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Abstract

In this manuscript, we introduce the notion of an extended cone b-metric space over Banach algebra
with underlying non-normal cone. A fixed point theorem has been proved for a generalized Lipschitzian
mapping on such spaces. Several corollaries have been obtained from our given fixed point theorem.
Some supporting examples have been cited to examine the validity of our established result. Moreover,
our fixed point result is applied to obtain solutions for some functional equations.

1 Introduction and Preliminaries

Nowadays fixed point theory is one of the prominent area of research. In metric fixed point theory our main
objective is to know whether a self-mapping in a metric space or metric-type space, has fixed point or not.
The concept of b-metric spaces had been initiated by Bakhtin [2] in 1989 which generalizes usual metric

spaces and thereby he had been succeeded to generalize the Banach contraction principle over it. This
concept was further improved by Czerwik [5] in his research article. Recently Kamran et al. [11] have
generalized the concept of b-metric space in a totally new way. They first show that the coeffi cient of a
b-metric space can be a function instead of just a constant.
Huang and Zhang [9] in 2007 had been able to introduce cone metric spaces as a generalization of metric

spaces in which the set of real numbers are replaced by the elements of an ordered Banach space. In view
of this notion they had been succeeded to define Cauchy sequence, convergence of a sequence in such spaces
and obtained some fixed point theorems over it. After that several researchers have published many papers
on such type of spaces (See [1], [6], [12], [15], [16]). Very recently, Liu and Xu [14] have generalized the
concept of cone metric space by changing the underlying Banach space to a Banach algebra and introduced
cone metric space over Banach algebra. They defined cone over a Banach algebra in a generalized way
and investigated some partial orderings in terms of interior points of the underlying cone. They have also
defined generalized contractive mapping in this setting where the Lipschitzian constant is a vector instead
of real constant and proved some fixed point theorems. Moreover, they have given an example to show that
the fixed point theorems in cone metric spaces over Banach algebras are usually not equivalent to those in
case of a metric space. Though Liu and Xu have used normal cones in their article but Xu and Radenović
[19] avoided the normality of cones and defined solid cones to define c-sequences on cone metric spaces over
Banach algebras.
In light of the same spirit Huang and Radenović [8] have introduced the concept of cone b-metric spaces

over Banach algebras by bundling together the concept of cone metric space over Banach algebra and b-
metric space. Since b-metric spaces have various interesting properties than usual metric spaces it follows
that cone b-metric spaces over Banach algebras have those interesting properties too. The authors proved
several fixed point theorems on such spaces with the help of underlying ordered Banach algebra.
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210 A Generalized Fixed Point Theorem In An Extended Cone b-Metric Space

Before going to the next sections we need some preliminaries which help us to obtain our main results.

Definition 1 ([18]) A vector space A over a field K(R or C) is said to be an algebra if it is closed under
multiplication (i.e., for all ξ, η ∈ A, ξη ∈ A) and

(i) (ξη)µ = ξ(ηµ), ∀ ξ, η, µ ∈ A;

(ii) ξ(η + µ) = ξη + ξµ and (ξ + η)µ = ξµ+ ηµ, ∀ ξ, η, µ ∈ A;

(iii) r(ξη) = (rξ)η = ξ(rη), ∀ ξ, η ∈ A, ∀r ∈ K.

A Banach space A over the field K (R or C) is said to be a Banach algebra if

(i) A is an algebra and (ii) ∀ ξ, η ∈ A, ‖ξη‖ ≤ ‖ξ‖.‖η‖.

Here we shall always assume that the Banach algebra A is unital, that is it has a unity element eA such
that eAξ = ξeA = ξ, for all ξ ∈ A. Note that the unity element of a Banach algebra A, if it exists, is unique.
A non-zero element η ∈ A is said to be invertible if its inverse exists i.e. if there exists a non-zero element
µ such that ηµ = µη = eA, we write µ = η−1 and we call µ is the inverse of η. One can show that in a
Banach algebra A, with the unity element eA the inverse of an element is unique. Also for all ξ, η ∈ A, we
have (ξη)−1 = η−1ξ−1 and (ξ−1)−1 = ξ.

