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Abstract

In this paper, we establish some new recurrence relations for the single and
product moments of progressively Type-II right censored order statistics from the
doubly truncated generalized exponential distribution. These relations general-
ize the results given by Balakrishnan et al. [1] for the progressively Type-II right
censored order statistics for standard exponential and right truncated exponential
distributions. These results, also generalize the corresponding results for usual
order statistics due to Saran and Pushkarna [2] for the doubly truncated general-
ized exponential distribution. In the last section, some deduction and particular
cases are also discussed.

1 Introduction

Progressive Type-II censored sampling scheme is a versatile censoring scheme because
it allows the experimenter to save time and cost of the life-testing experiment and is
quite useful in reliability and life-time studies. This progressive censoring scheme can
be briefly described as follows.

Consider an experiment in which n independent and identical items are put on test
and their failure times are recorded. These failure times are assumed to be continuous
and identically distributed. Suppose a censoring scheme is defined using a set of prefixed
integers R = (Ry, Ry, ..., Ry) such that at the time of the first failure, R; surviving
items are removed from the experiment at random from the remaining n — 1 surviving
items, at the time of the second observed failure, Ry surviving items are removed from
the experiment at random from the remaining n — 2 — Ry surviving items, and so
on. The process continues until the m — th failure time at which, all the remaining
R, =n—-—m-— Z:’;l R; surviving items are removed from the experiment. We shall

denote the m ordered observed failure times by Xﬁmm, e ,X}fz:mm, and call them the

progressively Type-II right censored order statistics of size m from a sample of size n
with progressive censoring scheme R = (Ry, Ra,..., Ry), m < n. If the failure times
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of the n items originally on test are based on the absolutely continuous distribution
function (df) F(x) and the probability density function (pdf) f(z), then the joint
probability density function of X ..., XE s given by Balakrishnan et al. [1],

mim:mn

Balakrishnan and Sandhu [3] and Balakrishnan [4] as

m

p¥E X1, ) = el m — 1) D1 ECALER

where
m ~
n=m+Y Rj, n,meN, Rj =Ny, 1<j<m, R=(Ry,...,Rn),
j=1
and .
m J— m .
. _ szlR}‘, ifm>1,
om0 =T (- Ersn) {5zl e
J= i=
with

m
R} = Z(Rk +1). Observe that R} = n.
k=j

The model of ordinary order statistics is contained in the above set up by choosing
R=1(0,...,0) (i.e. m = n ) as censoring schemes, where no withdrawals are made.

Progressive censoring and associated inferential procedures have been extensively
studied in the literature for a number of distributions by Cohen [5, 6, 7, 8, 9], Mann
[10, 11], Cohen and Whitten [12], Viveros and Balakrishnan [13], and among others.
Aggarwala and Balakrishnan [14] and Balakrishnan and Aggarwala [15] have derived
recurrence relations for single and product moments of progressively Type-II right
censored order statistics from exponential, Pareto and power function distribution and
their truncated forms. Also, Saran and Pushkarna [16] have obtained several recurrence
relations for the single and product moments of progressively Type-II right censored
order statistics from doubly truncated Burr distribution. Mahmoud et al. [17] derived
some recurrence relations for single and product moments of progressively Type-II right
censored order statistics from linear exponential distribution and also obtained maxi-
mum likelihood estimates (MLEs) of the location and scale parameters. Balakrishnan
et al. [18] and Balakrishnan and Saleh [19, 20, 21] have established several recur-
rence relations for single and product moments of progressively Type-II right censored
order statistics from logistic, half-logistic, log-logistic and generalized half logistic dis-
tributions respectively and the moments so determined are then utilized in inferential
method to derive best linear unbiased estimators of the scale and location parame-
ters. For more results, one may refer to Athar et al. [22], Athar and Akhter [23] and
references therein.

Hosking [24, 25] suggested, discussed and applied many generalizations of standard
distributions. The family of generalized exponential distribution is an example of such
a generalization. This distribution is from an IFR (Increasing Failure Rate) family and
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is widely used as a life-span model (cf. Cohen and Whitten [12]). The truncated form
of life-span models are often of great interest in reliability studies, for more detail one
may see Cohen [9].

