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Abstract

This paper investigates the problem of existence and uniqueness of positive solutions under the general
self-similar form of the degenerate parabolic partial differential equation which is known as "nonlinear
diffusion equation not in divergence form". By applying the properties of Banach’s fixed point theorems,
we establish several results on the existence and uniqueness of the general form of self-similar solutions
of this equation.

1 Introduction

Many problems and models in physics, chemistry, biology and economics are modeled by partial differential
equations. In this work, we shall give an example of a class of renowned equations, which allow to describe the
diffusion phenomena; that is, a parabolic PDE and known as nonlinear diffusion equation not in divergence
form and is written as:

∂u

∂t
= um

∂2u

∂x2
, m ∈ (0, 1) ∪ (1,∞) , (1)

where u = u (x, t) is a nonnegative scalar function of space variables x ∈ R and time t > 0.
The nonlinear diffusion equation not in divergence form (1), is often studied by researchers (see for

example [1, 6, 15—17]), who gave some results of existence and uniqueness of the global solutions in time and
solutions which blow-up in a finite time, this is applied for a certain class of the function u which satisfied
some suffi cient conditions.
In general, for some PDEs which has the characterization of symmetries, (see for example [11, 12, 13]), we

can determine their exact solutions with certain (finite or infinite) transformations. Here, a PDE becomes
an ordinary differential equation, in this case the solutions are called self-similar solutions ([3, 7, 9, 16]),
which often play a central role in the study of a PDE, since it is equivalent to these solutions to solve locally
or globally.
C. Wang et al. [16], tackled in detail the existence and the uniqueness of a shrinking self-similar solution

to the equation (1) for m ≥ 1. The proposed solution was:

u (x, t) =
1

(t+ 1)
β
ω
(

(t+ 1)
α |x|2

)
, t > 0 and x ∈ Rn,

where ω is a positive function that satisfies some properties and

α ≥ 0, β =
1 + α

m
,
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368 Existence of Solutions to Nonlinear Di usion Equation Not in Divergence Form

are constants chosen so that the solutions exist.
The equation (1) is a representation of a large class of the nonlinear parabolic equations. Obviously, for

m = 0 we recognize the well-known heat equation, which in fact has quite different properties from the two
nonlinear ranges, m > 1 (usually called not in divergence form) and m ∈ (0, 1) . For the case m ∈ (0, 1) , if
we consider the implicit change of variables:

v = p
1
p−1u

1
p , with p =

1

1−m, m ∈ (0, 1) ,

the equation (1) can be written in divergence form of the porous medium equation (see [2, 5, 10, 14])

∂v

∂t
=

∂2

∂x2
(vp) , p > 1. (2)

The porous medium equation (2), is an equation, which admits the properties of similarity. There are
several known fundamental families of self-similar solutions, maybe the most important one is formed by the
Barenblatt solutions B(·), discovered independently by Barenblatt in [2] and by Zeldovich and Kompaneets
in [18], which are written under the following form:

B
C

(x, t) =

 t−
1
p+1

(
p−1

2p(p+1)

(
C2 − x2t−

2
p+1

)) 1
p−1

, for |x| < Ct
1
p+1 , C > 0,

0, otherwise.
(3)

Our objective in this work is to study the existence and uniqueness of positive solutions of the degenerate
parabolic PDE (1), under the generalized self-similar form which is:

u (x, t) = c (t) f

(
x

a (t)

)
, x ∈ R, t > 0.

The functions a (t) and c (t) depend on time t and the basic profile f > 0, are not known in advance and are
to be identified.

2 Definitions and Preliminary Results

To discuss the generalized self-similar solutions:

u (x, t) = c (t) f (η) , with η =
x

a (t)
, x ∈ R, t > 0. (4)

We should first deduce the equation satisfied by the function f (η) in (4) used for the definition of self-similar
solutions.

2.1 Basic Idea to Compute the Self-Similar Solutions

The functional-differential equation resulting from the substitution of expression (4) in the original PDE (1),
should be reduced to the standard bilinear functional equation (see [13]); in this case we obtain the following
equation:

ċ (t) f (η)− c (t)
ȧ (t)

a2 (t)
xf ′η (η) =

cm+1 (t)

a2 (t)
fm (η) f ′′ηη (η) , with a, c ∈ R+. (5)

By expressing x from (4) in terms of η, substituting into (5) and divide by c (t) , we get the functional
equation in two variables t and η, as follows:

ċ (t)

c (t)
f (η)− ȧ (t)

a (t)
ηf ′η (η)− cm (t)

a2 (t)
fm (η) f ′′ηη (η) = 0.
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This can be rewritten as the standard bilinear functional equation:

ϕ1ψ1 + ϕ2ψ2 + ϕ3ψ3 = 0,

with a direct calculation shows that a = a (t) , c = c (t) and f = f (η) , we have:

ϕ1 =
ċ

c
, ϕ2 = − ȧ

a
, ϕ3 = −c

m

a2

and
ψ1 = f, ψ2 = ηf ′η, ψ3 = fmf ′′ηη.

Substituting these expressions into the solution of the three-term functional equation [13], yields the deter-
mining system of ordinary differential equations (see also [3, 4])

ċ
c = k1

cm

a2 ,

ȧ
a = k2

cm

a2 ,

fmf ′′ηη = αf + βηf ′η.

(6)

Where α, β, k1 and k2 are arbitrary constants.
The system of ordinary differential equations (6) depends on many unknown parameters. The functions

a (t) , c (t) and f (η) are explicitly determined.

2.2 Statement of the Problem

In this part, we first attempt to find the equivalent approximate to the following problem of the nonlinear
diffusion equation not in divergence form:

∂u
∂t = um∂2u

∂x2 , x ≥ 0, m ∈ (0, 1) ∪ (1,∞) ,

u (0, t) = c (t)U, U ≥ 0, t > 0,

∂u(λa(t),t)
∂x = λβcm(t)

(1−m)a(t) lim
x→λa(t)

[u (x, t)]
1−m

, λ > 0,

λa(t)∫
x

(
u(x,t)
u(s,t)

)m−1
ds ≤ λ

2a (t) , ∀m > 1, ∀x ∈ [0, λa (t)) .