Proposition 1 ([18]) Let A be a Banach algebra with unit eA, the spectral radius of an element ξ ∈ A is
denoted by ρ(ξ) and defined by ρ(ξ) = supr∈σ(ξ) |r| = limn→∞‖ξn‖

1
n , where σ(ξ) is the spectrum of ξ ∈ A. If

ρ(ξ) < 1 then eA − ξ is invertible and (eA − ξ)−1 = eA +
∑∞
i=1 ξ

i.

Remark 1 The spectral radius ρ(ξ) of ξ ∈ A satisfies ρ(ξ) ≤ ‖ξ‖, where A is a Banach algebra with unity
eA.

Remark 2 If ρ(ξ) < 1, then we get ‖ξ‖n → 0 as n→∞.

Definition 2 ([7]) A subset P of a unital Banach algebra A is called a cone if

1. P is non empty, closed and θA, eA ∈ P.

2. If ξ, η ∈ P and r, s ≥ 0, then rξ + sη ∈ P.

3. ξ, η ∈ P implies ξη ∈ P.

4. If ξ,−ξ ∈ P for some ξ ∈ A then ξ = θA, where θA is the zero element of A.

A cone P is called a solid cone if int(P) 6= ∅. Each cone P induces a partial ordering - on A by ξ - η iff
η − ξ ∈ P. We write ξ ≺ η if ξ - η and ξ 6= η. When the cone is solid ξ � η will stand for η − ξ ∈ int(P).
The cone P is said to be normal if there exists a number L > 0 such that θA - ξ - η ⇒ ‖ξ‖ ≤ L‖η‖. The
least positive number L, which satisfies the normality condition is called the normal constant of P.

Lemma 1 ([17]) If B be a real Banach space with a solid cone P and if θB - ξ � c for all c � θB, then
ξ = θB.

Definition 3 ([19]) Let P be a solid cone in a Banach space B. A sequence {νn} ⊂ P is called a c-sequence
if for each θB � c there exists a natural number N such that νn � c whenever n ≥ N.

Lemma 2 ([19]) If B is a real Banach space with a solid cone P and {νn} ⊂ P is a sequence with ‖νn‖ → 0
as n→∞, then {νn} is a c-sequence.
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Lemma 3 ([19]) Let A be a Banach algebra with unity eA. Let ξ, η ∈ A such that ξ and η commute, then

(i) ρ(ξη) ≤ ρ(ξ)ρ(η).

(ii) ρ(ξ + η) ≤ ρ(ξ) + ρ(η).

(iii) |ρ(ξ)− ρ(η)| ≤ ρ(ξ − η).

Lemma 4 ([8]) If B be a real Banach space and P be a solid cone of B then for ξ, η, c ∈ B with ξ - η � c
implies ξ � c.

Lemma 5 ([19]) Let P be a solid cone of a Banach algebra A. Suppose that k ∈ P is an arbitrary vector
and {νn} ⊂ P is a c-sequence, then {kνn} is also a c-sequence.

Lemma 6 ([8]) Let A be a Banach algebra with unity eA and ζ ∈ A. Let z be a complex constant such that
ρ(ζ) < |z|. Then, ρ

(
(zeA − ζ)−1

)
≤ 1
|z|−ρ(ζ) .

Lemma 7 ([8]) Let B be a Banach space and P be a solid cone of B. Let ξ, η, ζ ∈ P, ζ - η and ξ - ζξ with
ρ(η) < 1. Then ξ = θB.

Lemma 8 ([19]) Let A be a Banach algebra with unity eA and {ξn} ⊂ A. Suppose that {ξn} converges
ξ ∈ A and that ξn and ξ commute for all n. Then we have ρ(ξn)→ ρ(ξ) as n→∞.

Lemma 9 ([8]) Let A be a Banach algebra with unity eA and P be a solid cone of A. Let ζ ∈ A and
νn = ζn for all n ∈ N. If ρ(ζ) < 1, then {νn} is a c-sequence.

Lemma 10 ([10]) For a cone P in the Banach space (B, ‖.‖), the followings are equivalent:

1. P is normal.

2. for arbitrary sequence {ξn},{ηn},{ζn} in B, with ξn - ηn - ζn ∀n ∈ N, if limn→∞ ξn = limn→∞ ζn =
ξ, then limn→∞ ηn = ξ.

3. there exists a norm ‖.‖1 on B equivalent to ‖.‖ such that the cone is monotone with respect to ‖.‖1.

