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Abstract

In this paper, we establish some fixed point results for large-Kannan mappings
in complete metric spaces. Our results are applied to solve some implicit integral
equations.

1 Introduction and Preliminaries

It is well known that Banach’s contraction principle (1922) is a powerful tool in analy-
sis, that most mathematicians applying about to solve many of their problems. It is
remarkable by its simplicity; this comes from the fact that the contractive condition
on the mapping is easy to check and it requires only a complete metric space for its
framework. Banach’s contraction principle appeared in explicit form in Banach’s thesis
[2], where it was used to obtain the solution of an integral equation in the functional
space C([0,1]). One of the other application of the Banach contraction principle is
for example, the study of existence and uniqueness of solutions of the It6 stochastic
equation with deviating argument. Indeed, it was proved (see [5]) that if the stochas-
tic parameters satisfy Lipschitz condition in the second variable, then the associated
integral operator turns out to be a contraction and the solution is obtained by using
the method of successive approximations. In Banach spaces setting, recall that Kras-
noselskii’s fixed point result is a combination of Banach and Schauder’s fixed point
theorems, this result can be seen as a consequence of the fact that the measure of
noncompactness is invariant by compact perturbations. The sum of two operators is
a powerful tool used to solve delay integral equations, neutral functional equations,
Cauchy problems for ordinary differential equations and partial differential equations
modeled by Hammerstein integral operators in L,-spaces. For more details, see [1, 3,
4].

In this work, we establish existence and uniqueness results for large-Kannan map-
pings extending those in [8, 9, 12]. In particular, we distinguish the continuous and
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536 On the Fixed Points of Large-Kannan Contraction Mappings

non-continuous cases. Finally, our results are explored to solve an implicit functional
equation.

The classical statement of Banach fixed point theorem is the following:

THEOREM 1. Let (X,d) be a complete metric space and T : X — X be a
contraction mapping, i.e.,
d(Tz,Ty) < Ad(z,y),

for all x,y € X, where 0 < A < 1. Then T has a unique fixed point yg in X. Moreover
for each xy € X, the sequence of iterates {T"x}, converges to yo.

In 1968, R. Kannan [8, 9] obtained the following fixed point result.

THEOREM 2. Let (X,d) be a complete metric space and T : X — X be a
selfmapping on X. Assume that there exists A € [0, %) such that

d(Tz,Ty) < Xd(z, Tx) + d(y, Ty)] ,

for all x,y € X. Then T has a unique fixed point zy in X. Moreover for each xy € X,
the sequence of iterates {T"x(}, converges to 2.

It has be seen that contraction mappings are continuous which is not in general the
case of Kannan mappings as shown in the following examples.

EXAMPLE 1. Let (X,d) = (R, |-|) and T : R — R be defined by

0 if z <2,
T“"_{ =L ifz>2

For all z,y € R, we prove easily that

1
\Tx*TylSZ(Iw*vaIHynyI)-

EXAMPLE 2. Let (X, d) = ([0,1],

[) and T : [0,1] — [0, 1] be given by

Tw — 15 ifzel0,1],
% if x =1.

Let z,y € [0, 1]. Thus

T Y 1
Te—T :‘7_7‘:7 —yl,
Tz =Tyl =16~ 16| = 16 1* ¥
and 15 15
€T Yy
Tl =22y Ty =Y
|z — T'z| 16,Iy Y| 6
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which implies that

1 1
_ — _ < _ _ .
[Tz — Ty| 16 lz —y| < T (lz = Tx| + |y — Tyl)

Now, if z € [0,1][ and y = 1, we get

x 1
To—Tyl=|— — —
Tz =Tyl = |76~ 150
and 15 17
T
— Tzl =—— |T1 -1 = —.
o~ Tl = T2, 711 = 10
Consequently, for all z,y € [0, 1], we have
To— Tyl < 2+ < L (j— Tal + |y - Ty)
TN T g s g T ATy Ay

zoifo<z<i
—J 6 HUS 2
r={f Hs
Ifax,ye [0,%[, we get
1 1
T =Ty < 2 (2 +y) = £ (ke = Tal + |y~ Ty)).