Let X .. <X& —~<...<XE_ bethem ordered observed failure times in a
sample of size n under progressive Type-II right censoring scheme R= (R1,Ra,...,Rp)

from the doubly truncated generalized exponential distribution with pdf,

f(x)Z(l;mg_l, Qr<z<Pand0<ac<l, (3)

with the corresponding df,

(1-aQ1)* — (1—an)?
F = <z <P 4
(«) 5o S Qise<h, @
where (1 — P) and @ respectively, are the proportion of truncation on the right and
the left of the distribution.
The exponential distribution is considered as special cases of (3), when the shape

parameter a — 0.

Here N N
0 =1 0=Q" 4 p= (=P
a a
- 1P 1-q
e ™M@t
It is noted that from (3) and (4),
(1—-ax)f(x) =P+ [1 — F(z)]. (5)

The relation in (5) is the "characterizing differential equation" for the distribution in

(3).
Now, we shall denote

1 > 1, R — (k1)
(B B ™ = BT, Y] = im0 (6)

My romen = HUr:rin )

where 1 <r<m<mn, kg >0, R; —1>m—r >0, and

) ) = BT, X, ] = g e DT )
where 1 <r < s<m <n, ki, ks > 0, as given by Balakrishnan et al. [1].

Saran and Pushkarna [2] utilized the general results obtained by Khan et al. [26, 27]
and established some recurrence relations for single and product moments of order
statistics from the doubly truncated generalized exponential distribution.

The progressively type II right censored order statistics of the distribution given in
(3) to the best of our knowledge have not been studied in the literature. The main
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aim of this paper is to fill this gap. Therefore, in this article, we have obtained the
recurrence relations for the single and product moments of progressively Type-II right
censored order statistics from a doubly truncated generalized exponential distribution.
These relations, when used in a systematic manner, enable the recursive computation
of moments for all sample sizes and all possible progressive censoring schemes. Further,
the contents of the paper also generalize the results given by Balakrishnan et al. [1]
for the progressively Type-II right censored order statistics for standard exponential
and right truncated exponential distributions. These results, also generalize the cor-
responding results for usual order statistics due to Saran and Pushkarna [2] for the
doubly truncated generalized exponential distribution.

The rest of the paper is organized as follows. In Section 2, we derive expressions
for the single moments of progressively Type-II right censored order statistics from
the doubly truncated generalized exponential distribution. Section 3 is devoted to
expressions for product moments. In Section 4, some deduction and particular cases
are discussed. Section 5 ends with some concluding remarks.

2 Single Moments

In this section, we shall exploit the relation (5) to derive recurrence relations for the
single moments of progressively Type-II right censored order statistics from the doubly
truncated generalized exponential distribution. In view of (1) the k!" single moment
of the rt? progressively Type-II right censored order statistic is given as

R o/ [0 G L)
— nm—1 // / B f (o)1 = Fo)]™ f(2)[1 — Fa)]

Qi< <z, <Py
X oo X f(xp)[1 = F(xm)]dey - - - da,y, (8)

where ¢(n, m — 1) is defined in (2). The single moments of progressively Type-II right
censored order statistics in (8) satisfy the following recurrence relations.

THEOREM 2.1. For the doubly truncated generalized exponential distribution as
given in (3) and for 2<m <n—1and k1 >0,

(R1,...,R;,—1)F1+D) 1 (Rl, JR: —1)k1)
m: m = + 1 m
TL m — 1 (R, R —2, R}, —2)(F1 D)
’I’L _ 1 m — 2) 1 o ovHm—lim—1m—1

c(n, m — 1) (R1,...;Rpm_1,R" _2)(k1+1>
— R* _ 1 ‘17‘ sIlm—1,40,,
C('Il— 1am_ 1)( ) m:m:n—1

+R (9)

(Ri,ooy R, R —1)F1H)
mMPm—1:m—1:n .
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PROOF. From (8), we have

(Ri,....Rm)FD) pi(Bis R yF1tD)
lu’ﬁl mn m m:n

_ nm_l/// (@m0 f (1)1 = Fay)]™

Q1<z1< - <Trm-1<Py

X oo X f(:l}m_l)[l — F(l‘m_l)]Rm_le‘l s dCL‘m_l, (10)
where P
Py = [ el 0wl a1 — Pl )
Now using relation (5) in (11), we get
Py
Zwnr) = [ ahi{Pat [ Plan)HL - Fon)"da,

