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Abstract

In this note, we show that under certain assumptions the matrix Riccati differential equation X ′ =
A(t)X +XB(t)X + C(t) with periodic coeffi cients admits at least one periodic solution. Also, we give
an illustrative example in order to indicate the validity of the assumptions and the novelty of our result.

1 Introduction

Let us start this note by considering the second order differential equation of the form

y′′ + p(t)y′ + q(t)y = r(t),

where p, q and r are real functions on R. This equation describes a large class of dynamical systems appearing
throughout the field of engineering and applied mathematics. In the homogeneous case, by making the change
of variable x = −y′/y, we are led to a first order differential equation of the form

x′ = −p(t)x+ x2 + q(t).

This latter equation is a special case of a more general one, so-called scalar Riccati differential equation,
namely

x′ = a(t)x+ b(t)x2 + c(t),

where a, b and c are real functions on R. A generalization of the scalar Riccati differential equation to the
matrix case gives us matrix Riccati differential equation, namely

X ′ = A(t)X +XB(t)X + C(t), (1)

where A, B and C are (n× n)-real-matrix valued functions on R.
Matrix Riccati differential equations are central objects of present-day control theory. In fact, in the

theory of control systems, the qualitative control problem has received considerable research interests. This
problem is regarded as an extension of the classical result of Kalman et al. [12] on controllability and
stability of linear systems which is relevant to matrix Riccati differential equations (see [5, 17, 4, 3, 7, 8]).
These equations also play predominant roles in other control theory problems such as dynamic games, linear
systems with Markovian jumps, and stochastic control. The study of such differential equations, which also
appear in a number of other areas such as biomathematics and multidimensional transport processes, is an
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180 Periodic Solutions of Matrix Riccati Differential Equations

interesting area of current research (see, for example, [11, 9]). There exists a rather extensive literature on
matrix Riccati differential equations, mainly developed within the automatic control literature. We refer the
reader to [3] for an extensive survey as well as to [5, 17, 4, 10] as fundamental papers on this area.
The analysis of periodic systems has long been a topic of interest. In this direction, an important question,

which has been studied extensively by a number of authors (see, for example, [1, 13, 15, 19, 18, 14]), is whether
scalar or matrix Riccati differential equations can support periodic solutions. For example, in theoretical
aspects, knowledge of the periodic solutions is important for understanding the phase portrait of scalar or
matrix Riccati differential equations and, in particular, the qualitative behavior of solutions (see, for example,
[17]). On the other hand, on the applied side, in the problem of quadratic periodic optimization, arising for
instance in the design of solar heating systems where the ambient temperature represents a periodic input,
there occurs the need to compute the periodic solutions, if any, of a scalar or matrix Riccati differential
equation with periodic coeffi cients. Another application is found in Kalman filtering of periodic systems
such as orbiting satellites, seasonal phenomena like river flows, and econometric models, etc. We refer the
reader to [2] for an overview on the structural properties of periodic systems, to [3] for the properties of
periodic solutions to periodic scalar or matrix Riccati differential equations, and to [6] for the study of
the periodic Lyapunov differential equations. Also, the book by Reid [16] covers many areas in scalar or
matrix Riccati differential equations and is concerned with applications of these differential equations such
as transmission line phenomena, theory of random processes, variational theory and optimal control theory,
diffusion problems, and invariant imbedding.
In this note, we show that under certain assumptions the matrix Riccati differential equation (1) with

periodic coeffi cients admits at least one periodic solution. Also, we give an illustrative example in order to
indicate the validity of the assumptions and the novelty of our result.

2 Statement of the Main Result

In this section, we state the main result of this note, that is, Theorem 1, and we then treat an illustrative
example in order to indicate the validity of the assumptions and the novelty of the result. We prove the
main result in the next section.
In the sequel, ω is a positive real number, Mn(R) is the linear space of n × n matrices with real entries

equipped with the operator norm ‖ ‖, and V = C(R,Mn(R)) is the linear space of continuous functions from
R to Mn(R).