On the other hand, if z,y € [%, 1], we get

(lz = Tx|+ |y — Tyl) .

Wl =

1
ITx—Ty\SZ(:Hy):

Now,if0§m<%§y,then
1 1
<g@+y) < g(a—Ta[+]y—Ty).

1 1
|T3:—Ty|:‘w—y <32

6 4

Consequently, for all z,y € [0, 1], we obtain that

1
\Tw—TyISg(lx—TlerIy—TyI%

There is a large literature dealing with Kannan mappings and their generalizations,
we can quote for examples [6, 7, 8, 9, 10] and [12]. In [3], Burton observed that Theorem
1 is more interesting in applications through some modification and formulated it as
follows:
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DEFINITION 1. Let (X, d) be a metric space and let T': X — X be a selfmapping
on X. T is said to be a large contraction, if for z,y € X, with z # y, we have
d(Tz,Ty) < d(z,y), and if for all € > 0, there exists 6 < 1 such that

[,y € X, d(x,y) > el = d(Tz,Ty) <dd(x,y).

REMARK 1. We observe that every contraction mapping is a large contraction.
The converse does not hold in general, as the following example shows [3].

EXAMPLE 4. Let (X,d) = (R,|.]) and let T : R — R be defined by Tz = z — 3.
Then for z,y € R, by applying the Mean Value Theorem, we get

|Tx7Ty|:|x7m3—y+y3|§}17302||:E7y\,

where ¢ € min {z,y}, max {z, y}|.
Afterwards, from the inequality given above, it is easy to observe that there exists

§ sufficiently small such that for all z,y € [=4, 9] (z # y), we have [Tz — Ty| < |z — y|.

Additionally, it was proved in [3] that for a given € > 0, if |z — y| > €, then

2

€
|Tz—Tys'1—4 -y,

$—3?3
x

moreover, since 70 = 0 and lim,_.g ’ =1, we deduce that T is not a contraction

selfmapping on [, J].

EXAMPLE 5. Let f : [0,1] — [0,1] be given by f (z) = 2 — £-. Then

r@-ro = -5 (-%)|-

= |-y - 1@-y(@+y) (@ +y)

1
= |(z—y) {1—4(x+y) (m2+y2)”.
Since |z —y| < |z +y| and |z — y|* = 22 + y% — 20y < 2 (2% +y?), it follows that

F@ =Tl = |@-y) [1—i<x+y>(w2+y2)ﬂ

3
1z — y| I,M
< )

F@) - f@l<la—y (1—8)

IN

Next, if |x — y| > €, we infer that
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Hence, to deduce that f is a large contraction, it suffices to take 0 (e) = (1 — %)

Now, to show that f is not a contraction mapping, it suffices to see that

.’1‘4
:I; —_ =
lim Ll=1
x—0 €T
Thus, there is no k € (0,1) such that
4 4
o= %= (v-1)| s hle-ul. veve o).

THEOREM 3 ([3]). Let (X, d) be a complete metric space and let T': X — X be a
large contraction selfmapping. Assume that there exist g € X and L > 0, such that
d(xo, T"xo) < L for all n > 1. Then T has a unique fixed point in X.

REMARK 2. Notice that, if (X, d) is a compact metric space, then the assumption
that there exist g € X and L > 0, such that d(xzo,T"zo) < L for all n > 1 can be
dropped. Indeed, in this case, the existence and uniqueness of the fixed point is ensured
by Edelstein’s theorem.

REMARK 3. If (X, d) is a bounded complete metric space, then for all 2y € X and
for all integer n > 1, we have d(xg, T"zg) < ¢ (X), where 6 (X) is the diameter of X.
So the boundedness assumption given above is trivially satisfied in this setting.

2 Main Results

We start this section by the following lemma which asserts that the set of contraction
mappings has an infinite subset of Kannan mappings.