P Py
_ p / 25— P )P, + / 2B = Pl )P Hdz,, (12)
x 1 x 1

m— m—

1
P2{ - xfri+11 [1 - F(xm—l)]Rm

(k1 +1)

Py
—I—Rm/ xfﬁ'l[l - F(xm)]Rm_lf(xm)dxm}

m—

~a [ = Flzm-1)]

+(Rom + 1)/

Tm—1

P
xﬁ;"’l[l - F(xm)}Rmf(xm)dxm]‘| . (13)

Substituting the resultant expression of Z(z,,—1) from (13) in (10), we get

Ri,....Rn (k1) R ,...,Rm (k14D

L Pg{ c(n,m—1 // / Bl f(z)[1 — F(az))™

(lﬁ +1)
Q1< <xm-1<P

X+ X f($m,1)[1 — F("Emfl)]Rmfl—kRmdl’l coedxy, g

Rye(n,m — 1) // / ()1 — Flay))™
Qi<z1<- <z <Py

X oo X f(Tm-1)[1 - F(xmfl)]Rmflf(xm)[l - F(xm)]Rmildfl T dxm}

nm_l// / B @)1 — PP

Q1<z1 < <Tm-1<Py

X e X f(l’mfl)[]. — F({Emfl)]Rm*lJrRerldl'l coedxy, g
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B+ et —1) [[ o [ ab ) - P
Q1<$/1/<~~<3£<P1
X oo X f(@mo1)[l = F(@m_1)]F = f(z)[1 = F(zp)] " dey - - day,

1
(k1 +1)

o dnm =) (R Ry R R) 4D
2 c(n _ 1’ m — 2) m—1:m—1n—1

c(n,m—1) (Rireos Ry 1, R —1) (15D
—Rm 'y fim—1,8tm
+ C(’I’L _ 17771 _ 1) m:m:n—1

(Riseee R 2, R 14 R +1)F1H1)
_(n_Rl_ o= Rm _m+1)p‘m71:m71:n

+(Ry, + 1)/1,%717{:-7-;1%7,1)(761“)

)

or

(Ri,...,R;,—1)F1) o (Ry,...,RY, —1)(F1+D)

mim:n Hm:m:n

1 { c(n,m—1)  (Ri,..,Rm_2,R
, d AL T )
e

m71_2)(k1+1)
(kl + 1) n — 1’ m — 2) Hp—1:m—1m—1

c(n,m—1)

(Riyoos R 1, Ry —2) (14D
+ ———"—(R;, —1 oo m
c(n _ 1’ m — 1) ( m ):U‘m.m.n 1
(R, ,Rim—2, R}, —1)(F1HD) Ri,..., R —1)(kF1+D
_R:’Lumflszlzn ! +R:<n/145ninn m ) .

After rearranging the terms, we get

(Ri,....,R,—1)(F1tD 1
[R5, + aky +1)]

m:m:m -

(ky + Vgm0

C(nam - 1) (Ri,e.yRom_o, RS, —2)(F1+D)

Pl et ‘ . m

+5 {C(TL _ Lm _ 2) Pm—1:m—1m—1
_cnm—1)
cfn—1,m-1)

m m:m:n—1

¥ _oy(k1+1)
(R* _I)M(le-van—l,R"L 2)(k1 }

+Ru

(RiyeoiRi—2, RS, —1)F1HD)
m—1lm—1n ’

and, hence the theorem.

THEOREM 2.2. For2<r<m—-1,m<mn-—1and k; >0,

(Ry,...,Rpy) P20 (Ri,..e;Rp—1,R:—1)(F1+D)

Tirin

:
3
|

(R,.--s R*fl)(kl)
(k1 + Dpiprpiry "
ot |ty
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C(’I’L, r— 1) (Ry,...;Rp_9,R:_,—2)F1+D)
Wy =X Qi St Ry A
2{ C(TL _ ]_7 r— 2) iu’T—l.'r—l.n—l

C(n,'f‘ — 1) (Ry,...,Rn_1 R*72)(k1+1)
-~ 7 7 R* _ 1 ) .’ y Ly PR o
cln—1,r— 1)( T T

(Ri,.,Rp_2,RY_,—1)F1HD
+R:‘MT711T712TL ' I
where R} —2>m —r—12>0.