Definition 4 ([2]) Let X be a nonempty set and b be a real number satisfying b ≥ 1. A function Db :
X ×X → [0,∞) is said to be a b-metric on X if for all ξ, η, ζ ∈ X, the following conditions hold:

1. Db(ξ, η) = 0 iff ξ = η.

2. Db(ξ, η) = Db(η, ξ).

3. Db(ξ, ζ) ≤ b[Db(ξ, η) +Db(η, ζ)].

The space (X,Db) is called a b-metric space.

Definition 5 ([11]) Let X be a nonempty set and θ : X ×X → [1,∞). A function Deb : X2 → [0,∞) is
called an extended b-metric if for all ξ, η, ζ ∈ X it satisfies:

1. Deb(ξ, η) = 0 if and only if ξ = η.

2. Deb(ξ, η) = Deb(η, ξ).

3. Deb(ξ, ζ) ≤ θ(ξ, ζ)[Deb(ξ, η) +Deb(η, ζ)].

The pair (X,Deb) is called an extended b-metric space.
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Definition 6 ([14]) Let X be a nonempty set and A be a real unital Banach algebra with a solid cone P.
The mapping Dc : X × X → A is said to be a cone metric over Banach algebra on X if it satisfies the
following conditions:

1. Dc(ξ, η) % θA for all ξ, η ∈ X and Dc(ξ, η) = θA iff ξ = η.

2. Dc(ξ, η) = Dc(η, ξ) for all ξ, η ∈ X.

3. Dc(ξ, ζ) - Dc(ξ, η) +Dc(η, ζ) for all ξ, η, ζ ∈ X.

The space (X,Dc) is called a cone metric space over the Banach algebra A.

Definition 7 ([8]) Let X be a nonempty set, A be a real unital Banach algebra with a solid cone P and
s ≥ 1 be a constant. The mapping Dcb : X ×X → A is called a cone b-metric over Banach algebra on X if
the following conditions hold:

1. Dcb(ξ, η) % θA for all ξ, η ∈ X and Dcb(ξ, η) = θA iff ξ = η.

2. Dcb(ξ, η) = Dcb(η, ξ) for all ξ, η ∈ X.

3. Dcb(ξ, ζ) - s[Dcb(ξ, η) +Dcb(η, ζ)] for all ξ, η, ζ ∈ X.

The space (X,Dcb) is called a cone b-metric space over the Banach algebra A.

2 Main Results

In this section we introduce generalized cone b-metric space over Banach algebra without the assumption of
normality of cones.
In the following definitions and theorems we always suppose that A is a real Banach algebra with a unity,

P is a solid cone in A, not necessarily normal and -, ≺ and � are partial orderings with respect to P.

Definition 8 Let X be a nonempty set, θ : X2 → [1,∞) be a mapping. A mapping Decb : X ×X → A is
said to be an extended cone b-metric over Banach algebra if it satisfies the following conditions:

(Decb1) Decb(ξ, η) % θA and Decb(ξ, η) = θA iff ξ = η;

(Decb2) Decb(ξ, η) = Decb(η, ξ);

(Decb3) Decb(ξ, η) - θ(ξ, η)[Decb(ξ, ζ) +Decb(ζ, η)].

The triplet (X,Decb,A) is called an extended cone b-metric space over Banach algebra.

Remark 3 An extended cone b-metric space over Banach algebra generalizes several known metric struc-
tures, such as:

(i) If θ(ξ, η) = 1 for all ξ, η ∈ X then an extended cone b-metric space over Banach algebra reduces to a
cone metric space over Banach algebra.

(ii) A cone b-metric space over Banach algebra is an extended cone b-metric space over Banach algebra for
θ(ξ, η) = s > 1 for all ξ, η ∈ X.

(iii) If θ(ξ, η) = 1 for all ξ, η ∈ X and A = R with the cone P = [0,∞) then an extended cone b-metric
space over Banach algebra reduces to an usual metric space.

(iv) A b-metric space is an extended cone b-metric space over Banach algebra for θ(ξ, η) = s > 1 for all
ξ, η ∈ X and A = R with the cone P = [0,∞).
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(v) If A = R with the cone P = [0,∞) then an extended cone b-metric space over Banach algebra reduces
to an extended b-metric space.