(7)

Under the generalized self-similar form which is:

u (x, t) = c (t) f (η) , with η =
x

a (t)
and a, c ∈ R+. (8)

According to the preceding part (the system (6)), we consider this problem:

fm (η) f ′′ (η) = αf (η) + βηf ′ (η) , η ≥ 0, m ∈ (0, 1) ∪ (1,∞) ,

f (0) = U, U ≥ 0,

f ′ (λ) = λβ
1−m lim

η→λ−
f1−m (η) , λ > 0,

λ∫
η

f1−m (ξ) dξ ≤ λ
2 f

1−m (η) , ∀m > 1, ∀η ∈ [0, λ) ,

(9)

in which α, β are arbitrary real constants.
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3 Existence and Uniqueness of Basic Profile

In this section we study the existence and uniqueness of a class of positive solutions under the generalized
self-similar form (8) for the problem of the nonlinear diffusion equation not in divergence form (7).
We find also exact solutions under certain conditions, which depend on the similarity coeffi cients α and

β.
As in [7] it is necessary to consider the weak solutions of the problem (9).

Definition 1 (Weak solution) A function f will be called a weak solution with compact support of the
problem (9) if and only if

1) f is a continuous function, bounded and nonnegative on [0,∞) .

2) f has a continuous derivative in a left neighborhood of η = λ.

3) f satisfies the identity:

∞∫
0

(
f ′ (ξ) +

β

m− 1
ξf1−m (ξ)

)
ϕ′ (ξ) dξ +

(
α+

β

m− 1

) ∞∫
0

f1−m (ξ)ϕ (ξ) dξ = 0,

for all ϕ ∈ C10 (0,∞) .

We discuss the existence of basic profile f of the weak solutions with compact support, then as we shall
see later, f is positive in a right neighborhood of η = 0; more specifically for some ε > 0, there exists a
number ε < λ <∞ such that:

f > 0, on (0, λ)

and
f ≡ 0, on [λ,∞) .

Assume that f is a weak solution of the problem (9) with compact support and let λ be an arbitrary positive
number, we shall be mainly concerned with proving the existence and uniqueness of a positive solution of
problem (9) on an interval (0, λ) which satisfies the boundary conditions:

f (0) = U, f (λ) = 0. (10)

Then we shall show that for suitable α and β there exists a unique positive solution of the equation:

fm (η) f ′′ (η) = αf (η) + βηf ′ (η) , (11)

in the left neighborhood of η = λ and that this solution can be continued back to η = 0.We then ask whether
λ can be chosen so that condition (10) is satisfied.
Before dealing with the question of existence, we give the necessary conditions of the parameters α and

β for the existence of a nontrivial weak solution with compact support of the problem (9).

Lemma 1 The function f is a nontrivial weak solution with compact support of the boundary value problem
(9)—(10), if and only if

(i) β is a negative coeffi cient for m ∈ (0, 1) .

(ii) β is a positive coeffi cient for m > 1.

(iii) β = 0 and α takes strictly positive value.
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Proof. Suppose f is a nontrivial weak solution of problem (9) with compact support. Then for some ε > 0,
we have:

f

{
> 0 in (λ− ε, λ)
= 0 in [λ,∞)

, λ > 0.

It results that f is a weak solution of (9) which satisfies (10) in the left neighborhood of η = λ. The integration
of (11) starting from η to λ, where λ− ε < η < λ gives:

(1−m) f ′ (η) = βηf1−m (η) + [α (m− 1) + β]

λ∫
η

f1−m (ξ) dξ. (12)

The continuity of f and f ′ left of λ, ensures the existence of η∗ ∈ (λ− ε, λ) such that f ′ (η∗) < 0.
In fact, if we apply the mean value theorem on the interval (λ− ε, λ) , we have:

∃η∗ ∈ (λ− ε, λ) such that f ′ (η∗) =
f (λ)− f (λ− ε)
λ− (λ− ε) = −f (λ− ε)

ε
< 0.

This implies that the member in the left of (12) at the point η = η∗ is negative for m ∈ (0, 1) and positive
for m > 1. Hence, β and α (m− 1) +β cannot both be greater than zero for m ∈ (0, 1) , (resp. less than zero
for m > 1) and β = 0 implies that α > 0. Hence the estimate (iii).
In what follows, because the function f is positive and tends to zero if η → λ, the mean value theorem

enables us to prove that there exists λ− ε ≤ λ0 < λ, such that f ′ (η) < 0, ∀η ∈ (λ0, λ) . We divide the proof
into two cases:
(i) For m ∈ (0, 1) , let us consider β > 0, for all η ∈ (λ0, λ) , this implies that α (m− 1) +β < 0. It results

from (12) that:
(1−m) f ′ (η) fm−1 (η)− βη > [α (m− 1) + β] (λ− η) . (13)

In fact, we will use:
∀η ∈ [λ0, λ) , ∀ξ ∈ (η, λ) , we have f (ξ) < f (η) ,

which implies for any m ∈ (0, 1) , that:

f1−m (ξ) < f1−m (η) and f1−m (ξ) fm−1 (η) < 1,

also
λ∫
η

f1−m (ξ) fm−1 (η) dξ < λ− η.

If η → λ in (13), the left part is negative and the right part tends towards zero, contradiction, which implies
that β < 0 for m ∈ (0, 1) .

(ii) For m > 1, we consider β < 0, for all η ∈ (λ0, λ) , this implies that α (m− 1) + β > 0, consequently
α > 0. It results from (12) that:

(1−m) f ′ (η)− βηf1−m (η) < α (m− 1)

λ∫
η

f1−m (ξ) dξ. (14)

If η → λ in (14), the left part is positive and the right part tends towards zero, contradiction.
Thus, we have already proved that the coeffi cients

β > 0 for m > 1, or β < 0 for m ∈ (0, 1) , or β = 0 and α > 0,

are the only cases for which the nontrivial weak solution with compact support of the boundary value problem
(9)—(10) exists.