Theorem 1 Let A, B and C be ω-periodic elements of V such that In −M is nonsingular, where In is the
n× n identity matrix and M = exp(

∫ ω
0
A(τ)dτ). Set M1 = (In −M)−1 and M2 = MM1, and consider

G(t, s) =


M1 exp

(∫ t
s
A(τ)dτ

)
, 0 ≤ s ≤ t ≤ ω,

M2 exp
(∫ t

s
A(τ)dτ

)
, 0 ≤ t < s ≤ ω,

µ = sup
0≤t,s≤ω

‖G(t, s)‖ ,

and

ν = sup
0≤t≤ω

∥∥∥∥∫ ω

0

G(t, s)C(s)ds

∥∥∥∥ .
Suppose for all t, s ∈ [0, ω],

∫ t
0
A(τ)dτ commutes with both of

∫ s
0
A(τ)dτ and A(t), and A(t) commutes with

M . If ∫ ω

0

‖B(τ)‖dτ ≤ 1

4µν
,

then the matrix Riccati differential equation (1) admits at least one ω-periodic solution.
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We now treat the following illustrative example, which shows the validity of the assumptions in Theorem
1. This example is generated by trial and error process using computer codes in Mathematica 5.2 with
symbolic operations. Therefore, it seems to be quite far from a real practical problem. However, it shows
the novelty of our result, since the previous results in the literature, in our knowledge, are inapplicable for
proving the existence of a periodic solution of it.

Example 1 Let A, B and C be 2π-periodic elements of V = C(R,M2(R)), which are defined as follows:

A(t) =
1

8

[
2 1
1 2

]
, B(t) =

1

8

[
cos t − sin t
sin t cos t

]
and

C(t) =
1

648

 −18 cos t− cos 3t− 81 sin t 81 cos t+ 18 sin t+ sin 3t

63 cos t− 18 sin t− sin 3t −18 cos t− cos 3t− 63 sin t

 .
We have µ ≈ 1.83803 and ν ≈ 0.115645, and so∫ 2π

0

‖B(τ)‖dτ ≈ 0.785398 < 1.176150 ≈ 1

4µν
.

Therefore, Theorem 1 implies that the matrix Riccati differential equation (1) admits at least one 2π-periodic
solution. This 2π-periodic solution may be given by

X(t) =
1

9

[
cos t − sin t
sin t cos t

]
.

3 Proof of the Main Result

In this section, we prove Theorem 1 which will be done by proving a series of lemmas and recalling some
definitions and known results. Let us start with the following lemma.

Lemma 1 For all t ∈ [0, ω], the matrix A(t) commutes with both of M1 and M2.

Proof. By the assumption, for all t ∈ [0, ω], the matrix A(t) commutes with M , and so it commutes with
In −M . Therefore, A(t) commutes with (In −M)−1 = M1. By using this fact, for all t ∈ [0, ω], we may
write

A(t)M2 = A(t)(MM1) = (MM1)A(t) = M2A(t).

This shows that A(t) commutes with M2 as well.

The following lemma shows that the function G in the statement of Theorem 1 is, in fact, the Green’s
function of the matrix Riccati differential equation (1).

Lemma 2 Let X ∈ V be a solution of the integral equation

X(t) =

∫ ω

0

G(t, s)
(
X(s)B(s)X(s) + C(s)

)
ds.

Then X is a solution of the matrix Riccati differential equation (1).

Proof. By the assumption, for all t, s ∈ [0, ω],
∫ t
0
A(τ)dτ commutes with

∫ s
0
A(τ)dτ , and so(∫ t

0

A(τ)dτ

)(
−
∫ s

0

A(τ)dτ

)
=

(
−
∫ s

0

A(τ)dτ

)(∫ t

0

A(τ)dτ

)
.
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This implies that for all t, s ∈ [0, ω],

exp

(∫ t

s

A(τ)dτ

)
= exp

(∫ t

0

A(τ)dτ −
∫ s

0

A(τ)dτ

)
= exp

(∫ t

0

A(τ)dτ

)
exp

(
−
∫ s

0

A(τ)dτ

)
= exp

(∫ t

0

A(τ)dτ

)(
exp

(∫ s

0

A(τ)dτ

))−1
.