LEMMA 1. Let (X, d) be a metric space. Assume that 7' : X — X be a selfmapping
on X satisfying that

d(Tz,Ty) < ad(x,y) for all z,y € X,

where a € [0, % [ Then T is a Kannan mapping with a constant of contraction equals
to 4.
11—«

PROOF. Let z,y € X. Then by assumption, we have
d(Tz,Ty) < ad(z,y),
where o € [O, % [ On the other hand, by using the triangle inequality, we get

d(z,y) < d(z,Tz) + d(Tz,Ty) + d(Ty,y).
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Multiplying the previous inequality by «, it follows that
d(Tz,Ty) < ad(z,y) < a(d(z,Tz) + d(Tz, Ty) + d(Ty,y)),
therefore,

d(Tx, Ty) < %(d(w,T%) +d(y, Ty)).

Since « € [0, % [, then 12— € [0, % [ Consequently, 7" is a Kannan mapping.

2.1 Large-Kannan Contractions in the Continuous Sense

Now, we give the following definition of a large-Kannan contraction (in the continuous
sense) as an extension of the classical ones.

DEFINITION 2. Let (X, d) be a metric space and let T': X — X be a selfmapping
on X. T is said to be a large-Kannan contraction (in the continuous sense), if for
x,y € X, with « # y, we have d (Tz,Ty) < d(z,y), and if for all € > 0, there exists
0 < % such that

[,y e X, d(z,y) > el = d(Tx,Ty) <d[d(z,Tx)+d(y,Ty)].

REMARK 4. Large-Kannan contractions (in the continuous sense) are continuous.
This is an immediate consequence of the inequality d (Tz, Ty) < d (z,y) for x # y.

REMARK 5. Let (X, d) be a metric space and let T : X — X be a large contraction

on X. Assume that 6 € [0, %[, then by Lemma 1, it is easy to conclude that T is a
large-Kannan contraction mapping.

Now, we give the following fixed point result for large-Kannan contractions.

THEOREM 4. Let (X,d) be a complete metric space and T : X — X be a large-
Kannan contraction mapping (in the continuous sense). Then T has a unique fixed
point in X.

PROOF. Let 9 € X, if there exists an integer m > 1 such that T (z¢) =
T+ (zg), then T (T™xg) = T™x and T™xy is a fixed point of 7.

Now, assume that T"xo # T" 'z for every integer n > 1. Since T is large-Kannan
contraction (in the continuous sense), then

d (T o, T"xo) < d (T"x0, " '20) < ... < d(To,0) -

This proves that the sequence ¢,, = d (T ”+1x0,T"a:0) is strictly decreasing, hence
lini (¢, =72>0.If y> 0, then for all n > 1, we get
n—- oo

d (T”H:zcg,T"xo) > .
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Consequently, there exists § < % such that

d (T ao, T"Pag) = d(T(T o), T (T 1))
< 0 [d(T"xo, T wo) +d (T wo, T a0)] .

This implies that
(1 — (5) d (Tn+1l‘0, Tn+2l‘0) S od (T”xo, Tn+1$0) .

Thus, we have

9
1
< (- nd(T:c T?x)
=\1=5 0 0

< (&)nﬂd(xo,Txo). (1)

IN

d (T o, T" 2 z0) d(T"zo, T xy)

—5
0
=

IN

2
> d (Tnilito, Tnlfo)

Since § < 1, we see that k = %_5 < 1. So, by using (1), it follows that

lim d(T"zo, """ z0) =0, (2)

n—oo
which is a contradiction. Hence v = 0 and achieves the proof of this step.

Now, we shall prove that {z,}, given by z, = T"xq is a Cauchy sequence in X.
Suppose, to the contrary that {z,}, is not a Cauchy sequence. Thus, there exist € > 0
and subsequences of integers (Ny), (ng), (my) such that

Ny — 00, my > ng > Ng,

and
€ < d(Tmy,, Tn,,) - (3)

Since T is large-Kannan mapping, by using (3), there exists § < % such that
e<d (-kaa -Tnk) =d (Txﬂlk—la T-Tnk—l) <4 [d (xmk—la mmk) +d (-Tnk—ly xnk)] .
Letting k£ — oo, from (2), follows that

lim d(zm,—1,Tm,) = lim d(zp,—1,%n,) =0.
k—oo k—o0

Hence klim d (T, Tn,) = 0, which is a contradiction. Thus {z,}, is a Cauchy
—00

sequence in X. Finally, since X is complete, then there exists | € X such that
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lim z, = lim T"zg = [. The continuity of T" implies that T'(l) = [, which proves that
l is a fixed point of T'.
Now, suppose that I’ is another fixed point for T" such that [ # {’. Thus d (I,1') > €

for some €y > 0. Since T is Kannan-large mapping, there exists §y < % such that
A1) =d(T 1), T 1)) <do[d,T 1) +dl,T(1))].