372 Existence of Solutions to Nonlinear Di usion Equation Not in Divergence Form

New explicit solutions for β = 0 and m ∈ (0, 1) ∪ (1, 2)
Let λ be an arbitrary positive number. It is clear from the proof of Lemma 1 that a necessary condition

for the existence of a positive solution of problem (9)—(10) in a left neighborhood of η = λ is either β > 0
for m > 1, β < 0 for m ∈ (0, 1) or β = 0 and α > 0.
The objective of this part is to show that this condition is also suffi cient.
We begin by assuming that β = 0 and α > 0, we can then solve problem (9)—(10) uniquely. After an

elementary computation that the function:

f (η;λ) =

(
αm2

2 (2−m)
(λ− η)

2

) 1
m

, m ∈ (0, 1) ∪ (1, 2) , 0 ≤ η < λ, (15)

is the unique solution of the problem (9)—(10).
In fact, starting from (11), we put β = 0 and α > 0, we get

fm (η) f ′′ (η) = αf (η) ,

also
f ′′ (η) f ′ (η) = αf1−m (η) f ′ (η) . (16)

For m ∈ (0, 1) ∪ (1, 2) , we have from (9) that f ′ (λ) = 0. Then, the integration of (16) starting from η to λ
gives:

1

2
[f ′ (η)]

2
=

α

2−mf2−m (η) .

Also, after a simple integration from η to λ, we have the function f (η;λ) which is presented in (15).
Because f (0;λ) is a continuous, monotonically increasing function of λ, such that

f (0; 0) = 0 and f (0;∞) =∞,

the equation f (0;λ) = U is uniquely solvable for every U > 0.
Let λ (U) be its solution, then f = f (η;λ (U)) is the unique solution of the problem (9)—(10), with

compact support define for all 0 ≤ η < λ and satisfies:

f (0;λ) = U and f (λ;λ) = 0,

where

λ (U) =

√
2 (2−m)

αm2
Um.

In addition, f is a continuous and monotonous decreasing function.
Next, we discuss the case β 6= 0 and we give some elementary lemmas for the two following cases β < 0

for m ∈ (0, 1) and β > 0 for m > 1.

Lemma 2 Suppose that 0 ≤ λ1 < λ and f is a positive solution of the boundary value problem (9)—(10) on
[λ1, λ) . Then

1. f ′ (η) < 0 on [λ1, λ) , if and only if α > β
1−m .

2. If α < β
1−m and f ′ (η0) = 0, for some η0 ∈ [λ1, λ) . Then f has a maximum at η0 such that:

η0 ≤
λ [α (m− 1) + β]

α (m− 1)
, for the case m ∈ (0, 1)

and

η0 ≥
λ [α (m− 1) + β]

α (m− 1)
, for the case m ∈ (1,∞) .
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3. Suppose that f is a positive solution of (9) on [0, λ). Then:

f ′ (0) < 0, for α >
β

1−m.

4. If

α =
β

1−m,

we have:
f ′ (0) = 0 and f ′ (η) < 0, ∀η ∈ (0, λ) , i.e. f (η) ≤ f (0) = U, ∀η ∈ [0, λ] . (17)

In this case, we find a new explicit solution of the problem (9)—(10) as follows:

f (η;λ) =

(
βm

2 (m− 1)

(
λ2 − η2

)) 1
m

, m ∈ (0, 1) ∪ (1,∞) , |η| < λ. (18)

Proof. For η ∈ [λ1, λ) , the integral equation (12) gives:

(1−m) f ′ (η) = βηf1−m (η) + [α (m− 1) + β]

λ∫
η

f1−m (ξ) dξ. (19)

1. Because β < 0 for m ∈ (0, 1) , the right member in (19) is always negative i.e. f ′ (η) < 0 if and only if
α (m− 1) + β takes a negative value. In the same way, we have β > 0 for m ∈ (1,∞) , then the left member
in (19) is always positive i.e. f ′ (η) < 0 if and only if α (m− 1) + β takes a positive value, therefore

f ′ (η) < 0 on [λ1, λ) when α >
β

1−m.

2. If α < β
1−m then α < 0 for any m ∈ (0, 1) ∪ (1,∞) . According to (11);

f ′′ (η0) < 0 when f ′ (η0) = 0.

So f has a maximum at η = η0 and strictly decreasing on (η0, λ) , i.e. f ′ (η) < 0 on (η0, λ) . We put η = η0
in (19), we get:

0 = βη0f
1−m (η0) + [α (m− 1) + β]

λ∫
η0

f1−m (ξ) dξ.

For m ∈ (0, 1) , we have β < 0 and α (m− 1) + β > 0, then:

βη0f
1−m (η0) + [α (m− 1) + β] (λ− η0) f1−m (η0) ≥ 0.

So

η0 ≤
λ [α (m− 1) + β]

α (m− 1)
.

In the same way, for m ∈ (1,∞) , we have β > 0 and α (m− 1) + β < 0, then we find:

η0 ≥
λ [α (m− 1) + β]

α (m− 1)
.

3. With η = 0, (19) becomes:

(1−m) f ′ (0) = [α (m− 1) + β]

λ∫
0

f1−m (ξ) dξ. (20)
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The sign of f ′ (0) results immediately from (20).
4. If

α (m− 1) + β = 0 for any m ∈ (0, 1) ∪ (1,∞) ,

we have from (19):
(1−m) f ′ (η) = βηf1−m (η) . (21)

Which implies easily (17).
The integration of (21) starting from η to λ gives:

− 1

m
fm (η) =

β

2 (1−m)

(
λ2 − η2

)
,

which implies the function f (η;λ) presents in (18) by:

f (η;λ) =

(
βm

2 (m− 1)

(
λ2 − η2

)) 1
m

, m ∈ (0, 1) ∪ (1,∞) , |η| < λ.

