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Abstract
The aim of this paper is to present the notion of (a, 0, 8)-b-Branciari F-rational
type contractions. We also establish some new common fixed point theorems for
such mappings in an («,n)-complete Branciari b-metric spaces. We then derive
some common fixed point results in complete Branciari b-metric spaces endowed
with a graph or a partial order. We give examples in support of the obtained
results.

1 Introduction

Since the introduction of Banach contraction principle in 1922, the study of existence
and uniqueness of fixed points and common fixed points has become a subject of great
interest because of its wide applications. Many authors proved the Banach contraction
principle in various generalized metric spaces. In [10], Bakhtin introduced the concept
of b-metric spaces as a generalization of metric spaces. He proved the contraction
mapping principle in b-metric spaces that generalized the famous Banach contraction
principle in metric spaces and extensively applied by Czerwik in [11, 12]. Since then,
several papers have dealt with fixed point theory or the variational principle for single-
valued and multi-valued operators in b-metric spaces, (see [1, 2, 4, 5, 6, 7, 14, 16, 18]
and the references therein).

In the sequel, the letters N, RT, R, Fiz (T) and CFiz (S,T) will denote the set of
natural numbers, the set of all positive real numbers, the set of all real numbers, the set
of all fixed points of T" and the set of all common fixed points of S and T', respectively.

DEFINITION 1.1 ([11]). Let X be a nonempty set and s > 1 be a real number. A
function d : X x X — [0,00) is said to be a b-metric if for all x,y,z € X,

(i) d(z,y) =0 if and only if = y;
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258 Common Fixed Points

(i) d(z,y) = d(y, »);
(iii) d(z,y) < sld(z,2) +d(zy)].
In this case, the pair (X, d) is called a b-metric space (with constant s).

In [13], Branciari introduced the following definition.

DEFINITION 1.2 ([13]). Let X be a non-empty set and d : X x X — [0,00) be
a mapping such that for all z,y € X and all distinct points u,v € X, each of them is
different from x and y, one has

(i) d(z,y) =0 <=z =y;
(i) d(z,y) = d(y,z);
(i) d(z,y) <d(z,u)+d(u,v) +d(v,y).
Then (X,d) is called a Branciari metric space (for short, BMS). Roshan et al. [27]

announced the following notion by combining conditions used for definitions of b-metric
and Branciari metric spaces.

DEFINITION 1.3 ([27]). Let X be a non-empty set and s > 1 be a real number.
Given B, : X x X — [0,00). Suppose that for all z,y € X and for all distinct
points u,v € X such that each of them is different from = and y, one has the following
conditions:

(i) By (z,y) =0 =z =y;
(i) By (2,y) = By (y, ) ;
(iii) By (2,y) < s[By (x,u) + By (u,0) + By (v, 9)] -
Then (X, By) is called a Branciari b-metric space (for short, BbMS).

EXAMPLE 1.1. Let X = AU B where A = {1 : n€{2,3,4,5}} and B = [1,2].
Define By : X x X — [0, 00) such that By (x,y) = By (y, z) for all z,y € X, and

11 11 3
By(==)=B(>-)=—
b(2’3> b<4’5) 100

11 11 2
B (2’5) - (374) = 100"
B (L) =p, (L1)= 65

2°4 53 100

By (z,y) = |z — y|* otherwise.

Then (X, Bp) is a Branciari b-metric space with coefficient s = 4. But, (X, By) is
neither a metric space, nor a Branciari metric space.

LEMMA 1.1 ([27]). Let (X, Bp) be a Branciari b-metric space.
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(i) Suppose that the sequences {x,} and {y,} in X are such that x,, — =z and
Yn — Yy a8 n — 00, with x,, # x and y,, # y for all n € N. Then

1
=By (z,y) < lim inf By (2, yn) < lim sup By (T, yn) < sBp (z,y) .
S n——-aoo n—-~oeo

(ii) If y € X and {z,} is a Cauchy sequence in X with z,, # z,, for infinitely many
m # n € N, converging to x # y, then

fBb (z,y) < lim_inf By (z,y) < lim sup By (vn,y) < sBy (2,9),

n—-m:a9©0

for all n € N.

Hussain et al.[23] (see also [21]) extended the notions of a-t-contractive and a-
admissible mappings. They stated some interesting results. Also, Hussain et al. [23] in-
troduced a weaker notion than the concept of completeness and called it a-completeness
for a metric space.

DEFINITION 1.4 ([23]). Let T : X — X be a self-mapping and o, : X x X —
[0,400) be two functions. We say that T' is («, n)-admissible if

z,y € X, alz,y) > 1= a(Tz,Ty) > 1,
and
z,y € X, n(z,y) < 1= n(Tz,Ty) <1
DEFINITION 1.5 ([23]). Given T : X — X and a,n: X x X — [0,400). T is said
triangular (o, n)-admissible if
(Th) a(z,y) > 1= a(Tz,Ty) > 1, 2,y € X;
(T2) n(z,y) <1=n(Tz,Ty) <1, 2,y € X;

>

(T3){ E“ y;; = a(z,y) > 1, for all z,u,y € X;
n(z,u) <1

(T4){ Eu’ ;Sl = n(z,y) <1, for all z,u,y € X.