Hence, we get d (I,1") = 0, which is a contradiction. Thus, we must have [ =’

REMARK 6. For the case of large-Kannan mappings (in the continuous sense), the
existence of fixed points is proved without any assumption on the boundedness of the
set {d (zg, T"xzp)} for some xg € X.

COROLLARY 1. Let (X,d) be a complete metric space and T : X — X be a
selfmapping on X such that 7™ is a large-Kannan mapping (in the continuous sense)
for some integer my > 1. Then T has a unique fixed point in X.

PROOF. From Theorem 4, there exists zg € X such that T™°zg = zq, then
T (T™2z) = T 2y = Tz.

This gives T™° (T'z9) = Tzy and implies that Tzy is a fixed point for T™0zy. The
uniqueness of the fixed point for the mapping 7™ (given by Theorem 4) shows that
Tzy = z9. Now, if z; is another fixed point for T, then z; is a fixed point for T7°.
Hence zy = z1, which achieves the proof.

EXAMPLE 6. Let f : R — R, defined by f(z) = —23. If x > 0, we have |z| =
r<z+ad=z—(-2%) =|z— f(2)]. Ifz <0, we have |z| = -2 < —z — 23 =
—x + (—m3) = |z — f(x)|. Let us prove that f is not a Kannan mapping. For all
z,y € R, we have

f (2) = f )| = |2* = °].
Thus
lz—f @)+ ]y —f @)l =|z+2°+y+¢°|.

By taking y = 0 and letting x+ — +o00, we get

_ 3
f@-fo W@
oo o = f@) 10— O] ~ et fo+ a?] oo fo 07

1
5"
Consequently, f need not be a Kannan mapping.

Now, set

1 1
0= {(x,y) € [—1,1]2 : |x2+y2+zy|+§|x—y|2 < 2}.
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If z,y € Q, then
|f (@) = f (W)l

2% — 3|

= |z —y||z* +y* + 2y

< (el + ) |22 + 4% + )]
< (z—Ff@[+ly—F @ ]a®+° + ]
< (=@ +ly— @) <1'2y')

So, for a given (sufficiently small) € > 0, if z,y € Q satisfying that |x — y| > €, we have

£ = 10 = (o= 7@+ b= 76D ()

1—€?

Finally, to conclude that f is a large-Kannan mapping, it suffices to take ¢ (¢) = =5
which achieves the proof.

By Rakotch [11], let ¥ denote the class of real-valued control functions (not neces-
sarily continuous) which satisfy the condition

E:{f:(O,oo)—> [o;[ f(tn)»—>;:>tn—>0(n—>oo)}.

Now, we are in position to prove a general version of Theorem 4 given as follows:

THEOREM 5. Let (X,d) be a complete metric space and T : X — X be a
selfmapping such that, for z,y € X, with « # y, we have d (Tz,Ty) < d(x,y) and for
all € > 0, there exists f. € ¥ such that

[v,y € X, d(z,y) > ] = d(T2,Ty) < fe (d(z,y))[d(z,Tz) + d(y,Ty)].
Then T has a unique fixed point zp in X.

PROOF. Let zy € X, if there exists an integer mg > 1 such that T™ (zg) =
T+ (x4), then T (T™°z0) = T™0z and T™0x is a fixed point of 7.

Now, assume that T"xzq # T" 1z for every integer n > 1. Define the sequence
{z}, by z,, = T"x¢. Hence

d(Tp,Tpy1) =d (T"xo,T"+1x0) <d (T"mO,T"_lxo) =d(Tp-1,%),

this implies that the sequence (,, = d(zn, Tp41) is strictly decreasing, consequently
lim (¢, =~ >0.If y >0, by assumption, there exists f, € ¥ such that

n—- oo

d(xnyanrl) = d (Tnx()aTnJrlmO) S fA/ (d (-’I;nflaxn)) [d (xn»$n+1) + d(CCn,h.’En)] .