Let λ (U) be its solution.
Because f (0;λ (U)) is a continuous, monotonically increasing function of λ (U) , such that:

f (0; 0) = 0 and f (0;∞) =∞.

Then the equation f (0;λ (U)) = U is uniquely solvable for every U ≥ 0 and f = f (η;λ (U)) is the unique
solution of problem (9)—(10), with compact support definite for all |η| < λ and it satisfies:

f (0;λ) = U and f (λ;λ) = 0,

where

λ (U) =

√
2 (m− 1)

βm
Um.

In addition, f is a continuous and monotonous decreasing function.

We now turn to the question of existence.

Lemma 3 For any m ∈ (0, 1) ∪ (1,∞) and any λ > 0, the problem (9) with the boundary conditions (10),
has a unique positive solution in the left neighborhood of η = λ.

The proof of this lemma concerns the analysis of the of Banach’s fixed point theorem, which is:

Theorem 4 (Banach’s fixed point [8]) Let X be a non-empty closed subset of a Banach space E, then
any contraction mapping M of X into itself has a unique fixed point.

Now, we prove the Lemma 3.

Proof. Assume that f is a positive solution in the left neighborhood of η = λ. By Lemma 2, f ′ (η) < 0 for
η ∈ (λ− ε, λ) for some ε > 0.
1. For m ∈ (0, 1) , we have β < 0. In this case, the writing of (19) is given as follows:

f ′ (η) = αηf1−m (η) + [α (1−m)− β]

λ∫
η

ξ
f ′ (ξ)

fm (ξ)
dξ. (22)

With G (f) = η we have
dG

df
=

1

αGf1−m − [α (1−m)− β]
f∫
0

G(ϕ)
ϕm dϕ

. (23)
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By integrating the differ-integral equation (23) from 0 to f, we obtain

G (f)− λ =

f∫
0

dϕ

αGϕ1−m − [α (1−m)− β]
ϕ∫
0

G(g)
gm dg

. (24)

We put H (f) = 1− λ−1G (f) , then the equation (24) becomes

H (f) =
1

λ2

f∫
0

dϕ

αHϕ1−m − β
1−mϕ

1−m − [α (1−m)− β]
ϕ∫
0

H(g)
gm dg

. (25)

Using the principle of contraction of Banach Theorem, we prove now that the equation (25) admits a unique
positive solution to the right of f = 0.
Let X be the set of bounded functions H (f) on [0, h] , h > 0, satisfying:

0 ≤ H (f) ≤ ρ = − βm

|α| (1−m) + |α (1−m)− β| .

Let ‖·‖ be the norm sup defined on X, then X is a complete metric space. On X we define the operator:

M (H) (f) =
1

λ2

f∫
0

dϕ

αHϕ1−m − β
1−mϕ

1−m − [α (1−m)− β]
ϕ∫
0

H(g)
gm dg

. (26)

First, we prove that M is a mapping from X to X.
Let H ∈ X. It is clear that

αH (ϕ)ϕ1−m − β

1−mϕ1−m − [α (1−m)− β]

ϕ∫
0

H (g)

gm
dg

≥ − β

1−mϕ1−m − |α|H (ϕ)ϕ1−m − |α (1−m)− β| ‖H‖
ϕ∫
0

g−mdg

≥ − β

1−mϕ1−m. (27)

Therefore, starting from (26), we have:

M (H) (f) ≤ 1

λ2

f∫
0

dϕ

− β
1−mϕ

1−m
≤ (m− 1)hm

βλ2m
. (28)

Thus, M (H) is well defined on X and M (H) : [0, h]→ R is nonnegative and continuous. The right side of
(28) shows that we can find h0 > 0, such that h ≤ h0 and

‖M (H)‖ ≤ ρ, for all H ∈ X.

So M is a mapping from X to X for some h ≤ h0.
In the next step, we show that M is a contracting mapping on X. Let H1, H2 ∈ X and h ≤ h0, be a

positive real number, we put:

K (H) = αH (ϕ)ϕ1−m − β

1−mϕ1−m − [α (1−m)− β]

ϕ∫
0

H (g)

gm
dg.
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Then

‖K (H2)−K (H1)‖ ≤ |α| ‖H2 (ϕ)−H1 (ϕ)‖ϕ1−m

+
|α (1−m)− β|

1−m ‖H2 (ϕ)−H1 (ϕ)‖ϕ1−m

≤
(
|α|+ |α (1−m)− β|

1−m

)
‖H2 (ϕ)−H1 (ϕ)‖ϕ1−m.

So

‖M (H1)−M (H2)‖ =

∥∥∥∥∥∥ 1

λ2

f∫
0

dϕ

K (H1)
− 1

λ2

f∫
0

dϕ

K (H2)

∥∥∥∥∥∥
=

1

λ2

∥∥∥∥∥∥
f∫
0

K (H2)−K (H1)

K (H1)K (H2)
dϕ

∥∥∥∥∥∥
≤ (1−m)

2

λ2β2

f∫
0

‖K (H2)−K (H1)‖
ϕ2(1−m)

dϕ

≤ (1−m) [|α| (1−m) + |α (1−m)− β|]
mh−mλ2β2

‖H2 (ϕ)−H1 (ϕ)‖ .

Hence, there exists a h1 ∈ (0, h0] such that if h ≤ h1, M is a contraction on X. After the principle of
contraction of Banach [8], M has a unique fixed point in X, consequently, there exists a unique positive
solution for the problem (9) in the interval (λ− ε, λ) for some ε > 0.
2. After using some techniques, we use the same steps for the case m ∈ (1,∞) , to prove the existence of

a single positive solution for the problem (9).

We now continue f backwards as a function of η. By the standard theory, this can be done uniquely so
long as f remains positive and bounded. There are now three possibilities:

(A) f (η)→∞ as η → η1 for some η1 ∈ [0, λ) ,

(B) f (η) can be continued back to η = 0,

(C) f (η)→ 0 as η → η2 for some η2 ∈ [0, λ) .

We begin by ruling out possibility (A).