DEFINITION 1.6 ([23]). Let (X, d) be a metric space or a Branciari b-metric space
and o, n: X x X — [0,00) be two functions. Then X is said to be (a,n)-complete if
every Cauchy sequence {z, } in X satisfying a(xy, Tpn41) > 1 or n(Tn, Tpe1) < 1 for all
n € N, is convergent in X.

DEFINITION 1.7 ([23]). Let (X, d) be a metric space or a Branciari b-metric space.
Let T : X — X be a mapping and o,n : X X X — [0,4+00) be two given functions.
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T is (o, n)-continuous on (X,d) if for given z € X and a sequence {z,} in X with
a(Tp, Tpt1) > 1 or n(z,, xpe1) < 1for all n € N such that z,, — x as n — +o00, then
Tx, — Tx as n — +00.

DEFINITION 1.8. Let (X,d) be a metric space or a Branciari b-metric space and
a,m: X x X — [0,00) be two given functions. We say that (X, d) is («,n)-regular if
xTn, — ¥ as n — oo where a (T, Tpt1) > 1 or N (zy, Tpe1) < 1, for all n € NU{0},
imply that « (z,,2*) > 1 or  (x,,2*) <1 for all n € NU{0}.

In 2012, Wardowski [20] introduced the notion of F-contractions and proved variant
fixed point theorems concerning F-contractions. For particular cases for functions F',
one can obtain several known contractions from the literature, including the Banach
contraction (see [3, 9, 22, 28]).

DEFINITION 1.9 ([20]). Let (X,d) be a metric space. A mapping T': X — X is
said to be a F-contraction if there exist F' € F and 7 > 0 such that

Ve,y € X, d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F (d(z,y)),

where F is the set of functions F : (0,00) — (—o0, 00) satisfying the following condi-
tions:

(F1) F is strictly increasing, i.e., for all z,y € RT such that = <y, F(z) < F(y);
(F2) For each sequence {a,} of positive numbers,

lim F (a,) = —oo if and only if lim a,, = 0;

n—oo

(F3) There exists k € (0,1) such that lim,_o+ o*F(a) = 0.

THEOREM 1.1 ([20]). Let (X,d) be a complete metric space and let 7' : X — X
be a F- contraction. Then T has a unique fixed point z* € X and for every z € X,
the sequence {T"x},cn converges to z*.

Later, Piri and Kumam [17] modified the notion of F-contractions by changing (F'3)
by (F'3): F is continuous.

Denote A the set of functions F' : (0,00) — (—o00,00) satisfying (F'1), (F2) and
(F'3).

EXAMPLE 1.2. The following are some examples of functions belonging to Apg:

(1) Fy (t) = Int, B) Ft)=t—1, (6) F5(t) =11

(2) F2(t) = g, r >0, (4) Fu(t) = =5,
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DEFINITION 1.10 ([28]). Let (X, d) be a Branciari metric space. Then T': X —
X is said to be a Branciari F-rational contraction, if there exist F' € F and 7 > 0 such
that

Ve,y e X, d(Tx,Ty) >0= 7+ F (dTz,Ty)) < F(M(x,y)),

where

M (z,y) = max {d(m, y),d(z,Tx),d(y, Ty), d(z, Tw)d(y, Ty) d(z,Tx)d(y, Ty) }

l+d(z,y) ~ 1+d(Tz,Ty)

THEOREM 1.2 ([28]). Let (X,d) be a complete Branciari metric space and T :
X — X be a Branciari F-rational contraction. If T or F' is continuous, then T has a
unique fixed point in X.

As in [29], let Ag be the set of functions 8 : (0,00) — (0,00) satisfying the
following conditions:

(61) liminf, . B(t;) > 0 for all real sequences {¢;} with ¢; > 0;

(82) > B(t;) = +oo for each positive sequence {t;}.
i=0

Hussain et al. [29] established some fixed point results for generalized F-contractive
mappings in the setup of Branciari b-metric spaces as follows.

THEOREM 1.3 ([29]). Let (X, Bp) be a complete Branciari b-metric space with
parameter s > 1. Given a,n: X X X — [0,00) and T: X — X. Assume that

(i) T is triangular («,n)-admissible;
(i) for all z,y € X (with a(z,y) > 1 or n(z,y) < 1) and By(Tx,Ty) > 0, we have

8 (Bila) + F (2B 1y)) < £ QR0 ke Bin ),

asBy(y, Ty) + cauBy(y, T'x)

where § € Ag, F € Ap and «; > 0 for ¢ € {1, 2, 3,4} such that Z?zl a; =1 and
ag < %;

(iii) there exists xg € X such that a(zg, Txo) > 1 or n(xg, Txo) < 1;
(iv) T is («,n)-continuous.