Therefore
d ((En, $n+1)

d ($n7 33n+1) +d (1"”—17 xn)

DN | =

< fy (d(Tn—1,2,)) <
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Letting n — oo, it follows that

. d(xn;$n+1) Y 1 . 1
1 = him g @ @aran) < o,
"1_{20 d(xnaxn—i-l) +d (xn—laCCn) 2y 2 nl—{r;o f’y ( (.’13 1% )) 2

(4)

which is a contradiction, then we must have v = 0.
Now, we shall prove that {x,}, given by x,, = T"xq is a Cauchy sequence in X.
Suppose, to the contrary, that {z,}, is not a Cauchy sequence in X. Thus, there
exist €y > 0, subsequences of positive integers (Ny), (ng) and (my) such that

Nj — 00, myg > ng > N,

and
€0 < d(Tmy, Tny) =d (T -1, TTim,—1) - (5)

This last inequality shows that x,,,—1 # %n,—1. Now, by assumptions and using the
relation 5, there exists f. € X such that

€0 S d(xnkyxmk) = d(Tl'nk_17Txmk_1)
< fé (d (wnk—hmmk—l)) [d (xnk_l’xnk) + d(xmk—l)mmk)]
1
< 5[d(x’ﬂkflﬁxnk)+d($mk*17mmk)]'

Letting & — oo, it follows that

€0 < lim d (2, ,%m,) =0,
k— o0

which is a contradiction. Thus {z,}, is a Cauchy sequence in X. Since X is a complete
metric space, there exists zg € X such that lim =z, = zg. To prove that zj is a fixed

n—-s—4oo

point for T', we argue as follows:

Select an arbitrary integer n > 1. By using the triangle inequality, we get
d(z0,Tz0) < d(z0,Tnt+1) + d(T20, Tnt1)
= d(20,n+1) + d(Tz0, Txy).
Without loss of generality, we assume that x, # z9. Hence
d(z0,Tz0) < d(z0,Znt+1) + d(T 20, Tpi1)
< d(20, Tnt1) + 3(d(Tn, Trir) + d(20, T20)).
Similarly
0< %d(zo, Tz) < d(z0, Tnt1) + %d(azn,mnﬂ).

Letting n — 400, it follows that

1
0 < 1d(z0,Tz) < lim  d(z0,Zn41) + 3 lim d(zp,2ne1) =0.

n—-—+4o0o n—s—+o0o
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Consequently, zg is a fixed point for 7.

If T has two fixed points zg,21 € X, z9 # 21, thus, by our assumption and putting
€ = d(z0, 1), there exists f¢ (taking its values in the interval [0, §[) such that
0 < < d(Zo, Zl) = d(TZO, TZl) < f% (d(Zo, Zl)) (d(Z(), TZO) + d(Zl, TZl))

< (d(Z(], TZ()) + d(Zl, TZl)) =0.

DN = DN ™

This is a contradiction. Consequently, we must have zg = z; which achieves the proof.

REMARK 7. It is worth noting that the condition d (Tz,Ty) < d (z,y), (z #y)
does not imply the existence of the fixed point. To see this, it suffices to take (X,d) =

(R,]-]) and Ta = va2 + 1.

DEFINITION 3. Let (X,d) be a metric space and T' be a selfmapping on X. T is
said to be asymptotically regular if for each € X we have lim d (T"x, T”'Hx) =0.
n—oo
Define now the class of functions ¥/ by

S =A{f:(0,00) = [0, 1], f(tn) = 1= tn = 0(n — 00)}

In the following fixed point theorem, we drop the condition d (Tz,Ty) < d(z,y),
(z # y) and we replace it by T continuous and asymptotically regular.