Lemma 5 Let µ ∈ [0, λ) be a positive real number. If f is a positive solution of the problem (9) on (µ, λ) ,
then f is bounded on (µ, λ) and

sup
µ<η<λ

f (η) ≤
[

λ2m

2 |m− 1| max{|α (m− 1) + 2β| , |β|}
] 1
m

, for any m ∈ (0, 1) ∪ (1,∞) .

Proof. Assume that f is a positive solution of (9) on (µ, λ). We prove this lemma for the following two
cases: (i) α (m− 1) + β < 0, (ii) α (m− 1) + β ≥ 0.
1. For the case m ∈ (0, 1) ; β < 0:
(i) If α (m− 1) + β < 0, in this case f ′ (η) < 0, ∀η ∈ (µ, λ) by Lemma 2, i.e f (ξ) < f (η) , ∀ξ ∈ (η, λ)

and from (19),

(1−m) f ′ (η) ≥ βηf1−m (η) + [α (m− 1) + β] f1−m (η) (λ− η) , ∀η ∈ (µ, λ) .
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So, for any µ < η < λ, we have:

(1−m) fm−1 (η) f ′ (η) ≥ βη + α (m− 1) (λ− η) + β (λ− η)

≥ λβ + α (m− 1) (λ− η) . (29)

The integration of (29) from η to λ gives:

−1−m
m

fm (η) ≥
[
λβ +

1

2
α (m− 1) (λ− η)

]
(λ− η)

fm (η) ≤ m

2 (1−m)
[α (1−m) (λ− η)− 2λβ] (λ− η) .

So

sup
µ<η<λ

fm (η) ≤ − λ2m

2 (1−m)
[α (m− 1) + 2β] . (30)

(ii) If α (m− 1) + β ≥ 0, by equation (19), we have for any µ < η < λ,

(1−m) fm−1 (η) f ′ (η) ≥ βη. (31)

The integration of (31) from η to λ gives:

−1−m
m

fm (η) ≥ β

2

(
λ2 − η2

)
.

This implies that:

sup
µ<η<λ

fm (η) ≤ − βλ2m

2 (1−m)
. (32)

2. The case m ∈ (1,∞) ; β > 0.
(i) If α (m− 1) + β < 0, by equation (19), we have for any µ < η < λ,

(1−m) fm−1 (η) f ′ (η) ≤ βη. (33)

After the integration of (33) from η to λ, we have:

sup
µ<η<λ

fm (η) ≤ βλ2m

2 (m− 1)
. (34)

(ii) If α (m− 1) + β ≥ 0, ∀η ∈ (µ, λ) , we have from (19):

(1−m) f ′ (η) = βηf1−m (η) + [α (m− 1) + β]

λ∫
η

f1−m (ξ) dξ,

≤ βηf1−m (η) +
λ

2
[α (m− 1) + β] f1−m (η) .

Then

(1−m) fm−1 (η) f ′ (η) ≤ βη +
λ

2
[α (m− 1) + β] . (35)

After the integration (35) from η to λ, we have:

sup
µ<η<λ

fm (η) ≤ λ2m

2 (m− 1)
[α (m− 1) + 2β] . (36)

Note that the bounds of (30), (32), (34) and (36) are independent of µ and consequently, f (η) can not be
unlimited at η → λ.

The following lemmas distinguish between the possibilities (B) and (C).
First, we give an elementary lemma for the case m ∈ (0, 1) ; β < 0:
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Lemma 6 Assume that f is a positive solution of problem (9)—(10) in the left neighborhood of η = λ. Then

(i) If α (m− 1) + 2β < 0, then f (η) > 0 on [0, λ) .

(ii) If α (m− 1) + 2β = 0, then f (η) > 0 on (0, λ) and f (0) = 0.

(iii) If α (m− 1) + 2β > 0, there exists an η̄ ∈ (0, λ) such that f (η) > 0 on (η̄, λ) and f (η̄) = 0.

Proof. For the case m ∈ (0, 1) ;β < 0, assume that f is a positive solution of the problem (9)—(10) on [0, λ) .
The integration of (19) from η to λ gives:

f (η) =
βη

m− 1

λ∫
η

dξ

fm−1 (ξ)
+
α (m− 1) + 2β

m− 1

λ∫
η

ξ − η
fm−1 (ξ)

dξ. (37)

Hence the lemma.

Now, we give an elementary lemma for the case m ∈ (1,∞) ; β > 0:

Lemma 7 Assume that f is a positive solution of the problem (9)—(10) in the left neighborhood of η = λ.
Then

(i) If α (m− 1) + β ≥ 0, then f (η) > 0 on [0, λ) .

(ii) If α (m− 1) + β ≤ 0 and α (m− 1) + 2β > 0, then f (η) > 0 on [0, λ) .

(iii) If α (m− 1) + 2β ≤ 0, then there exists an η̄ ∈ (0, λ) such that f (η) > 0 on (η̄, λ) and f (η̄) = 0.

Proof. For the case m ∈ (1,∞) ; β > 0, assume that f is a positive solution of the problem (9)—(10) on
[0, λ) .
(i) If α (m− 1) + β ≥ 0, then α (m− 1) + 2β > 0, also we have from (19) that:

(1−m) f ′ (η) ≥ βηf1−m (η) (38)

and the integration of (38) from η to λ gives:

fm (η) ≥ βm

2 (m− 1)

(
λ2 − η2

)
. (39)

It is easy to see from (39) that f (η) is always positive on [0, λ) .
Now we prove the estimate (ii) and (iii). If α (m− 1) + β ≤ 0, we have from (19) that:

(1−m) f ′ (η) ≥ βηf1−m (η) +
λ

2
[α (m− 1) + β] f1−m (η) .

Which implies after an integration from η to λ, that

fm (η) ≥ m

2 (m− 1)
(βη + λ [α (m− 1) + 2β]) (λ− η) .

We observe in this case the validity of estimate (ii) and (iii). We can fix η̄ as follows:

η̄ ≥ −λ [α (m− 1) + 2β]

β
, for the case − β < α (m− 1) + 2β ≤ 0.