Example 1 Let A = C[0, 1] be the usual unital Banach algebra with the sup norm. Let P = {f ∈ C[0, 1] :
f(t) ≥ 0 for all t ∈ [0, 1]} and X = R. Define a mapping Decb : X2 → A by Decb(ξ, η)(t) = (1 + |ξ|+ |η|)|ξ−
η| exp(t) for any ξ, η ∈ X and for all t ∈ [0, 1]. Conditions (Decb1) and (Decb2) are clearly satisfied by Decb.
Now we check the condition (Decb3). For this we take u, v, w ∈ X as arbitrary. Then we see that

Decb(u,w)(t) = (1 + |u|+ |w|)|u− w| exp(t)

≤ (1 + |u|+ |w|)(|u− v|+ |v − w|) exp(t)

≤ (1 + |u|+ |w|)(Decb(u, v)(t) +Decb(v, w)(t))

≤ (1 + |u|+ |w|)(Decb(u, v) +Decb(v, w))(t) for all t ∈ [0, 1].

Therefore Decb(u,w) - (1 + |u|+ |w|)(Decb(u, v) +Decb(v, w)). Since u, v, w are chosen arbitrarily, we have
Decb is an extended cone b-metric space over Banach algebra with θ(ξ, η) = (1 + |ξ|+ |η|) for all ξ, η ∈ X.

Example 2 Let A = C[0, 1] be the usual unital Banach algebra with the sup norm. Let P = {f ∈ C[0, 1] :
f(t) ≥ 0 for all t ∈ [0, 1]} and X = R. Define a mapping Decb : X2 → A by Decb(ξ, η)(t) = (1 + |ξ − η|)|ξ −
η| exp(t) for any ξ, η ∈ X and for all t ∈ [0, 1]. Then clearly Decb satisfies conditions (Decb1) and (Decb2).
To check the condition (Decb3) let us choose u, v, w ∈ X as arbitrary. Then we have

Decb(u,w)(t) = (1 + |u− w|)|u− w| exp(t)

≤ (1 + |u− w|)(|u− v|+ |v − w|) exp(t)

≤ (1 + |u− w|)(Decb(u, v)(t) +Decb(v, w)(t))

≤ (1 + |u− w|)(Decb(u, v) +Decb(v, w))(t) for all t ∈ [0, 1].

Therefore Decb(u,w) - (1 + |u − w|)(Decb(u, v) + Decb(v, w)). Since u, v, w are chosen arbitrarily it is seen
that Decb satisfies condition (Decb3) also. Hence Decb is an extended cone b-metric space over Banach algebra
with θ(ξ, η) = (1 + |ξ − η|) for all ξ, η ∈ X but it is not a cone metric space over Banach algebra since

Decb(1, 1.1)(t) +Decb(1.1, 2)(t) = 1.82 exp(t) < 2 exp(t) = Decb(1, 2)(t) for all t ∈ [0, 1].

Lemma 11 Let A be a real Banach algebra and l(6= θA) ∈ A. If limn→∞
‖ln+1‖
‖ln‖ exists then this limit is

equal to ρ(l).

Proof. The proof can be done easily. So we omit the proof.
Now we prove some fixed point theorems in the setting of an extended cone b-metric space over Banach

algebra. Let us define a subset of A as follows:

P∗ :=

{
l(6= θA) ∈ P : lim

n→∞

‖ln+1‖
‖ln‖ exists

}
.

Definition 9 Let (X,Decb,A) be an extended cone b-metric space over Banach algebra and {ξn} be a se-
quence in X. Then

(i) {ξn} is called Decb-convergent sequence if there exists some ξ ∈ X such that for every l ∈ A with
l� θA there exists some N ∈ N such that Decb(ξn, ξ)� l for all n ≥ N.

(ii) {ξn} is said to be Decb-Cauchy sequence if for every l ∈ A with l � θA there exists N ∈ N such that
Decb(ξn, ξn+p)� l for all n ≥ N and for every p = 1, 2, · · · .

(iii) (X,Decb,A) is called Decb-complete if every Decb-Cauchy sequence in X is Decb-convergent.
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Definition 10 Let (X,Decb,A) be an extended cone b-metric space over Banach algebra. A mapping
G : (X,Decb) → (X,Decb) is said to be Decb-orbitally continuous at a point u ∈ X if for some ξ ∈ X,
limi→∞Gniξ = u implies limi→∞Gni+1ξ = Gu. If G is Decb-orbitally continuous at each point of X, then
we say that G is Decb-orbitally continuous in X.

