dndt < CR™ Hlv(t,n)l er(t,n)dndt | . (41)

We easily deduce from (38) and (39) by letting R — oo that

/ (u1(n) +u2(n))dn <0 and / (v1(n) +v2(n)) dn <0,
H H

which contradicts the assumption (10). In the second case pg = 1 + Q ; max{p + 1,q + 1}, from (41) there
exists a positive constant C such that

/ |u(t,n)|Pdndt < C'  hence lim lu(n, )|Per(t,n)dndt = 0.
H

R—o0 Th

As in the case 2 in the proof of Theorem 1, we deduce a contradiction. Summarizing, the proof of the
Theorem 2 is completed. m
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