Then T has a fixed point. If in addition, a(x,y) > 1 or n(z,y) < lforall z,y € Fix(T),
then such fixed point is unique.
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2 Main Results

We begin with the following concepts.

DEFINITION 2.1. Let S,T : X — X be self-mappings and o, n: X x X — [0, +00)
be two functions. We say that the pair (S,T) is («, n)-admissible if

z,y € X, a(z,y) > 1= «(Sz,Ty) > 1 and «(Sz,Ty) > 1,

and
z,y € X, n(z,y) <1 = n(Sz,Ty) <1and n(Sz,Ty) < 1.

DEFINITION 2.2. Let S,7 : X — X and o,n: X X X — [0,+00). We say that
the pair (S,T) is triangular (a,n)-admissible if

(Th) a(z,y) > 1= a(Sz,Ty) > 1 and a(Sz,Ty) > 1 for all z,y € X

(Ts) n(z,y) <1 = n(Sz,Ty) <1and n(Sz,Ty) <1 forall z,y € X;

>
(T5) { a(x,u);i = a(z,y) > 1 for all z,u,y € X;

n(@,u) <1
(T4){ (wy) < 1 = n(z,y) <1 for all z,u,y € X.

Note that the concepts given in Definition 2.1 and Definition 2.2 are not concerned
by the note of Berzig and Karapinar [30]. Now, we state and prove our main results.

DEFINITION 2.3. Let (X, By) be a Branciari b-metric space with parameter s > 1
and let S, T be self-mappings on X. Suppose that o,7: X x X — [0,00) are two
functions. We say that the pair (S, T) is an (a, 7, §)-b-Branciari F-rational contraction,
if for all z,y € X with (a(z,y) > 1 or n(z,y) < 1) and By(Sz,Ty) > 0, we have

Vl’,y € Xa d(vaTy) >0= 6(Bb(x7y)) +F (Ssz(SfE,Ty)) S F(Wb(‘r’y))v (1)

where 8 € Ag, F' € A and

(2)

Bb($7 y)a Bb(x7 SZL’), Bb(y7 Ty)v Bb(y7 S$),
Wy(z,y) = max By (¢,52)By(y.Ty) By (z,Sx) By (y,Ty) :
s+By(z,y) ’ s+By(Sz,Ty)

THEOREM 2.1. Let (X, Bp) be a complete Branciari b-metric space with parameter
s and let S,T: X — X be self-mappings satisfying the following conditions:

(i) the pair (S,T) is triangular (o, n)-admissible;
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(i) (S,T) is an (a,n, B)-b-Branciari F-rational contraction;
(iii) there exists xg € X such that a(zg, Sxzo) > 1 or n(xg, Szo) < 1;
(iv) S and T are (o, n)-continuous.

Then S and T have a common fixed point. Moreover, S and T" have a unique common
fixed point when a(z,y) > 1 or n(z,y) <1 for all z,y € CFiz(S,T).

PROOF. Let 2y € X such that a(zg,Txo) > 1 or n(xg,Txo) < 1. Define a
sequence {z,} by x2;,41 = Sxe; and ;49 = Taxe;4q1 for ¢ = 0,1,2,.... Since the
pair (S,T) is triangular («,7n)-admissible, we get a(x1,22) = a(Szo,Tx1) > 1 or
n(z1,x2) = n(Sxo, Tx1) < 1. Continuing in this process, we get

Oé(l’n,$n+1) > 1or n(xnaxn+1) < 17

for all n € NU{0}. If for some n, x,, = £,,+1, then z,, is a common fixed point of T
and S. From now on, without loss of generality, we can assume that

Ty # Tpt1,V n € NU{0}.
Since (S,T) is an («,n, B)-b-Branciari F-rational contraction, we derive

F (By(x2i+1, Z2i4+2)) F (By(Sw2i, Tr2i41))
B (By(z2i, £2i41)) + F (Bp(Sz2i, Txi41))

<
< F(Wy(z2i,T2i41)) (3)

where

By(x2i, 2i+1), By (w2, S2i),

By(22i41, T22i11), Bo(T2i11, S®24),

Wb(x21a$2i+1) = maxX By (x2i,572i) By (2i41,TT2i41)
s+Bp(x2i,T2i11) )

By (2i,S2i)Bp(z2i41,TT2i41)
s+Bb(Sin,Tx2i+1)

By(x2i, 2i41), By(r2i, Z2i41),

Bb($2i+1 ) 1'2i+2), Bb($2i+1, T2i+1 ),
= max By (w2i,%2i41) By (2i41,T2i12)
s+Bp(T2i,T2i+1) ?
By (x2i,%2i41)By(2i41,T2i12)
5+ By (z2it1,T2i42)