Theorem 1 Let (X,Decb,A) be a Decb-complete extended cone b-metric space over Banach algebra. Let P
be a solid cone in A not necessarily normal in A. Suppose that T : X → X be a mapping such that for all
ξ ∈ X

Decb(Tξ, T 2ξ) - l Decb(ξ, T ξ), (1)

where l ∈ P∗, ρ(l) < 1 with limn,m→∞ θ(ξn, ξm) < 1
ρ(l) and {ξn} = {Tnξ0} is the Picard iterating sequence

generated by ξ0 ∈ X. Then T has a fixed point in X provided that T is Decb-orbitally continuous in X.

Proof. From the contractive condition (1) we have

Decb(ξn, ξn+1) = Decb(Tξn−1, T
2ξn−1)

- l Decb(ξn−1, T ξn−1)

= l Decb(ξn−1, ξn)

...

- ln Decb(ξ0, ξ1). (2)

Now, for all n ∈ N and for any p = 1, 2, · · · ,

Decb(ξn, ξn+p) - θ(ξn, ξn+p)[Decb(ξn, ξn+1) +Decb(ξn+1, ξn+p)]

- θ(ξn, ξn+p)Decb(ξn, ξn+1)

+ θ(ξn, ξn+p)θ(ξn+1, ξn+p)[Decb(ξn+1, ξn+2) +Decb(ξn+2, ξn+p)]

- θ(ξn, ξn+p)Decb(ξn, ξn+1) + θ(ξn, ξn+p)θ(ξn+1, ξn+p)Decb(ξn+1, ξn+2)

+ · · ·+ θ(ξn, ξn+p)θ(ξn+1, ξn+p)...θ(ξn+p−2, ξn+p)[Decb(ξn+p−2, ξn+p−1)

+Decb(ξn+p−1, ξn+p)]

- θ(ξn, ξn+p)Decb(ξn, ξn+1) + θ(ξn, ξn+p)θ(ξn+1, ξn+p)Decb(ξn+1, ξn+2)

+ · · ·+ θ(ξn, ξn+p)θ(ξn+1, ξn+p) · · · θ(ξn+p−2, ξn+p)Decb(ξn+p−2, ξn+p−1)

+ θ(ξn, ξn+p)θ(ξn+1, ξn+p) · · · θ(ξn+p−1, ξn+p)Decb(ξn+p−1, ξn+p)]

- [θ(ξn, ξn+p)l
n + θ(ξn, ξn+p)θ(ξn+1, ξn+p)l

n+1 + · · ·
+ θ(ξn, ξn+p)θ(ξn+1, ξn+p) · · · θ(ξn+p−2, ξn+p)l

n+p−2

+ θ(ξn, ξn+p)θ(ξn+1, ξn+p) · · · θ(ξn+p−1, ξn+p)l
n+p−1]Decb(ξ0, ξ1)

-
[
n+p−1∑
r=n

lr
r∏
s=1

θ(ξs, ξn+p)

]
Decb(ξ0, ξ1). (3)

Again we have, ∥∥∥∥∥
n+p−1∑
r=n

lr
r∏
s=1

θ(ξs, ξn+p)

∥∥∥∥∥ ≤
n+p−1∑
r=n

r∏
s=1

θ(ξs, ξn+p)‖lr‖.

For r ∈ N, let us define u(n+p)
r =

∏r
s=1 θ(ξs, ξn+p)‖lr‖. Then for any p = 1, 2, · · · ,

lim
n→∞

u
(n+p)
n+1

u
(n+p)
n

= lim
n→∞

θ(ξn+1, ξn+p)
‖ln+1‖
‖ln‖ = lim

n→∞
θ(ξn+1, ξn+p) lim

n→∞

‖ln+1‖
‖ln‖ .
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Since l ∈ P∗ we have limn→∞
‖ln+1‖
‖ln‖ = ρ(l) and therefore for any p = 1, 2, · · · ,

lim
n→∞

u
(n+p)
n+1

u
(n+p)
n

= lim
n→∞

θ(ξn+1, ξn+p)ρ(l) < 1.

So by Ratio test we have for any p = 1, 2, · · · ,

lim
n→∞

∥∥∥∥∥
n+p−1∑
r=n

lr
r∏
s=1

θ(ξs, ξn+p)

∥∥∥∥∥ ≤ lim
n→∞

n+p−1∑
r=n

r∏
s=1

θ(ξs, ξn+p)‖lr‖ = 0.