Hence the lemma.

New explicit solutions for α (m− 1) + 2β = 0 and m ∈ (0, 1) ∪ (1, 2)
Let λ be an arbitrary positive number.
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Starting from (37) for m ∈ (0, 1) , if we put α (m− 1) + 2β = 0, we have:

f (η) =
βη

m− 1

λ∫
η

dξ

fm−1 (ξ)
. (40)

The change of variable g (η) =
λ∫
η

f1−m (ξ) dξ, gives g (λ) = 0 and g′ (η) = − f1−m (η) < 0, ∀η ∈ (0, λ) . Then

the equation (40) becomes:

f (η) = [−g′ (η)]
1

1−m =
β

m− 1
ηg (η) . (41)

The last equation can be resolved for any m ∈ (0, 1) ∪ (1, 2) .
In fact, from the proof of Lemma 1 that a necessary condition for the existence of a positive solution of

problem (9)—(10) in a left neighborhood of η = λ, is either β > 0 for m > 1, β < 0 for m ∈ (0, 1) or β = 0
and α > 0.

Then the value β
m−1 is always positive. In this case the equation (41) is equivalent to

− g′ (η) gm−1 (η) =

(
β

m− 1

)1−m
η1−m. (42)

The integration of (42) starting from η to λ gives:

1

m
gm (η) =

1

2−m

(
β

m− 1

)1−m (
λ2−m − η2−m

)
.

From (41), we have after an elementary computation that:

f (η;λ) =

(
βm

(m− 1) (2−m)
ηm
(
λ2−m − η2−m

)) 1
m

, 0 ≤ η < λ, (43)

is a continuous function, for any choice of λ > 0, with compact support and satisfies:

f (0;λ) = f (λ;λ) = 0.

Theorem 8 The following statements (i) and (ii) hold.

(i) Assume that U = 0. Then for every λ > 0 there exists a solution f (η;λ) of the boundary value problem
(9)—(10) which is positive in (0, λ) if and only if α (m− 1) + 2β = 0 and β < 0 for m ∈ (0, 1) , or if
α (m− 1) + 2β = 0 and β > 0 for m > 1.

(ii) Assume that U > 0. Then the boundary value problem (9)—(10) admits a unique solution and there
exists a unique λ (U) > 0 such that f (η;λ (U)) is positive on (0, λ) if and only if α (m− 1) + 2β < 0
and β ≤ 0 for m ∈ (0, 1) , or if α (m− 1) + 2β > 0 and β ≥ 0 for m > 1.

Proof. By Lemma 1 a necessary condition for the existence of such a solution is that β ≤ 0 for m ∈ (0, 1)
or β ≥ 0 for m > 1.

For β = 0, α > 0, we already gave the solution (15) of (19) for m ∈ (0, 1) ∪ (1, 2) which is:

f (η;λ) =

(
αm2

2 (2−m)
(λ− η)

2

) 1
m

, 0 ≤ η < λ.



380 Existence of Solutions to Nonlinear Di usion Equation Not in Divergence Form

This solution is continuous and satisfies for every U > 0, that f (0;λ) = U and f (λ;λ) = 0, where

λ (U) =

√
2 (2−m)

αm2
Um.

In the following, for the case β 6= 0, we put β < 0 for m ∈ (0, 1) and β > 0 for m > 1.
We already proved in Lemma 3, the local existence of positive solution in the left neighborhood of η = λ

of problem (9)—(10). This local solution is unique and can be continued back to η = 0 as a positive solution
with f (0) > 0 if and only if β < 0 and α (m− 1)+2β < 0 for m ∈ (0, 1) , also if β > 0 and α (m− 1)+2β > 0
for m > 1 (by Lemmas 6 and 7).
Now, the boundary condition (10) at η = 0 is satisfied if we can find a λ (U) such that

f (0;λ) = U. (44)

If only one such a λ exists, the solution is unique. We distinguish two cases:
(i) U = 0. By Lemmas 6 and 7, the equation (44) can only be satisfied if α (m− 1) + 2β = 0. Moreover

(44) is then satisfied for any λ > 0. Then there exists a nontrivial weak solution f with compact support of
the problem (9)—(10) with the property:{

f (η) > 0 on (0, λ) ,
f (η) = 0 on {0} ∪ [λ,∞) .

(ii) U > 0. It follows from Lemmas 6 and 7 that now a necessary condition for (44) to have a solution is
that β < 0 and α (m− 1) + 2β < 0 for m ∈ (0, 1) or β > 0 and α (m− 1) + 2β > 0 for m > 1.

With this intention, let us suppose that f (η;λ) is a solution of the problem (9)—(10) on (0, λ) , then for
any µ > 0 the function µ−

2
m f (µη;µλ) is a solution of (9)—(10) on (0, µλ) . If µ = λ−1, then:

λ
2
m f (0; 1) = U. (45)

Because f (0; 1) > 0 in the cases α (m− 1) + 2β < 0 for m ∈ (0, 1) or α (m− 1) + 2β > 0 for m > 1. We
obtain a unique solution λ = λ (U) of (45).
Thus, the function f (η;λ (U)) is the unique solution of (9)—(10), with the property:{

f (η) > 0 on [0, λ) ,
f (η) = 0 on [λ,∞) .

Hence the theorem.

We denote by (z)+ the positive part of z, which is z if z > 0 and else is zero.
Now, we give the principal theorem of this work.

Theorem 9 (Global existence and blow-up of self-similar solutions) Let a (t) , c (t) be positive real
functions of t, which satisfy:

a (0) = c (0) = 1, ȧ (0) = −β, ċ (0) = α. (46)

Then, for f ∈ C ([0, λ] ,R+) , the problem (7) admits an exact solution in the form:

u (x, t) = c (t) f (η) , with η =
x

a (t)
, x ∈ R, t > 0, (47)

if the basic profile f is a solution of the problem (9) on [0, λ] and satisfies in each point:

fm (η) f ′′ (η) = αf (η) + βηf ′η (η) .