= max {By(x2i, T2i+1), Bo(T2i+1, T2it2) } -

If Wb(l‘gi, $2i+1) = Bb(I2i+1, IEQH_Q) for some i, then from (3), we have
F(By(%2i+1, %2i42)) < F'(Bp(®2i+1, ¥2i42)) ,

which is a contradiction. We conclude that Wy (za;, z2i+1) = Bp(2ai, x2:41) for all .
By (3), we get that

F (Bp(x2i41, Z2i42)) < F (By(2i, T2i41)) -
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Since F is strictly increasing, we deduce that
By (22i11,T2i42) < Bp(wai, x2:41) for all ¢ € NU{0}.
This implies that
By(zpt1, Tnt2) < By(xn, zpy1) for all n € NU{0}.
Again, (1) implies that
F(By(tnt1,Tnr2)) < F (By(Tn, Tny1)) = B (By(@n, Tni1)) -

Therefore,

F(By(#n+1,2n42)) < F(Bo(@n, Znt1)) — B (Bo(@n, Tnt1))
< F (Bb(xna wn+1)) -8 (Bb(xn;xn—&-l)) -8 (Bb(xn—laxn))

n

< F(By(zo,21)) = Y B(Bp(wz,2211)).

z=0
Letting n — oo in above inequality and using (52), we have

lim F (Bb(xn+17xn+2)) = —090,

n—oo

and from (F'2), we obtain
nILH;oBb(:I;nJrl’ .’I]n+2> =0. (4)

On the other hand,

F (By(72i41,72i43)) F (Ssz(m2i+1;$2i+3))
B (By(22i, ¥2i42)) + F (s* By(Sw2i, Tw2i42))

F (Wy(w2i, T2i42)) 5 (5)

IN AN A

where

By(x2, T2i42), By(x24, S2;),

By(w2i42, T22i12), Bo(T2i12, ST2:),
Wb(xgi,x2i+2) = max By (22i,S22:) By (22i42,TT2i42)
5+Bp(T2i,T2i+2) ’
By (x2:,Sx2i) By (2i42,TT2i12)
5+ By (S72:,Tx2i42)

Bb(x2i7 2E2i+2), Bb(iﬂzi, 3321'+1)>

By(x2i11, T2i13), By(z2i42, Z2i41),
= max By (w2i,%2i41) By (2i42,T2i13)

s+ By (z2i,T2i+2) ’
By (w2i,22i41) By (2i42,T2i13)

5+ By (T2i+1,02i43)

= max {Bb(iﬁm, $2¢+2), Bb(m2i+1a $2i+3)} .
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If Wy(xos, Toiy2) = Bp(x2i+1, Toiv3) for some i, then from (5), we have
F (By(22i41, 72i13)) < F (By(w2i11,T2i43)) s

which is a contradiction. We conclude that Wy(za;, z2i+1) = Bp(2ai, x2i42) for all .
By (5), we get that

F (By(w2i41, T2i42)) < F (By(22i, ¥2i41)) -
Since F' is strictly increasing, we deduce that
By (2i+1, T2i+3) < Bp(z2i, x2i42) for all i € NU{0}.
This implies that
By(xnt1,Tnt3) < By(xn, Tpye) for all n € NU{0}.
Taking the limit as n — oo in the above and using (4), we have

lim By(zp+1, Tnys) = 0. (6)

n—oo

Next, we show that {z,} is a B,-Cauchy sequence in X. Suppose that there exists
€ > 0 such that for all & € N, there exist m; > n; > j such that By (mm]. , xn].) > e. Let
n; be the smallest number satisfying the condition above. We have

By, (l‘mj,l’nj_l) <e. (7)
Therefore,

€ By (wm, s Tn, )

8 [Bb (xmwxmrf'l) + By (xmj+17$nj+1) + By (xnj,anl)] : (8)

IN N

By taking the upper limit as j — oo in (8) and using (4), we get

)

< lim sup By (T, 41, Tn,, ) - 9)

J—00
From rectangular inequality, we have

By (xmj,xnj) < s[By ($mj,$nj—1) + By (x"j—l’x"j-i-l) + By (xnj—bxnj)}' (10)
By (4), (6) and (7), we have

lim sup By (:cmj,xnj) < se. (11)

J—00

Also,

By (fn_77$m_j+1) < s[By (xnj,mn].,l) + By (wnj*l’mmj) + By (xm.j’xmj+1)]‘
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Again, from (4) and (7),
lim sup B, (xnj,:z:mjﬂ) < se. (12)

Jj—o0
Applying (1) to conclude that
F (s*By(@m,41,%nj41)) = F (5*By(Szm,, Tnj))

< F (Wb(ﬂ?mj,$nj)) - 6 (Bb(xmjyxnj)) ’
where
Bb(zmj)xnj)vBb(xm_7'7wmj+l)a
W Lo . Lo ) = Max Bb(xn.,mn.+1),Bb(xn.,$m.+1),
b( mio nJ) Bb(znzj7$mj+1)Bb(a]7nj7$7sz+1) Bb(wm]j1-ij]+1)Bb(Inj7$nj+1)
$+Bp(Tm;,Tn ;) ’ 5+ By (@m;+1,Tn;+1)

