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Abstract

For the purpose of measuring how far is a graph from being distance-balanced, Dogli¢ et al. (J. Math.
Chem., 56 (2018), 2995-3013) have recently introduced a new bond additive structural invariant called
Mostar index as Mo(G) = 3°._ e p(q) Inu(€]|G) —nv(€|G)|, where n, (e|G) denotes the number of vertices
of G lying closer to u than to v. In this paper, we find a sharp lower bound for the Mostar index of trees
in terms of their order and maximum degree and characterize the trees for which the lower bound are
achieved. Moreover, we relate the Mostar index and irregularity index for graphs with diameter at most
two and apply this result to find upper bounds for the Mostar index of sum, disjunction, and symmetric
difference of graphs.

1 Introduction

All graphs considered in this paper are finite, simple and connected. Let G be a graph on n vertices and
m edges. We denote the vertex set and edge set of G by V(G) and E(G), respectively. For u € V(G), we
denote by N¢(u) the set of all first neighbors of w in G. The cardinality of N¢(u) is called the degree of u
in G and denoted by dg(u). The distance dg(u,v) between the vertices u,v € V(QG) is defined as the length
of any shortest path in G connecting u and v. The diameter of G is the maximum distance between the
pair of its vertices. Let e = uv be an edge of G connecting the vertices u and v. We denote by n,(e|G) the
number of vertices of G lying closer to u than to v. Note that the vertices equidistant from w and v are not
counted in n,(e|G) or n,(e|G). For a vertex z € V(G), we denote by m,(G) the number of edges in G whose
end-vertices have different distances from z, i.e., m,(G) = |[{uwv € E(Q) : dg(u, z) # da(v, 2)}|.

A graph invariant (also known as topological index) is a numerical value associated to a graph which is
structurally invariant. Some of the most important graph invariants are bond-additive which can be presented
as the sum of contributions of edges in graph. The well-known Zagreb indices are among the oldest graph
invariants firstly introduced by Gutman and Trinajsti¢ in [15], where they examined the dependence of total
m-electron energy on molecular structures, and this was elaborated on in [14]. The first Zagreb index M; (G)
and the second Zagreb index M3(G) of a graph G are defined as

Mi(G)= > de(u)® and My(G)= Y  da(w)da(v).

ueV(Q) uwveE(G)

For properties of Zagreb indices, see the recent survey [9] and the references cited therein.

A graph G is said to be regular if all its vertices have the same degree, otherwise it is said to be irreqular.
In order to provide a quantitative measure of graph irregularity, i.e., of the deviation of a graph from being
regular, several graph topological indices have been proposed. Among the most investigated ones are the
irregularity index [4] and the total irregularity [1] which are respectively defined as

(@) = Y |de(w) —dg(v)| and irrt(G):% S Jda() — da(v)].

weEE(G) u,veV(G)
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We refer the reader to [2, 3, 11], for some recent results on irregularity measures.

A graph G is said to be distance-balanced if for every edge uv, the number of vertices lying closer to u
than to v is equal to the number of vertices lying closer to v than to w. In many applications and problems of
graph theory, it is of great importance to measure how far is a graph from being distance-balanced. Recently,
Dosli¢ et al. [13] proposed a new bond-additive structural invariant called Mostar index for that purpose.
It was defined as

Mo(G)= Y |nu(e|G) — ny(e|G)|.

e=uwv€E(G)

It is obvious that, a graph G is distance-balanecd if and only if Mo(G) = 0. So the Mostar index can
be thought of as a quantitative refinement of the distance-non-balancedness of a graph. Since the Mostar
index is a newly-introduced graph invariant, only a few mathematical properties of this invariant have been
investigated. Dosli¢ et al. [13] determined the extremal values of this invariant and characterized extremal
trees and unicyclic graphs. Tepeh [17] proved a conjecture of Dogli¢ et al. [13] on a characterization of
bicyclic graphs with given number of vertices for which extremal values of Mostar index are attained. The
purpose of this paper is to further study mathematical properties of this new graph invariant.

This paper is organized as follows. In Section 2, we find a sharp lower bound on the Mostar index of trees
in terms of their order and maximal degree and characterize the trees which achieve this bound. In Section
3, we prove that for graphs with diameter at most two, Mostar index is equal to irregularity index and apply
this result to find upper bounds for the Mostar index of some operations on graphs such as suspension, sum,
disjunction, and symmetric difference.