THEOREM 6. Let (X, d) be a metric space and let T be a continuous selfmapping
on X which is asymptotically regular. Assume that for every € > 0, there exist f. € ¥’
such that

v,y € X, d(x,y) > e = d(Tx,Ty) < fe(d(z,y))[d(z,Tx) +d(y, Ty)].

Then T has a unique fixed point 2y in X. Moreover for each zy € X, the sequence of
iterates {T"x¢},, converges to zo.

PROOF. Let 9 € X and define the sequence {z,}, by x, = Tz for all integer
n > 1. If there exists mo > 1 such that T (x9) = T™oF! (24), then T (T™0x,) =
T™oxy and T™0x is a fixed point of T.
Now, suppose that T"zy # T" 1z for all n > 1. We shall prove that {zn}, is a
Cauchy sequence in X.
If it’s not the case, there exist ¢p > 0 and subsequences of positive integers (Ny), (ng)
and (myg) such that i lim Ny = +oo, mg > ng > Ny and d (2, Tn,) > €. Thus,

— 400
by using our assumptions and the triangle inequality, we get
d (mmk ) xnk) <d (mmk ) xmk-‘rl) +d (mmk-‘rl’ xnk-‘rl) +d (mnk-‘rlv mnk)
<d (xmk’ xmk:+1) + feo (d (wnk ) xmk)) [d (xnk ) xmle) +d (xmk ) xmk:+1)]
+d (xnkJrlv xnk) ’
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for some f, € ¥'.
Then,

[1 - féo (d (xnk’xmk))] d(xnk7xmk) < d(mnmxmk)
<[+ feo (d(@ny, Tm,))]
X (d (Ink7xnk+1) + d(xmmxmk-i-l)) : (6)

Dividing each right side in (6) by
[1 - féo (d (xnk7x"nk))] X (d (xnkvmnkJrl) +d (mmk’wkarl)) ’
and using the fact that d (zpm,, Zn,) > €, we conclude

€0 d(xnmxmk)

d (xnk7xnk+1) +d (mmkvxmk+l) d (mnk’xnk-‘rl) +d (mmk’wmk+1)
L+ feo (d(@ny, Ty )
o 1_feo (d(xnk’xmk)).

Letting & — oo, thus
1+ feo (d(Znys Tmy))

lim = +o0.
k—+oo 1 — on (d (xnk,zmk))
Consequently,
limsup fe, (d (Tn,xm)) = 1. (7)

n,m— oo

Since f,, € ¥/, we obtain

lim d(zn,zm) =0,

which is a contradiction. Hence {x,,}, must be a Cauchy sequence.

Therefore, since X is a complete metric space, there exists z, € X such that lim x,, =
2. The continuity of T implies that Tz} = z{.

If 21 is another fixed point for 7" such that zj # 27. Set d (zg,2]) = €1 > 5. Then
by assumption there exists f% € Y/ such that

zyeX, dzy) > %] — (T2, Ty) < fo (d(2,y)) [d(2,Te) +d(y,Ty)].
It follows that
d<z(l)’zi) < f61 (d (Z(/)’Zin X [d (Z(/Jszé)) + d(zi,Tzi)] =0,

which is a contradiction. Hence 2z, = z] which achieves the proof.

2.2 Large-Kannan Contractions in the Non (Necessarily) Con-
tinuous Sense

In this section, we focus our study on fixed point results for Kannan-large mappings
which are not necessarily continuous. First of all, we start by following definition
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DEFINITION 4. Let (X, d) be a metric space and let T : X — X be a selfmapping.
T is said to be a large-Kannan contraction (in the non-necessarily-continuous sense),
if for z,y € X, with x # y, we have d (Tz,Ty) < %(d (z,Tx)+d(y,Ty)), and if for all
€ > 0, there exists § < % such that

[z,y € X, d(x,y) > ¢ = d(Tz,Ty) <d[d(z,Tz)+d(y, Ty)].

REMARK 8. The following example given in [7] shows that mappings satisfying
that d (Tz,Ty) < 3(d (z,Tx) + d (y, Ty)) may fail to have fixed points.

EXAMPLE 7. Let X = {1+ 1, n=1,2,..} and dy : X x X — [0, +0o0| defined by

] 0 if x =y,
do(:z:,y)—{ x+y ifx#y.