Therefore, for all t ∈ [0, ω], we may write

X(t) =

∫ ω

0

G(t, s) (X(s)B(s)X(s) + C(s)) ds

=

∫ t

0

G(t, s) (X(s)B(s)X(s) + C(s)) ds+

∫ ω

t

G(t, s) (X(s)B(s)X(s) + C(s)) ds

= M1

∫ t

0

exp(

∫ t

s

A(τ)dτ) (X(s)B(s)X(s) + C(s)) ds

−M2

∫ t

ω

exp(

∫ t

s

A(τ)dτ) (X(s)B(s)X(s) + C(s)) ds

= M1 exp(

∫ t

0

A(τ)dτ)

∫ t

0

(
exp(

∫ s

0

A(τ)dτ)

)−1
(X(s)B(s)X(s) + C(s)) ds

−M2 exp(

∫ t

0

A(τ)dτ)

∫ t

ω

(
exp(

∫ s

0

A(τ)dτ)

)−1
(X(s)B(s)X(s) + C(s)) ds.

Also, for all t ∈ [0, ω],
∫ t
0
A(τ)dτ commutes with A(t), and so

(
exp

(∫ t

0

A(τ)dτ

))′
= A(t) exp

(∫ t

0

A(τ)dτ

)
.

Therefore, for all t ∈ [0, ω], we may write

X ′(t) = M1A(t) exp(

∫ t

0

A(τ)dτ)

∫ t

0

(
exp(

∫ s

0

A(τ)dτ)

)−1
(X(s)B(s)X(s) + C(s)) ds

+M1 (X(t)B(t)X(t) + C(t))

−M2A(t) exp(

∫ t

0

A(τ)dτ)

∫ t

ω

(
exp(

∫ s

0

A(τ)dτ)

)−1
(X(s)B(s)X(s) + C(s)) ds

−M2 (X(t)B(t)X(t) + C(t)) .
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Now, Lemma 1 implies that for all t ∈ [0, ω],

X ′(t) = A(t)

∫ t

0

M1 exp(

∫ t

s

A(τ)dτ) (X(s)B(s)X(s) + C(s)) ds

+A(t)

∫ ω

t

M2 exp(

∫ t

s

A(τ)dτ) (X(s)B(s)X(s) + C(s)) ds

+(M1 −M2) (X(t)B(t)X(t) + C(t))

= A(t)

∫ t

0

G(t, s) (X(s)B(s)X(s) + C(s)) ds

+A(t)

∫ ω

t

G(t, s) (X(s)B(s)X(s) + C(s)) ds+X(t)B(t)X(t) + C(t)

= A(t)

∫ ω

0

G(t, s) (X(s)B(s)X(s) + C(s)) ds+X(t)B(t)X(t) + C(t)

= A(t)X(t) +X(t)B(t)X(t) + C(t),

which shows that X is a solution of the matrix Riccati differential equation (1), as required.

Let us recall the definition of a Banach space. A linear space V over R together with a norm is called
a normed space. Every normed space induces a metric and so has an associated topology. All the standard
topological notion such as open sets, closed sets, bounded sets, convergence, etc. may be applied to V . Also,
in a normed space V , a subset Ω of V is called convex if αx+ (1−α)y ∈ Ω for all x, y ∈ Ω and for all α with
0 ≤ α ≤ 1. A normed space V is called a Banach space if it is complete, that is, if every Cauchy sequence
in V is convergent.
We now continue the proof of Theorem 1. Suppose that

Vω = {X ∈ V | X is ω-periodic}

and for X ∈ Vω define
‖X‖ω = sup

0≤t≤ω
‖X(t)‖,

where ‖X(t)‖ is the operator norm of the matrix X(t). It is easy to see that Vω together with the norm
‖ ‖ω is a Banach space. Suppose that the ω-periodic real function Φ0 ∈ Vω is defined on [0, ω] by

Φ0(t) =

∫ ω

0

G(t, s)C(s)ds,

and consider
Fω = {Φ ∈ Vω | ‖Φ− Φ0‖ω ≤ ν} .

It is easy to see that Fω is a closed, bounded and convex subset of Vω.
Now, define the operator R : Vω −→ Vω by sending Φ to R(Φ), where R(Φ) is a ω-periodic real function

which is defined on [0, ω] by

R(Φ)(t) =

∫ ω

0

G(t, s) (Φ(s)B(s)Φ(s) + C(s)) ds.

Lemma 3 The operator R maps Fω into Fω.