2 Trees

In this section, we present a sharp lower bound for the Mostar index of trees in terms of their order and
maximum degree. We also characterize all trees whose Mostar index achieves the lower bound.

A leaf of a tree T is a vertex of degree 1, a support vertex is a vertex adjacent to a leaf and a strong
support vertex is a support vertex adjacent to at least two leaves. An end-support vertex is a support vertex
whose all neighbors with exception at most one are leaves. A rooted tree is a tree having a distinguished
vertex v, called the root. We denote by 7, A the set of trees of order n and maximum degree A. Let T be
a tree of order n and let f : E(T) — ZT be a function defined by f(uv) = |n,(uv|T) — n,(uv|T)|. Hence

Mo(T) = ZquE(T) f(uw).
Proposition 1 ([13]) Let T be a tree of order n. Then

(n—1)?

Mo(P,) = |

| < Mo(T) < (n—1)(n—2) = Mo(S,),
with the left and the right inequality achieved if and only if T = P,, and T = S,,, respectively.

Lemma 2 Let T be a tree of order n with maximum degree A and let v be a vertex of mazimum degree. If T
has a vertex of degree at least three different from v, then there is a tree T' € T, A such that Mo(T) > Mo(T").

Proof. Let T be rooted at v. Let u # v be a vertex of degree dr(u) = k > 3 such that dp(u,v) is as large as
possible and let Np(u) = {uy,us,...,ux}. We may assume that uy is the parent of u. Now we distinguish
three cases.

Case 1. u is an end-support vertex. Let S = {uuy,uus} and let 77 be the tree obtained by attaching the
path usuiu to T — {u1,uz}. Suppose that S = {uui, uyus}. Clearly, T" € T a and 3, cpry—g flwv) =
> wwer(r)—g f(w). By definition of the Mostar index,

Mo(T)= Y fluww)+ > fluww)= > fluv)+2n-2|, (1)

uvgS uwv€eS weE(T)—-S
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Mo(T'y= Y fluw)+ Y flw)= > fluw)+|n—2/+|n—4| (2)

uvgS’ uveS’ weE(T")—S’
Combining Egs. (1), (2) and the fact that n > 4, we obtain

Mo(T) — Mo(T") =2(n—2) — (n—2) — (n — 4) > 0.

Case 2. u is a support vertex. By Case 1, we may assume that u is not an end-support vertex and
dr(u1) = 1. Suppose dr(uz) = 2 and T,,, is the component of T'— uuy containing us. Since, by the choice of
vertex u, dr(u,v) is as large as possible, we may assume that T;,, is the path x5 ... 24, t > 2 and ug = 7.

Let T' be the tree obtained from T — uug by adding the path uizi2s...x; to this graph. Let S =
{uwr, uup} and S" = {uwy, uuz}t. Clearly, 7" € Ty A and 3, cpir)—s f(u0) = X, epr—s f(uv). By
definition of the Mostar index,

Mo(T) = > f(uw) +|n — 2|+ |n — 2t (3)
uvgS
Mo(T') = " f(uv) + |n — 2t + |n — 2t — 2]. (4)
uvg S’

If n > 2t + 2, by Egs. (3) and (4), we have
Mo(T)— Mo(T")=(n—=2)+ (n—2t) — (n—2t) — (n — 2t — 2) > 0.
If n < 2t + 2, by Egs. (3), (4) and the fact that n > ¢ + 2, we have
Mo(T) — Mo(T') = (n— 2) + |n — 2t| — |n — 2t| + (n — 2t —2) = 2n — 2t — 4 > 0.

Case 3. w is not a support vertex. Suppose T, and T, are the components of T'— {wuy, uus} containing
uy and wug, respectively. By the choice of vertex u, we may assume that 1), = z122...2¢, t > 2, up = 21
and Ty, = Y1y2...Ys, t > 2, us = y1. Then dp(z;) = dr(y;) =2, 1 <i<s—1,1<j<t—1, and

dr(zs) = dr(y) = 1.
Let T’ be the tree obtained from T — T,, by adding the path z;ysys—1 - .. yaus to this graph. Let

S = {uuy, 2129, ..., xe_124 } U {uug, Y192, - -, Ys—1Ys |,

S ={uur, 120, .. 12} U {ZeYs, YsYs—1, - - - YaUa

Clearly, T" € Ty a and 3, c p(ry—s f(u0) = 3 oeprr)—s f(wv). By definition of the Mostar index,

t—1 s—1
Mo(T) = Y fuww) +|n—2t)+ > |n—2t — 2+ |n— 25| + > |n — 25 — 2j], (5)
uvgS i=1 j=1
s+t—1
Mo(T") = > fluv)+|n=2(t+s)|+ > |n—2(t+s)—2i. (6)
uvgS’ i=1