Taking the upper limit as j — oo and using (F'1), (9), (11) and (12), we have

F (525) < F (52 lim supBb(xmj+1,a:nj+1))

S Jj—00

lim sup By(Zom,;, Tn; ),

< F oo — lim inf 3 (B v .
SIS s Bute, ) [ | A (Bl 2)

< F(max{se,se}) — lim inf B (By(@m,,zn,)),
j—oo

which implies that
lim inf 8 (Bb(xmj,xnj)) =0. (13)
j—o0
It is a contradiction with respect to the fact that By (:cmj , a?nj) > ¢, because of the prop-
erty (81). Therefore, {z,} is a By-Cauchy sequence. Since (X, Byp) is («, n)-complete
and a (Tp, Tpt1) > 1 or n(z,, zpy1) < 1 for all n € NU {0}, the sequence {z,}
By-converges to some point z* € X, that is, lim By (x,,2*) = 0. This implies that
lim By (22;41,2*) = 0 and lim By (z2i42,2*) = 0. Since T is (a,n)-continuous, by
1—>00 1—>00
Lemma 1.1, one writes
1
*Bb (Z'*7 Tl'*) = hm inBb ($2i+1, T$2i+1)
S i—00
< limsupBy (z2i41, Tx2i41) = limsupBy (2241, T2i42) = 0.
Hence By (x*,Tz*) = 0, and so * = Tx*. Similarly, z* = Sa*. Therefore, z* is
a common fixed point of S and T. Let y* € CFix(S,T) such that y* # z*, and
a(z*,y*) > 1orn(z*,y*) < 1. Then

B (Bo(z",y%)) + F (Bp(Sz™, Ty"))
< B(Bo(z*,y")) + F (s°By(Sz*, Ty"))

By(x*,y*), By(z*, Sx*), Bo(y*, Ty"),
Bb(y*75$*)7
< F | max By(z*,Sz*) By (y*, Ty")
St Byt y)
By(z",Sz" ) By (y", Ty")
s+By(Sz*,Ty*)
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We get
B(By(x",y")) + F (By(a”,y")) < F (Bu(z",y"))

which is a contradiction. Hence z* = y*. Therefore, S and T have a unique common
fixed point.

Theorem 2.1 is illustrated by the following example.

EXAMPLE 2.1. Let X = {1,2,3,4,5}. It is easy to check that the mapping
Bp: X x X — [0,+00) given by

By (z,x) 0, forallz e X,

By(1,3) = By(1,5) = By (2,3) = By (3,5) = 1,
By (2,4) = By(2,5) =By (4,5) =4,

By (1,2) = 9,

B, (1,4) = By(3,4) =10,

By (z,y) By (y,z), forall z,y € X,

is a Branciari b-metric on X with s = 3. Define 3 : (0,00) — (0,00) by 3 (t) = t+ 1i5.
Then 8 € Ag. Also, define F : (0,00) — (—00,0) by F (t) =t + Int, for all ¢ > 0.
Then F' € Ap. Define the mappings S,7: X — X and «a,n: X x X — [0,00) by
Sr=3 forallx € X,
T(1)=3, T(2)=5 T@3)=3,
TMA4) =1 T() =2,
and

(1,4),
a(z,y) = 1+mm“+”7(%”6{<&®x&n}’

1 .
PEsseE=nR) ot heI'VVlSG7

tanh (z +y), (z,y) 6{ (3,(41)7,4()3’,1) }

34+ e @Y otherwise.

n(z,y) =
Then S and T are (o, n)-continuous and the pair (S,T) is triangular (o, n)-admissible.
Let g = 1. We have
a(l,5(1)=a(l,1) >1orn(1,5(1)) =n(1,1) <1
For (z,y) € {(1,4),(3,4)}, a(z,y) > 1 or n(z,y) <1 and By (Sz,Ty) > 0, we have
B8 (By(w,)) + F (s*By(Sz,Ty)) < F (Wi(z,9)).

Thus all conditions of Theorem 2.1 are satisfied and 3 is the unique common fixed point
of Sand T.

THEOREM 2.2. Let (X, By) be a complete Branciari b-metric space with parameter
s>1andlet S,T: X — X be self-mappings satisfying the following conditions:
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(i) the pair (S,T) is triangular (o, n)-admissible;

(i) (S,T) is an (a,n, B)-b-Branciari F-rational contraction;

(iii) there exists xg € X such that a(xo, Szg) > 1 or n(xo, Szp) < 1;

(iv)

Then S and T have a common fixed point. Moreover, S and T have a unique common
fixed point when a(z,y) > 1 or n(z,y) <1 for all z,y € CFiz(S,T).

(X, Bp) is an («, n)-regular Branciari b-metric space.