Thus (X, dp) is a complete metric space. On the other hand, let T : (X, dy) — (X, dp)

defined by T'(1 + %) =1+ n-lu' In [7], it was proved that T satisfies the inequality

do (T, Ty) < 5(do (z, Tx) + do (y, Ty)) for x # y but T has no fixed points.

THEOREM 7. Let (X, d) be a complete metric space and let T': (X,d) — (X, d)
be a large-Kannan mapping (in the non-necessarily continuous sense). Then T has a
unique fixed point.

PROOF. The uniqueness: If T" has two fixed points zg,x1 € X,z # z1. Thus
1
0< d(l’o,xl) = d(T.’Eo, Tml) < 5 (d(.’IJQ,Tmo) + d(xl, Ta?l)) =0,

which is a contradiction.

The existence: Step 1: Let o € X and define the Picard sequence {z,}, by =, =
T™xq for all integer n > 1. If there exists an integer mg > 1 such that T™°zy =
Tmotlg,, thus T™0x is a fixed point point for T and the proof is achieved. Now,
assume that z,, = T"x¢ # T"zg = 2,41 for all n > 1. We shall prove that the
sequence €, = d(xy, Tpy1) is strictly decreasing.

We have
d(Tn, Tng1) = d(TT" oo, TT"20)) < 2(d(T" a0, T x0) + d(T" 2o, T" ' 20))
= %(d(xn—lv xn) + d(ﬂ?n, $n+1))-
So, we conclude that d(x,, xn+1) < d(xp—1,,), which proves that €, = d((zp—1,zn)
is strictly decreasing. Hence, there exists ¢y > 0 such that lirri d(Zpy Tnt1) = €o-

Step 2: eg = 0 : Suppose that ¢y > 0, since the sequence €, = d(z,, Tn11) is decreasing,
we get €9 < d(xn,xn41) for all integer n > 1. Thus, by assumption there exists
0<dg < % such that
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d({En, 33n+1) = d(TTn_l.To, TTn{II())) < 50 (d(Tn_lxo, Tn$0) + d(T"aco, Tn+1{E0))

= 60(d(xn717 mn) + d(l’n, anrl))v
which gives

d(xna xn+1) S ﬁi%od(mnfla xn)

By induction, it follows that

d(®pn, Tny1) < (1f%0)"d(330a$1)-

1
15"50 < 1. This proves that nir&w% _050)n —0

and implies liHJlr d(xy, Tpt1) = 0 which is a contradiction. Consequently €, = 0.
n—-—+00

Afterwards, since 0 < dg < %, then

Step 3: {x,}n is a Cauchy sequence in X:

If it is not the case, then there exists ap and subsequences of integers { Ny}, {ni} and
{my} with my > np > N, such that ag < d(zp,,2m,) = d(TZn,—1,TTm,—1), which
leads to deduce that x,,, —1 # %, —1.

Thus, by assumption and using the fact that the sequence €, = d(x,, T,+1) is decreas-
ing, we get

oy < d( Xy, Tny,) = A(TTny -1, Ty —1)
< L d(@np-1,Tn,) + A @mpy—1,Tm,,))
< d(Tny—1, Tny,)-
Letting £ — +o0, it follows that

ap < kEIJPoo d(xmwxm«) < kEToo d(xnmxnkfl) =0,

which is a contradiction. Hence {x,}, is a Cauchy sequence.
Since X is a complete metric space, there exists zg € X such that nln}roo Ty = 20.
Step 4: zp is a fixed point for T
Select an arbitrary integer n > 1 and using the triangle inequality, we obtain

d(z0,T20) < d(z0,Zn+1) + d(Tz0, Tpy1).

= d(20,zn+1) + d(Tz0, Txy,).

Without loss of generality, we assume that x,, # z9. Thus

d(z0,Tz0) < d(z0,Tn+1) + d(Tz0, Tpiy1).

< d(20, Tns1) + 3(d(Tn, Tri1) + d(20, T20)).