Thereupon, we separate the following cases:
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(1) If αm+ 2β < 0, the functions a (t) , c (t) are given by: a (t) = (1− (αm+ 2β) t)
β

αm+2β ,

c (t) = (1− (αm+ 2β) t)
− α
αm+2β ,

∀t > 0. (48)

(2) If αm+ 2β = 0, the functions a (t) , c (t) in this case are given by:{
a (t) = e−βt,

c (t) = eαt,
∀t > 0. (49)

In each case (1) and (2). The problem (7) admits a global solution in time under the generalized
self-similar form, this solution defined for all t > 0. Moreover, if α < 0, we have

lim
t→+∞

u (x, t) = 0 for all x ∈ R.

(3) If αm+ 2β > 0, the functions a (t) , c (t) are given by: a (t) = (1− (αm+ 2β) t)
β

αm+2β

+ ,

c (t) = (1− (αm+ 2β) t)
− α
αm+2β

+ ,

0 < t < T. (50)

The moment T = 1
αm+2β represents the maximal existence value of the functions a (t) , c (t) . Moreover;

if α > 0, the problem (7) admits a solution under the generalized self-similar form, which blows up in
a finite time. The solution is defined for all t ∈ (0, T ) , where T represents the blow-up time of the
solution such that:

for all x ∈ R, lim
t→T−

u (x, t) = +∞, with T =
1

αm+ 2β
> 0.

Proof. We have already proved in Theorem 8 the existence of solution f of (9), which is with compact
support [0, λ] if and only if

1. α (m− 1) + 2β = 0 and [β < 0 for m ∈ (0, 1) or β > 0 for m > 1] ,

2. α (m− 1) + 2β < 0 and β ≤ 0 for m ∈ (0, 1) ,

3. α (m− 1) + 2β > 0 and β ≥ 0 for m > 1.

Now, to determine the functions a (t) , c (t) , just solve the system (6) which is{
ċ
c = k1

cm

a2 ,

ȧ
a = k2

cm

a2 .
(51)

The conditions (46), imply k1 = α and k2 = −β, then the system (51), can be resolved as follows{
ċ
c = α c

m

a2 ,

ȧ
a = −β cma2 .

⇒ ȧ

a
= −β

α

ċ

c
,

then we deduce after an integration from 0 to t that:

a (t) = c−
β
α (t) . (52)
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If we replace (52) in (51), we obtain

c−
αm+2β

α −1dc = αdt. (53)

If αm+ 2β 6= 0, we obtain easily the solution of (53) as follows

c (t) = (1− (αm+ 2β) t)
− α
αm+2β

+

in the same way we find:

a (t) = (1− (αm+ 2β) t)
β

αm+2β

+ .

We deduce that the functions a (t) , c (t) are globally defined if αm + 2β < 0, and a (t) , c (t) are maximal
functions if αm+ 2β > 0, and well defined if and only if

0 < t < T =
1

αm+ 2β
.

If αm+ 2β = 0, the functions a (t) , c (t) are defined globally, we obtain in this case:{
a (t) = e−βt,

c (t) = eαt,
∀t > 0.

We notice from this theorem that we have two time behaviors of functions a (t) , c (t) , their behaviors depend
on parameters of similarity α, β.

In (1) and (2) i.e αm+ 2β ≤ 0, the functions a (t) , c (t) are defined globally in time. Now, the profile f
is a bounded positive function for all x ∈ R. If α < 0 we have:

lim
t→+∞

c (t) = 0.

In each case (1) and (2). Thus:

lim
t→+∞

u (x, t) = lim
t→+∞

c (t) f

(
x

a (t)

)
= 0.

(3) In the case αm+ 2β > 0, we have a (t) , c (t) given in (50), is well defined if and only if:

0 < t < T =
1

αm+ 2β
.

We recall that the solution blows up in finite time if there exists a time T < +∞, which we call it the blow-up
time, such that the solution is well defined for all 0 < t < T, while

sup
x∈R
|u (x, t)| → +∞, when t→ T−.

If α > 0, the value T represents the blow-up time of the solution, thus lim
t→T−

c (t) = +∞ and

lim
t→T−

u (x, t) = lim
t→T−

c (t) f

(
x

a (t)

)
= +∞.
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4 Examples

Example 1 (Blow-up solution) For β = 0 and α > 0, we have from Theorem 9 that αm+ 2β = αm > 0
and

a (t) = 1, c (t) = (1− αmt)−
1
m

+ , where 0 < t < T =
1

αm
.

In this case, the self-similar form is a solution of separation of variables u (x, t) = c (t) f (x) , where f is
given in (15), by:

f (x) =

(
αm2

2 (2−m)
(λ− x)

2

) 1
m

, m ∈ (0, 1) ∪ (1, 2) , 0 ≤ x < λ.

Then, the solution of (1) in the generalized self-similar form (47) for β = 0, α > 0 is given by:

u (x, t) =


(

αm2

2(2−m)(1−αmt) (λ− x)
2
) 1
m

, 0 ≤ x < λ, m ∈ (0, 1) ∪ (1, 2) .

0, otherwise.

This solution blows up when t→ 1
αm . In this case

λ (U) =

√
2 (2−m)

αm2
Um, for every U > 0.

Example 2 (Global and blow-up solutions) Now, we present the new explicit solutions on the general-
ized self-similar form of the equation (1). Because the profile f is bounded with compact support, then it is
an integrable function on R, where ∫

R
f (ξ) dξ = M, for some M > 0.

Therefore, for m ∈ (0, 1) ∪ (1,∞) and ∫
R
u (s, t) ds = cm (t) .

We can find explicitly a new exact solution of (1). Indeed∫
R
u (s, t) ds =

∫
R
c (t) f

(
s

a (t)

)
ds = a (t) c (t)

∫
R
f (ξ) dξ = cm (t) ,

this implies that
cm−1 (t)

a (t)
= M. (54)

According to the formulas a (t) and c (t) in (48) and (49), the equality (54) implies that:

β = α (1−m) .