Therefore from (3) we conclude that {ξn} is Decb-Cauchy sequence in X. Since X is Decb-complete we
have {ξn} is Decb-convergent sequence in X and let it be convergent to ξ ∈ X. Now if T is Decb-orbitally
continuous in X then ξn0 = ξn → ξ implies Tξn0 = Tξn = ξn+1 → Tξ. Hence Tξ = ξ and ξ is a fixed point
of T in X.

Now here we give some supporting examples in respect of Theorem 1.

Example 3 (Banach algebra with non-normal cone)
Let us consider the Banach algebra A = C1

R[0, 1] with the norm ‖x‖A = ‖x‖∞ + ‖x′‖∞ and usual pointwise
multiplication. Obviously A is a Banach algebra with unity eA = 1. Let us take P = {x ∈ A : x(t) ≥ 0 for all
t ∈ [0, 1]}. Then it can be verified that P is a non-normal cone.

Now let X = {1, 2, 3}. Define θ : X2 → [1,∞) and Decb : X ×X → A as:
θ(ξ, η) = 1 + ξ + η for all ξ, η ∈ X and Decb(1, 1)(t) = Decb(2, 2)(t) = Decb(3, 3)(t) = 0, Decb(1, 2)(t) =
Decb(2, 1)(t) = 10et, Decb(2, 3)(t) = Decb(3, 2)(t) = 40et, Decb(1, 3)(t) = Decb(3, 1)(t) = 80et for all t ∈ [0, 1].
Then (X,Decb,A) is a Decb-complete extended cone b-metric space over Banach algebra but not a usual cone
metric space over Banach algebra.
Let T : X → X be defined by T1 = T2 = 1 and T3 = 2. Then

Decb(Tξ, T 2ξ) - l Decb(ξ, T ξ) for all ξ ∈ X, with l(t) = 1
4 + 1

48 t for all t ∈ [0, 1]. We show that l ∈ P∗. Here
it is seen that ln(t) =

(
1
4 + 1

48 t
)n
for all t ∈ [0, 1] and for all n ∈ N. Therefore (ln)′(t) = n

48

(
1
4 + 1

48 t
)n−1

for

all t ∈ [0, 1] and for all n ∈ N. Thus ‖ln‖A =
(

1
4 + 1

48

)n−1 [( 1
4 + 1

48

)
+ n

48

]
for all n ≥ 1. Hence we get

‖ln+1‖A
‖ln‖A

=

(
1
4 + 1

48

)n [( 1
4 + 1

48

)
+ n+1

48

](
1
4 + 1

48

)n−1 [( 1
4 + 1

48

)
+ n

48

]
=

(
1

4
+

1

48

)
1 + 14

n

1 + 13
n

for all n ≥ 1. (4)

So from equation (4) it follows that l ∈ P∗. Also one can check that T satisfies all the conditions of Theorem
1 and 1 ∈ X is the unique fixed point of T.

Example 4 (Banach algebra with normal cone)
Let us consider the Banach algebra A = l1 = {u = (un)n∈N :

∑∞
n=1 |un| <∞} with the norm ‖u‖A =∑∞

n=1 |un| and the multiplication defined by

uv = (un)n∈N(vn)n∈N =

 ∑
i+j=n+1

uivj


n∈N

.

Then A is a Banach algebra with unity eA = (1, 0, 0, · · · ). Also put P = {u = (un)n∈N : un ≥ 0 for all n ≥ 1}.
Now let us take X = lp = {ξ = (ξn)n∈N :

∑∞
n=1 |ξn|p <∞}, 0.4 < p < 1. Let σ : X2 → R+ be defined

by σ(ξ, η) = (
∑∞
n=1 |ξn − ηn|p)

1
p for all ξ = (ξn)n∈N, η = (ηn)n∈N in X. Let Decb : X2 → A be given by

Decb(ξ, η) =
(
σ(ξ,η)

2n

)
n∈N

for all ξ, η ∈ X. Then (X,Decb,A) is a Decb-complete extended cone b-metric space
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over Banach algebra with θ(ξ, η) = 2
1
p−1 for all ξ, η ∈ X but not a usual cone metric space over Banach

algebra (See [8]).