Similarly
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0< %d(ZO, Tz) < d(20, Tny1) + %d('x"’m”"'l)'

Letting n — 400, we deduce

1
0< %d(zo,Tzo) < lim  d(z0,%nt1) + = lim  d(zn, 2p41) =0.
— oo 2

n n—-+00
Hence d(zo,Tzp) = 0. Consequently, zg is a fixed point for T which achieves the proof.
REMARK 9. Following the same way given in Theorem 7, we can establish a

variants of Corollary 1 and Theorem 6 for the case of large-Kannan mappings (in the
non-necessarily continuous sense).

3 Applications

In this last section, we prove that our results established in the previous section enable
us to solve some implicit functional integral equations.

Let (8) be the integral equation formulated as a fixed point problem of the following
nonlinear mapping

Tx (t) :'yx(t)+/_1m(t,s,a:(s),Tx(s))ds where 0 < v < %, (8)

in Banach space E = C ([—1, 1] ,R) of scalar continuous functions where the investiga-
tion is essentially based on the properties of the kernel % (-, -, -, ).
Under the following assumptions:

1. k(t,s,z(s),Tx(s)) > 0fort,s € [—1,1] such that k (,-,0,-) #0and T (M) C M
where M ={z e E: -1<z(t) <1}.

¢
2. The mapping G defined by Gz (t) = / K (t, s,z (s),Tx (s))ds satisfies Gz € M
—1
for all x € M and

Gz =Gyl < (A=) [z —yll, Yo,y M, (z#vy).

3. For a given € > 0, there exists § < 527 such that if z,y € M and ||z — y|| > €,
we have for all ¢ € [—1,1]

G (t) =Gy ) [ <d(lz () =Tz (@) [+ ]y () =Ty ()]).
Then T has unique fixed point in M.

PROOF. We have

x(t)—Tx(t) = (l—y)x(t)—[1K(t,s,x(s),Tx(s))ds.
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Let z,y € M with ||x — y|| > €. Then, by using our assumptions, we get

Tz (t) — Ty (t)]

- \wx(t)y(t))+/1n<t,s,x<s>,Tm<s>>ds/ (£ 5,y (s) Ty (s)) ds

-1

< 3o (®) + T (8) — T (6) + Ty () — Ty (t) — y (1)
n / (5.2 (9, T (9) = 5 (65,9 (9, Ty 3)) s
< y(lz— Tzl + |y — Tyl + | Tz - Ty])

+6 ([l =Tzl + ly = Tyl) ,
which gives that
[Tz — Tyl <y[|Tz — Tyl + (v + ) (|l — Tx| + |ly — Tyll) -

Hence 5
v+
=7yl < (3520 ) (e = Tl + by = Tol).

Now, since 0 < § < = 37 , then %L‘; <3 L and the result is an immediate consequence of
Theorem 4.

REMARK 10. In equation (8), if T is a large-Kannan mapping (in the non-
necessarily continuous sense) which is satisfied under assumptions (1) and (3) and
if (2) is replaced by the following;

¢
(2") The mapping G defined by Gz (t) = / k(t, s,z (s), Tz (s))ds satisfies that Gz €
~1
M for all x € M and for all z,y € M with z # y, we have
Gz — Gyl < 572 (o — Gl + |y — Gyl

Thus, by the same reasoning given above and using Theorem 7, we prove that the
equation (8) has a unique solution.

REMARK 11. If G is continuous and G (M) is a compact set in M, then the fixed
point of T' can be deduced as an immediate consequence of Krasnoselskii’s theorem

since the mapping A : M — M defined by A = 1 is a contraction and satisfies that
A(M)cC M.

4 Conclusion

In applications, the implicit functional equation (8) is related to a large class of inter-
esting problems. Several authors have studied important properties of their solutions
(stability, controlability, ....). A major problem appears when the inversion of a per-
turbed differential operator does not yield a contraction and a compact mapping or
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when it is hard to check this fact, since in this situation the classical Krasnoselskii’s
fixed point result or analog does not apply. To overcome this constrainst, we solve
this equation by treating the continuous and non-continuous cases provided that the
kernel or its associated mapping satisfies large-Kannan assumptions which is the main
motivation of this work.
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