PROOF. Let zp € X such that a(zg,Szg) > 1 or n(zg,Sxo) < 1. As in the
proof as in Theorem 2.1, we construct a sequence {x,} in X defined by zo;11 € Sza;
and Zg;12 € Txo;y1 (i > 0) such that a(xn,zpt1) = 1 or n (2, Tny1) < 1, for all
n € NU{0} and z,, — 2* € X as n — oo. By condition (iv), we have a (z,,2*) > 1

or 1 (zy,,z*) <1 for all n € NU{0}. From (1), we have

B (By(z2n,x*)) + F (By(Szan, TT"))
B (Bp(xon,z*)) + F (S2Bb(5$2n7 Tm*))

By(z2n,2"), By(@on, Ston), By(2*, Tx*),

Bb(ZC*, S$2n)7
< F | max By (z2n,522,) By (2™, Tx™) ,
s+DBy(z2n,2*) ’
Bb($2nvS$2n)Bb($*aTw*)
s+ By (Szan,Tz*)

IN

which implies

Bb(x%u $*), Bb($2n7 $2n+1)a Bb(l'*v Tx*),

Bb(w*ax2n+l)a
F(Bb(x2n+1,Tx*)) < F | max By (z2n,T2n41)By (™, T2™)
s+ By (22n,2*) ’
Bb(xnax2n+1)Bb(x*7Tx*)

s+ By (z2n+1,T2*)

From (F1), we have

By(x2pn, "), By(Zon, Tant1), Be(a*, Tx*),

Bb(x*a m2n+1)7
Bb(I2n+1, TIL‘*) < max By (22n,%2n+1) By (z”,Tx™)
s+ Bp(zan,x*) )
By (z2n,2n+1)By (™, Tx")
s+By(zany1,Tx*)

Suppose that z* # Ta*, then By (z*,Tz*) > 0. From Lemma 1.1, we get

1
=By (z*,Tz*) = liminfBy (x2,41,Tx")
S n—->:o00
< limsupBy (z2n41,T2") < By (2%, T2").

n——:oQ

Hence By (z*,Tx*) = 0, which is a contradiction. Therefore, * = Tz*. Similarly,
z* = Sx*, so x* is a common fixed point of S and 7. The uniqueness follows similarly
as in Theorem 2.1.
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Now, we state the following corollaries. The first one is easy.

COROLLARY 2.1. Let a,n: X x X — [0, 00) be two functions and (X, Bp) be an
(a, n)-complete Branciari b-metric space. Consider S,T: X — X two self-mappings
satisfying the following conditions:

(i) for all z,y € X with (a(z,y) > 1 or n(z,y) < 1) and By(Sz,Ty) > 0, we have
B (By(z,y)) + F (s*By(Sz, Ty))
< F (Oéle(.’E, y) + OZQB[;(SU7 S{E) + aSBb(yv Ty) + O[4Bb(y7 S{L‘)) )

where 8 € Ag and «; > 0 for i € {1,2,3,4} such that E?Zl oa; =1, a3 < % and
Fe AF;

(ii) the pair (S,T) is triangular («, n)-admissible;
(iii) there exists zp € X such that a(zg, Szg) > 1 or n(zg, Sxo) < 1;

(iv) either S and T are (a,n)-continuous, or (X, Bp) is an (a,n)-regular Branciari
b-metric space.

Then S and T have a common fixed point.
Taking S =T in Corollary 2.1, we state the following result.

COROLLARY 2.2 ([29]). Let a,n : X x X — [0, 00) be two functions and (X, By)
be an («a,n)-complete Branciari b-metric space. Let T: X — X be a self-mapping
satisfying the following conditions:

(i) for all z,y € X with (a(z,y) > 1 or n(z,y) < 1) and By(T'z, Ty) > 0, we have
B(By(w,y)) + F (s*By(T'z, Ty))
< F (ale($7 y) + QQBb(xv TiL') + QBBb(yv Ty) + O[4Bb(y7 Tl')) )

where 8 € Ag and «; > 0 for i € {1,2,3,4} such that Z?:l oa; =1, a3 < % and
Fe AF;

(ii) T is triangular («, n)-admissible;

(iii) there exists zg € X such that a(zg, Txg) > 1 or n(xg, Txo) < 1;

(iv) either T is («,n)-continuous, or (X, By) is an (a,n)-regular Branciari b-metric
space.

Then T has a fixed point. Taking 8 (¢) = 7(> 0) in Theorem 2.1 and Theorem 2.2, we
state the following corollary (an extension of Wardowski result [20]).

COROLLARY 2.3. Let a,n : X x X — [0, 00) be two functions. Let (X, By) be an
(a, m)-complete Branciari b-metric space. Consider S,T: X — X two self-mappings
satisfying the following conditions:
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(i) the pair (S,T) is triangular (o, n)-admissible;
(ii) for all z,y € X with a(x,y) > 1 or n(z,y) < 1 and By (Sz,Ty) > 0, we have
T+ F (s*By(Sz,Ty)) < F (By(x,y)),
where 7 > 0 and F' € Ap;
(iii) there exists xg € X such that a(zo, Szg) > 1 or n(zo, Szo) < 1;

(iv) either S and T are (o, n)-continuous, or (X, Bp) is an (o, n)-regular Branciari
b-metric space.