Proof. Let Φ ∈ Fω be given. Therefore, ‖Φ‖ω − ‖Φ0‖ω ≤ ‖Φ − Φ0‖ω ≤ ν, and so the assumption implies
that

‖Φ‖ω ≤ ν + ‖Φ0‖ω = ν + sup
0≤t≤ω

∥∥∥∥∫ ω

0

G(t, s)C(s)ds

∥∥∥∥ = ν + ν = 2ν.
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Hence, for all t ∈ [0, ω], we have ‖Φ(t)‖ ≤ 2ν. Thus, for all t ∈ [0, ω], by using the submultiplicative property
of the operator norm, we may write

‖R(Φ)(t)− Φ0(t)‖ =

∥∥∥∥∫ ω

0

G(t, s)Φ(s)B(s)Φ(s)ds

∥∥∥∥
≤

∫ ω

0

‖G(t, s)Φ(s)B(s)Φ(s)‖ds

≤
∫ ω

0

‖G(t, s)‖ ‖Φ(s)‖2‖B(s)‖ds

≤ µ(2ν)2
∫ ω

0

‖B(s)‖ds

≤ 4µν2
(

1

4µν

)
= ν.

Therefore, ‖R(Φ)− Φ0‖ω ≤ ν, and so R(Φ) ∈ Fω. This shows that R maps Fω into Fω, as required.
In the sequel, we need the following version of Ascoli—Arzelà theorem. We recall that Mn(R) is the linear

space of n × n matrices with real entries equipped with the operator norm ‖ ‖. Also, a given sequence
(Φk(t))k∈N of functions from [a, b] to Mn(R) is called equicontinuous if for every ε > 0, there exists a δ > 0
such that for all k ∈ N and for all t1, t2 ∈ [a, b], |t1 − t2| < δ implies that ‖Φk(t1)− Φk(t2)‖ < ε.

Theorem 2 (Ascoli—Arzelà) Let (Φk(t))k∈N be a sequence of functions from [a, b] to Mn(R) which is
uniformly bounded and equicontinuous. Then (Φk(t))k∈N has a uniformly convergent subsequence.

The above version of Ascoli—Arzelà theorem can be proved straightforwardly using standard version of the
theorem. We give here a sketch of proof for the convenience of the reader. If the conditions are satisfied with
the operator norm, then they are satisfied for every entry. Then apply the standard version of the theorem
on the first entry, extract a uniformly convergent subsequence. Then repeat this process on the second entry
but with the indices of the first convergent subsequence and move a further subsequence, etc. Therefore, we
will have to move from one subsequence to further subsequences n2 times or so. In this position, in fact, we
have a subsequence of the original sequence. This subsequence will converge uniformly for every entry and
one may prove that it converges uniformly in the operator norm.
Let us also recall that for a given Banach space V , a continuous operator S : V −→ V is called compact

if it maps every bounded subset of V into a set with compact closure, that is, if every bounded sequence
(Φk)k∈N on V has a subsequence (Φki)i∈N such that (S(Φki))i∈N is convergent on V .
We continue the proof of Theorem 1 by proving the following lemma.

Lemma 4 The operator R is compact.

Proof. Let (Φk)k∈N be a bounded sequence on Vω. In order to show the compactness of R, by the
observation just before the statement of the lemma, it is enough to show that (Φk)k∈N has a subsequence,
say (Φki)i∈N, such that (R(Φki))i∈N is convergent on Vω. To do this, by the boundedness of (Φk)k∈N, there
exists L > 0 such that for all k ∈ N, ‖Φk‖ω ≤ L. Therefore, for all k ∈ N and for all t ∈ [0, ω], we have
‖Φk(t)‖ ≤ L. Note that, by the proof of Lemma 2, for all k ∈ N, the function R(Φk) is, in fact, differentiable
and for all t ∈ [0, ω], we have

R(Φk)′(t) = A(t)Φk(t) + Φk(t)B(t)Φk(t) + C(t).

This implies that for all k ∈ N and for all t ∈ [0, ω],

‖R(Φk)′(t)‖ ≤ ‖A‖ωL+ ‖B‖ωL2 + ‖C‖ω,
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and so if for a given ε > 0, we consider

δ = ε/(‖A‖ωL+ ‖B‖ωL2 + ‖C‖ω),

then for all k ∈ N and for all t1, t2 ∈ [0, ω], |t1 − t2| < δ implies that

‖R(Φk)(t1)−R(Φk)(t2)‖ ≤ (‖A‖ωL+ ‖B‖ωL2 + ‖C‖ω)|t1 − t2| < ε.