Define T : X → X by T (ξn)n≥1 =
(
ξn
4 + 1

3n

)
n≥1

for all (ξn)n≥1 ∈ X. Then Decb(Tξ, T 2ξ) - l Decb(ξ, T ξ)

for all ξ ∈ X, with l = ( 1
3 , 0, 0, · · · ). Then one can verify that T satisfies all the conditions of Theorem 1

and
(

4
3n+1

)
n≥1

is the unique fixed point of T in X.

Our contractive condition generalizes several contractive operators with different Lipschitz constants on
an extended cone b-metric space over Banach algebra. Moreover it can be easily verified that each of these
contractive mappings are Decb-orbitally continuous and thus Theorem 1 holds good for such contractive
mappings also.

Corollary 1 Consider the following contractive mappings over (X,Decb,A).

(i) If a mapping T : X → X satisfies Decb(Tξ, Tη) - kDecb(ξ, η) for all ξ, η ∈ X, where k ∈ P with
ρ(k) < 1, i.e., T is a Banach contraction then it satisfies the contractive condition (1) with l = k.

(ii) A mapping T : X → X, which satisfies Decb(Tξ, Tη) - k[Decb(ξ, T ξ) + Decb(η, Tη)] for all ξ, η ∈ X
and for k ∈ P with ρ(k) < 1

2 , i.e., T is a Kannan type contractive map, also satisfies the contractive
condition (1) with l = (eA − k)−1k.

(iii) If T : X → X satisfies Decb(Tξ, Tη) - k[Decb(ξ, Tη) + Decb(η, Tξ)] for all ξ, η ∈ X, where k ∈ P with
ρ(k) < 1

2 , i.e., T is a Chatterjea type contractive map then it satisfies the contractive condition (1)
with l = (eA − k)−1k.

(iv) A mapping T : X → X satisfying

Decb(Tξ, Tη) - k1Decb(ξ, η) + k2Decb(ξ, T ξ) + k3Decb(η, Tη), for all ξ, η ∈ X

and for k1, k2, k3 ∈ P, which commute with each other, with ρ(k1) + ρ(k2) + ρ(k3) < 1, i.e., T is a
Reich type contractive map, also satisfies the contractive condition (1) with l = (eA − k3)−1(k1 + k2).

(v) A mapping T : X → X satisfying

Decb(Tξ, Tη) - k1Decb(ξ, η) + k2
Decb(ξ, T ξ) +Decb(η, Tη)

2
+ k3

Decb(ξ, Tη) +Decb(η, Tξ)
2

for all ξ, η ∈ X and for k1, k2, k3 ∈ P, which commute with each other, with ρ(k1) + ρ(k2) + ρ(k3) < 1,
i.e., T is a Hardy-Rogers type contractive map, also satisfies the contractive condition (1) with l =
(eA − k2

2 −
k3
2 )−1(k1 + k2

2 + k3
2 ).

(vi) If a mapping T : X → X satisfies Decb(Tξ, Tη) - kDecb(ξ, η) + LDecb(η, Tξ) for all ξ, η ∈ X, where
k ∈ P with ρ(k) < 1 and L % θA, i.e., T is a weak contraction then it satisfies the contractive condition
(1) with l = k.

3 An Application of Fixed Point Theorem to Dynamical Program-
ming

Bellman [3] was the first who introduced the existence and successive approximations of solutions for several
functional equations arising in dynamical programming, one of them is as follows:

f(t) = sup
t′∈Θ
{p(t, t′) +G(t, t′, f(q(t, t′)))} (5)
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where X and Y are Banach spaces over the field R. ∆ ⊂ X denotes the state space (i.e., the set of initial
state, action and transition of the process) and Θ ⊂ Y denotes the decision space (i.e., the set of all possible
actions of the process) and t, t′ denotes the state and decision vectors respectively.
Here f(t) denotes the optimal return function with initial state t and p : ∆ × Θ → R, q : ∆ × Θ → ∆

, G : ∆ × Θ × R→ R. There after several authors have studied the properties of solutions for various
functional equations arising in dynamical programming and have tried to solve them by using various fixed
point theorems, for these we may refer to [4], [13].
Let Bd(∆) be the set of all real-valued bounded functions on ∆. We define a norm on Bd(∆) by