Then S and T have a common fixed point.
Taking S = T in Corollary 2.3, we have

COROLLARY 2.4. Let a,p : X x X — [0,00) be two functions, (X, By) be
an (a,n)-complete Branciari b-metric space and let S: X — X be a self-mapping
satisfying the following conditions:

(i) S is a triangular («,n)-admissible mapping;
(i) for all z,y € X with a(z,y) > 1 or n(z,y) <1 and By (Sz, Sy) > 0, we have
T+ F (s*By(Sz, Sy)) < F (By(,y)) ,
where 7 > 0 and F € Ap;
(iii) there exists 2y € X such that a(zg, Szg) > 1 or n(zg, Sxg) < 1;

iv) either S is («,n)-continuous, or ,By) is an (a, n)-regular Branciari b-metric
i ither S i ti X, By) i lar B iari b-metri
space.

Then S has a fixed point.

EXAMPLE 2.2. Let X = {0,1,2,3}. Define B, : X x X — [0,00) by

B,(0,3) = By(2,3)=DB,(0,2) =1,
By (173) = 3, By (071) =6, By, (172) =95,

By(z,z)=0 and By(x,y)= By (y,z), forall z,y € X.

Obviously, (X, By) is a Branciari b-metric space with s = g, but (X, By) is not a b-
metric space with the same coefficient s because the triangle inequality does not hold
for all z,y,z € X. Indeed,

24

6:Bb(o,1)>g[Bb(o,3)+Bb(3,1)]:§[1+3]:?
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Note that (X, Bp) is not a Branciari metric space because the rectangular inequality
does not hold for all all z,y,u,v € X. Indeed,
6=DB,(0,1) > By(0,2)+ By (2,3) + B,(3,1) =1+ 1+ 3 =5.
Let S,T : X — X be defined as
0, z=0,

S(x)= 0, =€{0,1,2}, and T (z) =< 2, z€{1,2},
2, z=3 1, z=3

Define F : (0,00) — (—o0,00) by F (t) = Int, for all ¢ > 0. Also, we define «,n :
X x X —[0,00) by

2, we(z,y) €{0,1,2},

a(z,y) :{ %, otherwise,

1’ x€{071’2}’

and 7 (z,y) = { %, otherwise.

For (z,y) € {(0,1),(1,2)} such that a(z,y) > 1 or n(z,y) < 1 and By (Sz,Ty) > 0,

we have

T+ F (s*By(Sx,Ty)) < F (By(2,y)).

Thus all the conditions of Corollary 2.3 are satisfied with 7 € (0,1]. Thus S and T has
a common fixed point, which is, z = 0.

Now, taking F (¢t) = In¢ in Theorem 2.1 and Theorem 2.2, we state the following
result.

COROLLARY 2.5. Let a,n : X x X — [0, 00) be two functions. Let (X, By) be an
(ar, m)-complete Branciari b-metric space. Consider S,T: X — X two self-mappings
satisfying the following conditions:

(i) the pair (S,T) is triangular («, n)-admissible;
(i) for all z,y € X with a(z,y) > 1 or n(z,y) <1 and By (Sz,Ty) > 0, we have
$2By(Sz, Ty) < e PBEDW, (2, 1),
where 8 € Ag, F € Ap and Wy(x,y) is defined by (2)

(iii) there exists xg € X such that a(zo, Szg) > 1 or n(z, Sxzp) < 1;

(iv) either S and T are (a,n)-continuous, or (X, Bp) is an («,n)-regular Branciari
b-metric space.

Then S and T have a common fixed point.
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3 (G-p-b-Branciari F-Rational Contractions

Consistent with Jachymski [31], let (X, By) be a Branciari b-metric space and let A
denote the diagonal of the Cartesian product X x X. Consider a directed graph G
such that the set V (G) of its vertices coincides with X, and the set E (G) of its edges
contains all loops, that is, E (G) 2 A. We assume that G has no parallel edges, so we
can identify G with the pair (V (G), E (G)).

DEFINITION 3.1 ([29]). Let (X, Bp) be a Branciari b-metric space endowed with
a graph and let S: X — X be a given mapping.

(i)

(X, By) is said to be G-complete if every Cauchy sequence {z,} in X satisfying
(Tns Tny1) € E(G) or (Tp41,2n) € E(G) for all n € N, is convergent in X.
(

(ii) (X, Bp) is said to be G-regular if for each sequence {z,} in X satisfying =, —
and (Tn,ZTnt1) € E(GQ) (resp. (Tnt1,2n) € E(G)), we have (z,,z) € E(G)
(resp. (z,z,) € E(G)) for all n € N, we have

T, —  — Sz, — Sx.