Thus, (R(Φk)(t))k∈N as a sequence of matrix functions on [0, ω] is equicontinuous and is also uniformly
bounded. Now, Theorem 2 implies that there exists a subsequence of (R(Φk)(t))k∈N, say (R(Φki)(t))i∈N,
which is uniformly convergent on [0, ω]. This means that (R(Φki))i∈N is convergent on Vω, and so R is
compact, as required.

Finally, the following fixed point theorem which is originally due to Schauder completes the proof of
Theorem 1.

Theorem 3 (Schauder) Let V be a Banach space and Ω be a closed, bounded and convex subset of V . If
S maps Ω into Ω and it is a compact operator, then S has at least one fixed point on Ω.

Now, Lemmas 3 and 4, together with Theorem 3, prove that there exists Φ ∈ Fω such that R(Φ) = Φ.
Thus, for all t ∈ [0, ω], we have

Φ(t) =

∫ ω

0

G(t, s)
(

Φ(s)B(s)Φ(s) + C(s)
)
ds.

Hence, the ω-periodic real function Φ is a solution of the integral equation

X(t) =

∫ ω

0

G(t, s)
(
X(s)B(s)X(s) + C(s)

)
ds,

and so, by Lemma 2, it is a solution of the matrix Riccati differential equation (1). This completes the proof
of Theorem 1.
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authors would like to thank Sönmez Şahutoǧlu from the University of Toledo for useful discussion concerning
the Ascoli—Arzelà type theorem. The authors would also like to thank the referee for his/her useful comments
and suggestions.

References

[1] R. E. Agahanjanc, On periodic solutions of the Riccati equation, Vestnik Leningrad. Univ., 16(1961),
153—156.

[2] S. Bittanti, Deterministic and stochastic linear periodic systems, Time Series and Linear Systems, ix,
141—182, Lect. Notes Control Inf. Sci., 86, Springer, Berlin, 1986.

[3] S. Bittanti, P. Colaneri and G. De Nicolao, The Periodic Riccati Equation, The Riccati Equation,
127—162, Comm. Control Engrg. Ser., Springer, Berlin, 1991.

[4] S. Bittanti, P. Colaneri, G. De Nicolao and G. O. Guardabassi, Periodic Riccati equation: existence of
a periodic positive semidefinite solution, Proceedings of the IEEE Conference on Decision and Control
Including the Symposium on Adaptive Pro, 293—294, 1987.



186 Periodic Solutions of Matrix Riccati Differential Equations

[5] S. Bittanti, P. Colaneri and G. O. Guardabassi, Periodic solutions of periodic Riccati equations, IEEE
Trans. Automat. Control, 29(1984), 665—667.

[6] P. Bolzern and P. Colaneri, The periodic Lyapunov equation, SIAM J. Matrix Anal. Appl., 9(1988),
499—512.

[7] P. Colaneri, Continuous-time periodic systems in H2 and H∞, I. Theoretical aspects, Kybernetika
(Prague), 36(2000), 211—242.

[8] P. Colaneri, Continuous-time periodic systems in H2 and H∞, II. State feedback problems, Kybernetika
(Prague), 36(2000), 329—350.

[9] A. Cuspilici, P. Monforte and M. A. Ragusa, Study of Saharan dust influence on PM10 measures in
Sicily from 2013 to 2015, Ecological Indicators, 76(2017), 297—303.

[10] C. E. de Souza, Existence conditions and properties for the maximal periodic solution of periodic Riccati
difference equations, Internat. J. Control, 50(1989), 731—742.

[11] A. Duro, V. Piccione, M. A. Ragusa and V. Veneziano, New environmentally sensitive patch index
(ESPI) for MEDALUS protocol, AIP Conference Proceedings, 1637, 305—312, 2014.

[12] R. E. Kalman, Y. C. Ho and K. S. Narendra, Controllability of linear dynamical systems, Contributions
to Differential Equations, 1(1963), 189—213.

[13] V. S. Loš̌cinin, Periodic solutions of Riccati’s equation, Balašov. Gos. Ped. Inst. Učen. Zap., 10(1963),
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