If n > 2(t + s), by Egs. (5) and (6), we have
Mo(T) — Mo(T") = t(n — 2t) — t(n — 2t — 2s) = 2ts > 0.
If n < 2(t+ s), by Egs. (5), (6) and the fact that n >t 4+ s+ 1, we have
Mo(T) — Mo(T") =t(n—2t) +t(t — 1) +t(n—2t —2s) +t(t — 1) =2t(n—t —s—1) > 0.

This completes the proof. m

A spider is a tree with at most one vertex of degree more than two, called the center of the spider (if no
vertex is of degree more than two, then any vertex can be the center). A leg of a spider is a path from the
center to a vertex of degree 1.
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Lemma 3 Let T be a spider of order n with k > 3 legs. If T has two legs of length at least 2, then there is
a spider T' of order n with k legs such that Mo(T) > Mo(T").

Proof. Let v be the center of T and Nr(v) = {v1,v2,...,v5}. Root T at v. Assume, without loss of
generality, that dr(vi) = dr(ve) = 2 and let vzixs... 2, v1 = z1 and VY1Y2...Ys, V2 = Y1 be two legs
of T. Let T" be the tree obtained from T by deleting the edges x1xa,...,z;—17; and adding the edges
YsT1, L1L2, - - -, Tp_1T¢. SUPPOSE

S ={vv, 2122, .., i1} U {ove, 1Yo, - Ys—1Ys s

S = {vvr, Yy, .. m12} U {ove, 11y, Ys—1Ys )}

Clearly, 3, ,epr)—s f(u0) = 3 e prr)—s f(uv). By definition of the Mostar index, we have

t—1 s—1

Mo(T') = " fluv) +|n—2t| + Y |n— 2t — 2i[ + [n — 25| + > |n — 25 — 24, (7)
uvgS i=1 j=1
s+t—1
Mo(T')y = " fluv)+n—2t+s)+ > In—2(t+s)— 2. (8)
uvgS’ i=1

By Egs. (7), (8) and the fact that n > s+ ¢+ 1, we obtain Mo(T) > Mo(T"). m
We are now ready to prove the main theorem of this section.

Theorem 4 For any tree T € T, o of order n > 2,

(A-1@2n—A-2) ifA> 12,
Mo(T) > { 5(*3%)+ (5 —A)(*F - A)+(A-1(n-2) fA<F and2]|n,
224 (22 AP+ (A-1)(n—2) fA< 2 and2fn.

The equality holds if and only if T is a spider with at most one leg of length at least two.
Proof. Let T} be a tree of order n > 2 with maximum degree A such that
Mo(T)) = min{Mo(T) : T is a tree of order n with maximum degree A}.

Let v be a vertex with maximum degree A. Root 77 at v. If A = 2, then T} is a path of order n and by
Proposition 1,

(=12 _ [ 3052+ (G- -2+ (0 -2) i 2],
N noly2 (bl 9)2 4 (n—2) if 24 n.

Now let A > 3. By the choice of T, we deduce from Lemma 2 that T} is a spider with center v. It follows
from Lemma 3 and the choice of 77 that 77 has at most one leg of length at least two. First let all legs of
77 have length one. Then T is a star of order n and the result follows by Proposition 1. Now let 77 have
only one leg of length at least two. Then

%
Mo(Ty) =< 2(%2)+ (2 -A)(22 -A)+(A-1)(n—2)if A< 2 and 2 |n,
22 (2 AP+ (A-1)(n—-2) f A< 2 and 21n.

This completes the proof. m
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3 Graphs with Diameter at Most Two

In this section, we study the Mostar index of graphs with diameter at most two and apply our results to
compute the Mostar index of some graph operations.

Theorem 5 Let G be a graph with diameter at most two. Then
Mo(G) = irr(G).

Proof. Let e = uv € E(G). It is easy to see that, the vertex u and all the vertices of G other than v which
are adjacent to u but not to v are lying closer to u than to v. Hence

mu(e|G) = 1+ (da(u) — 1) = [Nu(G) N No(G)| = da(u) — [Nu(G) N No(G)]-

Similarly,
ny(e|G) = dg (v) — [Nu(G) N Ny (G)].