PROOF. The theorem can be proved on the lines of Theorem 2.1 and using (6).

COROLLARY 2.1. Under the conditions as stated in Theorem 2.2

(Rlx---7R7n)(k1+1)

1:m:n
(Rr—1)F1+D
= lu’l:ll:n
1 Rr—1)*1) R _9)(k1+1)
- [n+ ok +1)] {(kl ™ l)ug:ll:n - ”P2/¢§:11;n7)1 + HQQQIFH} (15)

and subsequently for n =1,

0)(k1+1) 1 0)(k1)
W = ETICES) [(kl +Du, — PPt QQQ’FH} . (16)

PROOF. We shall denote by convention

¢(n,0) = R} =n,
e(n,—1)=1
and
(R*,l)(’ﬁ*—l) (R*,Q)(’Cr*—l) k41
/J’O:O(?n = /’[’O:O(:]n = 11 .

Therefore, at » = 1 in (14), we get
Ri,..,Rpy,)F1tD) Rf—1)(k1t+1)
p‘i:nﬁ,:n ) = :uglln )
1
[n + Oé(kl + ].)]

*__1\(k1)
(ky + 1)pdB D™

n *_oy(k1+1) (k )
+P, {nQ1(k1+1) - m(n - 1)#?:?:7172)1 1 } +nQ, a ] .

After rearranging the terms, yields (15). The equation (16) is obvious.
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3 Product Moments

The product moments of 7" and s' progressively Type-II right censored order statis-
tics in view of (1) is given as

(RioRn) M08 _ proy R kxR k)

l‘l'TSm’ﬂ

— mm—1) / / - / 21 f(an)[L - Fe)]™ f(e)[1 - F(az)]™

Qi<z1<- <2y, <Py
X oo X f(@m)[1 = F(zy)|Bdey - d,,. (17)

The following theorems contain the recurrence relations for the product moments of
progressively Type-II right censored order statistics from the doubly truncated gener-
alized exponential distribution.

THEOREM 3.1. For 1 <r <m <n—1 and ky,ky > 0,

(Ry,....Rp, —1)Frk2 D) 1 {(k2+1)M(R1, SRy, —1) k1R
)] T, mim:n

Nrmmn = [R* —|—0¢(k2+1

™m

cnym—1)  (Ri,....Rm_2,R,_,—2)k1:k2+D)

m—

Py —— =l 1 Y
+i2 {C(TL _ 1, m — 2) l’[’r,m—l.m—Ln—l
C(?’L, m— 1) (R* -1) (R1yeees Rm—hanZ)(kl’sz)}

m m rom:m:in—1

w« _ z\(k1,ko+1)
B (18)
PROOF. From (17), we have
(R1,..., Rm)(h‘kz) _ (Ry,..., Rm)(k1,k2+1)
— emm—1) /// 2 Z (20 1) f(21)[1 — F(a)] ™
Q<1< <xTm-_1<P;
X X f(@mo1)[1 = F(xpm_1)]Fmdxy - dep,_1, (19)

where Z(x,,—1) is same as in (11).
Now substituting the value of Z(z,,—1) from (13) in (19) after replacing k; with ks,
we get

M(Rh GRp)F1R2) M(Rl, (Ryp) (1 ok2+1)
r,m:m:m T, mim:n
1

PQ{ nm—l/// a2l f ()1 = Fa)])™

Qi1<z1< - <Ty_1<Py

X+ X f(l’mfl)[]. — F({Emfl)]RmflJrRmdl'l coedxy, g

(k‘g + 1)
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e = 1) [[ oo [ abalz f@l - Pl

Qi1<z1< <z, <Py

X~%f@mOH—F@mHWWVWMH—FmﬂE”W%~d%}

—etmm=1) [ oo [ abali @l - Fe)®

Q1lz1 < <xpm-_1<Py

X X f(@m—1)[1 = F(@p— 1)]Rm R TRERY.