‖β‖ = supt∈∆|β(t)| for all β ∈ Bd(∆). Then (Bd(∆), ‖.‖) forms a Banach space.
Let A = R2 with ‖(a1, a2)‖A = |a1| + |a2| for all (a1, a2) ∈ R2 and the multiplication is defined by

ab = (a1, a2)(b1, b2) = (a1b1, a1b2 + b1a2) for all a = (a1, a2), b = (b1, b2) ∈ R2. Then A will be a unital
Banach algebra with unity (1, 0). Let us take P = {(a1, a2) ∈ R2 : a1, a2 ≥ 0}. Then P is a normal cone on
A.
Let us define a metric Decb : Bd(∆)×Bd(∆)→ A by Decb(ξ, η) = (‖ξ− η‖2, ‖ξ− η‖2) = ({supt∈∆|ξ(t)−

η(t)|}2, {supt∈∆|ξ(t) − η(t)|}2) for all ξ, η ∈ Bd(∆). Then (Bd(∆),Decb) is a Decb-complete extended cone
b-metric space over Banach algebra with θ(ξ, η) = 2 for all ξ, η ∈ Bd(∆).
Now we are going to discuss the existence of the solution of the functional equation (5) by applying our

established fixed point theorem. For this first we define a mapping Φ : Bd(∆)→ Bd(∆) by

(Φf)(t) = sup
t′∈Θ
{p(t, t′) +G(t, t′, f(q(t, t′))}. (6)

for all f ∈ Bd(∆). Clearly if the functions p and G are bounded then Φ becomes well-defined.

Theorem 2 Let Φ : Bd(∆)→ Bd(∆) be a mapping defined by (6) and suppose the following conditions hold.

(D1) p : ∆×Θ→ R and G : ∆×Θ× R→ R are continuous and bounded.

(D2) For all β ∈ Bd(∆), G satisfies

|G(t, t′, β(t′′))−G(t, t′,Φ(β)(t′′))| ≤
√
k‖β − Φ(β)‖ (7)

for all (t, t′, β(t′′)) ∈ ∆ × Θ × R, where k ∈ (0, 1
2 ). Then the functional equation (7) has a bounded

solution.

Proof. Let λ > 0 be chosen arbitrarily. Then there exists t′1, t
′
2 ∈ Θ such that for all t ∈ ∆ and β ∈ Bd(∆),

p(t, t′1) +G(t, t′1, β(q(t, t′1))) > Φ(β)(t)− λ, (8)

p(t, t′2) +G(t, t′2,Φ(β)(q(t, t′22 (β)(t)− λ, (9)

Φ(β)(t) ≥ p(t, t′2) +G(t, t′2, β(q(t, t′2))) (10)

and
Φ2(β)(t) ≥ p(t, t′1) +G(t, t′1,Φ(β)(q(t, t′1))). (11)

From inequality (8) and (11) we have for all t ∈ ∆,

Φ(β)(t)− Φ2(β)(t) < G(t, t′1, β(q(t, t′1)))−G(t, t′1,Φ(β)(q(t, t′1))) + λ

≤ |G(t, t′1, β(q(t, t′1)))−G(t, t′1,Φ(β)(q(t, t′1)))|+ λ

≤
√
k‖β − Φ(β)‖+ λ. (12)

In a similar way, from equation (9) and (10) we can show that

Φ2(β)(t)− Φ(β)(t) <
√
k‖β − Φ(β)‖+ λ for all t ∈ ∆. (13)
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Since λ > 0 is arbitrary it follows from equations (12) and (13) that |Φ(β)(t) − Φ2(β)(t)| ≤
√
k‖β − Φ(β)‖

for all t ∈ ∆ and for all β ∈ Bd(∆). Therefore for all β ∈ Bd(∆), we have ‖Φ(β)−Φ2(β)‖ ≤
√
k‖β −Φ(β)‖.

Hence

Decb(Φ(β),Φ2(β)) = (‖Φ(β)− Φ2(β)‖2, ‖Φ(β)− Φ2(β)‖2)

- (k, 0)(‖β − Φ(β)‖2, ‖β − Φ(β)‖2)

= (k, 0)Decb(β,Φ(β))

i.e. Decb(Φ(β),Φ2(β)) - (k, 0)Decb(β,Φ(β)) for all β ∈ Bd(∆). Thus by Theorem 1, Φ has a fixed point in
Bd(∆) and consequently the functional equation (5) has a bounded solution.
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