Because β < 0 for m ∈ (0, 1) and β > 0 for m > 1, then α < 0.
For α (m− 1) + β = 0, we already gave the solution (18) of (9) for m ∈ (0, 1) ∪ (1,∞) which is:

f (η;λ) =

(
βm

2 (m− 1)

(
λ2 − η2

)) 1
m

, 0 ≤ η < λ.

Now, we determine the functions a (t) and c (t) . We have from Theorem 9

αm+ 2β = αm+ 2α (1−m) = α (2−m) .
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If
α (2−m) 6= 0, i.e. m 6= 2,

the functions a (t) and c (t) are given by{
a (t) = (1− α (2−m) t)

m−1
m−2
+ ,

c (t) = (1− α (2−m) t)
1

m−2
+ ,

m 6= 2, 0 < t < T.

Where T represents the maximal existence value{
T = 1

α(2−m) , if m > 2,

T = +∞, if m < 2.

We obtain the exact solution of (1), for m ∈ (0, 1) ∪ (1, 2) ∪ (2,∞) as follows

u (x, t) =

 c (t)

(
βm

2(m−1)

(
λ2 − x2 (1− α (2−m) t)

2(1−m)
m−2

+

)) 1
m

, |x| < r1,

0, otherwise,

(55)

where
r1 = λ (1− α (2−m) t)

m−1
m−2
+ .

This solution is defined globally in time if m ∈ (0, 1) ∪ (1, 2) , and blows up when

t→ 1

α (2−m)
, for m ∈ (2,∞) .

In this case

λ (U) =

√
2 (m− 1)

βm
Um, for every U > 0.

If m = 2, the functions a (t) and c (t) are written as (49), in this case we obtain β = −α and

u (x, t) =

{
eαt
√
β
(
λ2 − x2e2βt

)
, |x| < λe−βt,

0, otherwise.

This solution is defined globally in time. In this case

λ (U) =
U√
β
, for every U > 0.

For the functions a (t) and c (t) that satisfy the parameters of the classical self-similar form, i.e.

c (t) = tα, a (t) = t−β .

The self-similar solution (8) of the equation (1) is written as:

u (x, t) = tαf (η) , with η = xtβ ,

where α and β are exponents which satisfy the similarity condition ([11], [12], [13])

αm+ 2β + 1 = 0, (56)

and the function f is the self similar profile which to be determined by the solution of the following differential
equation:

fm (η) f ′′ (η) = αf (η) + βηf (η) .
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If β = α (1−m) , the similarity condition (56) is equivalent to:

αm+ 2β + 1 = α (2−m) + 1 = 0,

this implies that:

α =
1

m− 2
and β =

1−m
m− 2

.

We get for m ∈ (0, 1) that α, β < 0. So the solution (55) for c (t) = tα, a (t) = t−β , is written as:

U (x, t) = t
1

m−2

(
m

2 (2−m)

(
λ2 − x2t

2(1−m)
m−2

)) 1
m

, for |x| < λt
m−1
m−2 , m ∈ (0, 1) .

Also

U (x, t) =


(

1
1−m

) 1
m

(
t
1−m
m−2

(
m(1−m)
2(2−m)

(
λ2 − x2t

2(1−m)
m−2

)) 1−m
m

) 1
1−m

, |x| < λt
m−1
m−2 ,

0, otherwise.

(57)

If we put for m ∈ (0, 1) the parameter p = 1
1−m > 1, then the solution (57) of the equation (1) in the classical

self-similar form is written as:
U (x, t) = p

p
p−1Bpλ (x, t) , p > 1.

Where B(·) is the Barenblatt solutions of the porous medium equation (2), which are given in (3) under the
following form:

Bλ (x, t) =

 t−
1
p+1

(
p−1

2p(p+1)

(
λ2 − x2t−

2
p+1

)) 1
p−1

, for |x| < λt
1
p+1 , p > 1,

0, otherwise.

Example 3 (Global solution) We present the second new explicit solutions on the generalized self-similar
form of the equation (1). For 0 < m 6= 1 and∫

R
u (s, t) ds =

cm (t)

a (t)
,

we can find explicitly a new exact solution of (1). In fact∫
R
u (s, t) ds =

∫
R
c (t) f

(
s

a (t)

)
ds = a (t) c (t)

∫
R
f (ξ) dξ =

cm (t)

a (t)
,

this implies that
cm−1 (t)

a2 (t)
= M. (58)

According to the formulas a (t) and c (t) in (48) and (49), the equality (58) implies that:

β =
α (1−m)

2
, then α < 0.

For α (m− 1) + 2β = 0, we gave the solution (43) of (9) for m ∈ (0, 1) ∪ (1, 2) which is:

f (η;λ) =

(
βm

(m− 1) (2−m)
ηm
(
λ2−m − η2−m

)) 1
m

, 0 ≤ η < λ.

Now, we determine the functions a (t) and c (t) . We have from Theorem 9

αm+ 2β = αm+ α (1−m) = α < 0.
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The functions a (t) and c (t) are given by:{
a (t) = (1− αt)

1−m
2 ,

c (t) = 1
1−αt ,

∀t > 0.

We obtain the exact solution of (1), for m ∈ (0, 1) ∪ (1, 2) as follows:

u (x, t) =

 1
1−αt

(
βmxm

(m−1)(2−m)am(t)

(
λ2−m − x2−mc

(1−m)(2−m)
2 (t)

)) 1
m

, x ∈ r2,

0, otherwise,

where
r2 =

(
0, λ (1− αt)

1−m
2

)
.

This solution is defined globally in time for any m ∈ (0, 1) ∪ (1, 2) . In this case λ > 0.

5 Conclusion

In this paper we have discussed the existence and uniqueness of positive solutions for a class of nonlinear
diffusion equation not in divergence form, under the generalized self-similar form. Also we have found new
solutions; the behavior of these solutions depends on some parameters (that satisfy some conditions), which
make their existence global or local, and we generalized the families of self-similar solutions of the porous
medium equation, which is formed by the Barenblatt solutions.
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