(R + 1) nm_lf/ / b gka 1 f(ay)[1 = )]

Q1<z1< <z <Py

XX f(@m-1)[1 = F(@m-1)]" " f(@m)[1 = F(2)] " day - - dmm‘|

1 c(n,m —1) (R, Rono Ry 1 +Rp) ¥ 752D
= N 2 *f:u‘r,m,fl:mflznfl
(k2 +1) cn—1,m—2)
4 _cmm—1) (R yeoes Ron 1, Ry — 1) B2 524D
C(’I’L — 17 m— 1) mﬂr,m:m:nfl

(R, R 2, Ry 14 Ry 1) (R R2H0)
_(n_Rl_“'_Rmfl_m—’_l)Mrm lim—1:n

+(Rm+ ) (Ri,...;Rom )(k11k2+1)

/J"r‘mmn

or
(Bu,.... Ry, —1)F1:k2) (Ry,...,R;, —1)(F1ok2 4D
Tomimin. - ToMmImin
1 P cn,m—1)  (Ri,....Rm_2,R%,_,—2)k1:k2+D
—— |y = e 1o
(k2+1) c(nf 1’m72) rm—lim—1n—1

cfn,m—1) (RiveoesRon—1,R;, —2)F1R2 D)
R _ bl m—1
+c(n—1,m—1)( m ):urmmn 1

« (Ri,Rpm_2,R;_ —1)(F1:k2tD) (R1,...,RE, —1)(F1 k24D
mHrm—1:m—1:n +Rm Hr,mim:n

and after rearranging the terms, we get the result in (18).

THEOREM 3.2. For 1 <r<s<n-—1and ky,ky >0,

(Ri,...;Rim )(kl kot1) (Ry,...,Rs—1,R:— 1)(k1 ska+1)
:ursmn - //Lrssn

1

(Ry,....R ,1)(7“1 k)
(R + (ke +1)]

(k'Q + 1)#1"9 sn

c(ny,s —1)  (Ri,...,Re_n,R*_,—2)(F1:k2+D)
+P2{c(n_178_2):u“r75—1:s—1:n—1 '
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c(n,s—1) (R1,...;Rs_1,RE—2)(F1HD)
_ R* _ 1 .7. El s ) s
C(?’l _ 1’ s — 1)( s )y’r,s.s.nfl

(20)

y (R1,4..,R5,2,R:71—1)(’“1’k2+1)
+Rsur,sfl:571:n .

PROOF. This follows from Theorem 3.1 and (7).

4 Special Cases

REMARK 4.1. By letting P — 1, @ — 0 and shape parameter @ — 0, we can get
the corresponding recurrence relations for the exponential distribution and at @ — 0
and o — 0, we can get the corresponding recurrence relations for the right truncated
exponential distribution as obtained by Balakrishnan et al. [1], by noting down that
_1-(1-P)

P =
(0%

or

1
(1—P):(1—04P1)é —e ™ asa—0or — — 0.
a

REMARK 4.2. By letting P — 1, @ — 0 in the Theorems, we can get the
corresponding recurrence relations for the generalized exponential distribution as,

(Riyees R ) (F1HD

/j/rzm:n
(le--,erl,R;f—l)(lirl)
=  Hrirn
_ 1 (Ri,oo RE-D)*D o Ry Ry, RE_ —1)F1FD
T Retalht1)] {(kl + Dptririn + Rty ip 1
and
(Ry,..., Rm)(klvk2+1)
_ M(Rl,...,Rsfl,R:fl)“’l>’“2+1>
_ 1 (Ri,..,RT—1)(*1k2) (Ry,... R 9,R;_;—1)F1-k2+D
= Fratmr |t D R ~
REMARK 4.3. For a special case Ry = Ry = --- = R, = 0, so that m = n,

the recurrence relations established in section 2 and 3 reduce to the recurrence rela-
tions for the single and product moments of order statistics from the doubly truncated
generalized exponential distribution by Saran and Pushkarna [2]

REMARK 4.4. Theorem 3.2 reduces to Theorem 2.2 as k; — 0.
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5 Conclusions

The above study demonstrates that the recurrence relations developed here can be used
to compute the single as well as product moments and hence means, variances and
covariances of progressively Type-II right censored order statistics for all sample sizes
and all censoring schemes in a simple recursive way from doubly truncated generalized
exponential distribution for different values of P and Q.

Acknowledgment. Authors are thankful to the anonymous Referees and Edi-
tor, AMEN for their fruitful suggestions, which led to an overall improvement in the
manuscript.
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