Now by definition of the Mostar index, we have

Mo(G) = Z In.(e|G) — nv(e|G)’

e=uwveE(G)

= T |(dow) — INu(G) N NUG)]) — (da(v) — [Nu(G) N NG|
e=uwveE(G)

= Z |de(u) — de(v)| = irr(G).
weEE(G)

This completes the proof. m

Now we apply Theorem 5 to compute the Mostar index of some graph operations. Readers interested in
more information on topological indices of graph operations can be refereed to [2, 5, 6, 7, 8, 10, 12, 16].

The sum (also called join) of graphs G; and G, denoted by G1 + G, is a graph obtained from G; and
G by joining each vertex of G1 to all vertices of G3. The definition can easily be generalized to k > 3
graphs.

At first, we consider the suspension of a given graph G which is defined as the sum of the trivial graph
K; and G.

Theorem 6 Let G be a graph of order n and size m. Then
Mo(K; + Q) = irr(G) +n(n — 1) — 2m. 9)

Proof. Since K7 + G is of diameter at most two, by Theorem 5, we have

Mo(Ky + G) =irr(K1+G) = Y |dk,+a(u) = dk, +a(v)]
weE(K1+G)
= > |de(w)+1) = (de)+ D]+ > |n—(da(u)+1)]
weE(G) ueV(G)
= > de(w) —de@)|+ Y (n—1-dg(u))
uwv€E(G) ueV(GQ)

=irr(G) + n(n — 1) — 2m,

and Eq. (9) holds. m

Fan graph F,,, wheel graph W,,, and Windmill graph D,(Lm) are suspension of P,,_1, C,,_1, and mK,,_1,
respectively, where mK,,_; denotes the union of m copies of the complete graph on n — 1 vertices. Using
Theorem 6, we easily arrive at:
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Corollary 7 Forn >4,

1. Mo(F,) =n?—5n+8;

2. MollWy) = (n.~ 1(n ~ 1)

3. Mo( ) m(m —1)(n —1)2.

Now, we c0n81der the sum of two non-trivial graphs.

Theorem 8 Let G1 and Gy be non-trivial graphs of order n1 and ns, respectively. If ny > ng, then
Mo(Gy + G2) < irr(Gy) + irr(Ga) + na(ny — 1)(ng — 2). (10)
Moreover, the bound is sharp.
Proof. The sum G; + G5 is of diameter at most two. Eq. (10) now follows from Theorem 5 and the upper
bound given in [2, Theorem 2| for irr(Gy + G2). ® B
The complete r-partite graph Ky, n, ...n, i a sum of the empty graphs K, , ..., K,,, and by Theorem 5

we arrive at:

Corollary 9

r—1 T
Mo(Kp, ny,...on,.) = ir7(Kny ny,.n,) = Z Z nmy|”a g
i=1 j=i+1

The disjunction of graphs G; and Go, denoted by G1 V G, is a graph with vertex set V(G1) x V(G3) in
which the vertex (u1,us) is adjacent to the vertex (v1,vq) if and only if u1v1 € E(G1) or ugvy € E(G3).

Theorem 10 Let Gy and Gy be graphs of order ny1 and ny and size my and meo, respectively. Then

MO(G1 \Y GQ) S (’17,23 — Ml(Gg))i’FT(Gl) + (TL13 — Ml(Gl))iTT(GQ)
+ (2nama + My (Gs))irry(Gr) + (2nimy + M1 (Gh))irry(Ga). (11)
Proof. Note that G V G3 is of diameter at most two. Eq. (11) now follows from Theorem 5 and the upper
bound given in [2, Theorem 9] for irr(G1 V G2). ®
The symmetric difference of graphs G and Ga, denoted by G1 @ Ga, is a graph with vertex set V/(Gy) x

V(G2) in which the vertex (uy,us) is adjacent to the vertex (v, vs) if and only if uyjv; € E(G1) or ugvs €
E(G2), but not both.

Theorem 11 Let Gy and G2 be graphs of order ny and ny and size my and mso, respectively. Then

MO(G1 D Gg) < (TIQS — 4M1(G2))Z"I"’I"(G1) + (n13 — 4M1(G1))iTT(G2)
+ 2(n2m2 + Ml(GQ))iTTt(Gl) + 2(77,1777,1 + M1 (Gl))iT'Tt(GQ). (12)

Proof. Note that G; ® G4 is of diameter two. Eq. (12) now follows from Theorem 5 and the upper bound
given in [2, Theorem 10] for irr(G; @ G2). =
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