The main result of this section is

THEOREM 3.1. Let (X, Bp) be a G-complete Branciari b-metric space such that
for all (z,y) € E(G) and (y,2) € E(G), we have (z,2) € E(G). Let ST : X — X
be self-mappings satisfying the following assertions:

(i) for all z,y € X with (z,y) € E(G), we have (Sz,Ty) € E(G);
(ii) S and T are monotone and the following inequality holds
B(By(w,y)) + F (s*By(Sz, Ty)) < F (Wi(z,y)),

for all xz,y € X with ((z,y) € E(G) or (y,z) € E(G)) and By (Sz,Ty) > 0,
where 8 € Ag, F € Ap and Wy(z,y) is defined by (2);

(iii) there exists xg € X such that (zg,Szo) € E (G) or (Szo,x0) € E (G);

(iv) either S and T are G-continuous, or (X, Bp) is a G-regular Branciari b-metric
space.

Then S and T have a common fixed point. Moreover, S and T" have a unique common
fixed point when (z,y) € E(G) or (y,z) € E(G) for all x,y € CFiz(S,T).

PROOF. This result is obtained as a consequence of Theorem 2.1 and Theorem 2.2
by taking

_ |1 (zy)eE(G), _ |1 (y,2) e E(G),
a(z,y) = { 0, otherwise, and 7 (z,y) = 2, otherwise.
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As a consequence of Theorem 3.1, we have

COROLLARY 3.1. Let (X, Bp) be a G-complete Branciari b-metric space such that
for all (z,y) € E(GQ) and (y,z2) € E(G), we have (z,2z) € E(G). Let S,T : X — X
be self-mappings satisfying the following assertions:

(i) for all z,y € X with (z,y) € E(G), we have (Sz,Ty) € E(G);

(ii) S and T are monotone and the following inequality holds for all z,y € X with
((z,y) € E(G) or (y,z) € E(G)) such that B, (Sx,Ty) > 0 and

" By(Sz, Ty) < e PP Wy (x,y),
where 8 € Ag, F € Ap and Wy(z,y) is defined by (2);
(iii) there exists zp € X such that (xg, Szo) € F(G) or (Szo, zo) € E (G);

(iv) either S and T are G-continuous, or (X, Bp) is a G-regular Branciari b-metric
space.

Then S and T have a common fixed point.

4 Ordered (-b-Branciari F-Rational Contractions

Fixed point theorems for monotone operators in ordered metric spaces have been widely
investigated and have had various applications in differential and integral equations and
other branches, (see [23, 24, 25, 26] and the references therein).
Let < be a partial order on X. Recall that T : X — X is nondecreasing if for all
z,y € X,
zXy=Tzx Ty.

DEFINITION 4.1 ([29]). Let (X, By, <) be an ordered Branciari b-metric space and
S: X — X be a given mapping.

(i) (X, By) is said to be <-complete if every Cauchy sequence {z,} in X satisfying
Ty =X Tpy1 OF Tpy1 =y, for all n € N is convergent in X.

(ii) (X, Bp) is said to be =<-regular if for each sequence {z,} in X satisfying z,, — «
and @, = ZTp41 (r€Sp. Tpi1 = Tp), we have z, <z (resp. = = x,) for all n € N|
we have

T, — * — Sz, — Sx.

Our result is

THEOREM 4.1. Let (X, By, =) be an =<-complete partially ordered Branciari b-
metric space. Let S,T: X — X be two self-mappings satisfying the following asser-
tions:
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(i) the pair (S,T) is triangular (a,n)-admissible;
(ii) S and T are monotone and the following inequality holds
B(By(w,y)) + F (s*By(Sz,Ty)) < F (Wy(w,y)),

for all z,y € X with (z < y or y < z) and B, (Sz,Ty) > 0, where § € Ag,
F € Ap and Wy(x,y) is defined by (2);

(iii) there exists xg € X such that x¢g < Szg or Sxg = xo;
(iv) either S and T are <-continuous, or (X, By) is =-regular.

Then S and T have a common fixed point.

PROOF. It suffices to take in Theorems 2.1 and 2.2,

_J L z=y _J L y=z
o (z,y) = { 0, otherwise, and 7 (z,y) = { 2, otherwise.

Taking F' (t) = Int in Theorem 4.1, we state the following corollary.

COROLLARY 4.1. Let (X, By, X) be an <-complete partially ordered Branciari b-
metric space. Let S, T: X — X be self-mappings satisfying the following assertions:

(i) the pair (S,T) is triangular (o, n)-admissible;
(ii) S and T are monotone and the following inequality holds
s”By(Sz, Ty) < e PP@IW (2, ),

for all z,y € X with (z < y or y < z) and By (Sz,Ty) > 0, where 5 € Ag,
F € Ap and Wy (z,y) is defined by (2);

(iii) there exists xg € X such that xg < Szg or Szg = xo;
(iv) either S and T' are <-continuous, or (X, By) is =-regular.

Then S and T have a common fixed point.
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