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Abstract

In this paper, we introduce a new class of contraction mappings using the
family of R functions introduced by A. F. R. L. de Hierro and N. Shahzad [Fixed
Point Theory Appl. (2015) 2015:98] and proved an interesting result on the
existence of coincidence points using such class of mappings. Also, to illustrate
the usability of the result obtained, we provide an example which guarantees the
existence of a solution for a nonlinear equation.

1 Introduction and Preliminaries

To begin with, we have the following definitions, notations and results which will be
used in the sequel.

DEFINITION 1.1 ([3]). A mapping G : [0, +00)? — R is called a C-class function
if it is continuous and satisfies the following conditions:

(1) G(s:8) <5
(2) G (s,t) = s implies that either s =0 or t = 0, for all s,¢ € [0, +00).
For C-class functions see also [4, 6, 12].

In [12], the authors generalized the simulation function introduced by Khojasteh et
al. ([11]) using the function of C-class as follows:

DEFINITION 1.2. A mapping G : [0,+00)? — R has the property Cg, if there
exists an Cg > 0 such that

(3) G (s,t) > Cg implies s > t;
(4) G(t,t) < Cg, for all t € [0,400).

Some examples of C-class functions that have property Cg are as follows:
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a) G(s,t)=s—1t,Cg=r,r€0,+00);
b) Gst) = s — ZH00 g — 0,

1+t
) G(s,t) = k>1,Cq =

S T
1kt e T2 2

For more examples of C-class functions that have property Cg see [5, 6, 12].

Recently, Khojasteh et al. ([11]) (also see [2, 7, 13]) introduced a new approach in
the fixed point theory by using the following:

DEFINITION 1.3. A simulation function is a mapping ¢ : [0,00)? — R satisfying
the following;:

(5) ¢(t,s) <s—tforallt,s>0;

(6) if {t,},{sn} are sequences in (0,4oc0) such that lim ¢, = lim s, > 0, and
t, < Sp, then limsup ¢ (t,, 55,) < 0.

n—o0

DEFINITION 1.4. A Cg-simulation function is a mapping ¢ : [0,+00)? — R
satisfying the following:
(7) ¢ (t,8) < G(s,t) for all t,s > 0, where G : [0, +00)? — R is a C-class function;
(8) if {tn},{sn} are sequences in (0,+o00) such that lim, o t, = lim, o S > 0,

and t,, < s, then limsup (¢,,s,) < Cg.

n—oo

Some examples of simulation functions:

d) ((t,s) =7 —tforallt,s>0.

e) ((t,s) =s—p(s)—tforallt s> 0, where ¢ : [0,+00) — [0, +00) is a lower semi
continuous function and ¢ (t) = 0 if and only if ¢ = 0.

For more examples of simulation functions and Cg-simulation functions see [5, 7,
11, 12, 13].

Let Zg be the family of all Cg-simulation functions ¢ : [0,+00)?> — R. Each
simulation function as in Definition 1.3 is also a Cg-simulation function as in Definition
1.4, but the converse is not true. For this claim, see Example 3.3 of [7] using the C-class
function G (s,t) = s —t.

Let f and g be self maps of a set X. Recall that if w = fax = gz for some z € X,
then z is called a coincidence point of f and g, and w is called a point of coincidence of
f and g. A pair of self maps (f, g) is called compatible if lim, o d(fgzn, gfz,) =0,
whenever {z,} is a sequencs in X such that lim,, ., fz, = lim,_ gz, = t, for some
t € X. The pair (f,g) is weakly compatible if f and g commute at their coincidence
points.
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A sequence {‘r”}nENU{O} C X is a Picard-Jungck sequence of the pair (f, g) (based
on xg) if y, = fa, = grp4 for all n € NU {0} (see also [7, Definition 4.4]).

Now, we recall the following result of Abbas and Jungck [1] used in the sequel.

PROPOSITION 1.1. Let f and g be weakly compatible self maps of a set X. If f
and g have a unique point of coincidence w = fx = gx, then w is a unique common
fixed point of f and g.

The following result will be used in the sequel.

LEMMA 1.1 (see [16, 17]). Let (X, d) be a metric space and let {z,,} be a sequence
in X such that
lim d(z,2Zne1) =0. (1.1)

n—oo

If {z,} is not a Cauchy sequence in X, then there exist ¢ > 0 and two sequences
{m (k)} and {n (k)} of positive integers such that n (k) > m (k) > k and the following
sequences tend to e when k — +oo:

d (Zomk)> Tnk)) > & (Tm)> Tue)+1) 5 & (Tmk)—15 Tng)) » (1.2)

A (Tm@k) -1, Tn)+1) » @ (Tmk)+15 Tn(k)+1) -

2 Main Results

In this section, we establish some results on the existence and uniqueness of coincidence
point by using simulation functions in the framework of metric spaces. We begin with
the following definition.

We consider the family R of R-functions introduced by Roldédn Lépez de Hierro
and Shahzad in [8]. A function 7 : [0, +00[X [0, +00[— R is called R-C¢ function if the
following conditions hold (where G : [0,00)? — R has property Cg):

(n,) for each sequence {t,} C]0,+o0[ such that n(t,,tn+1) > Cq for all n € N, we
have lim,,_, 4 oo t, = 0;

(ny) for every two sequences {t,}, {sn} C]0, +oo[such that lim,_, ;o t,, = limy, 4o Sp =
L > 0, then L = 0 whenever L < t,, and n(ty, s,) > Cg for all n € N;

(n3) n(t,s) < G(s,t) for all t,s > 0; here function G : [0,00)? — R is element of
C—class function which has property Cg.

Now, we use R-functions to define a new class of contractions. Let (X, d) be a metric
space. Denote by A the family of lower semi-continuous functions A : X — [0, +oco[. In
the sequel, we will use the following notation

D(u,v; A) :==d(u,v) + A(u) + AM(v) for all u,v € X and A € A.
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Now, we define the new family of contractions.

DEFINITION 2.1. Let (X,d) be a metric space and let h,g : X — X be self
mappings. A mapping h is a (RCg, g)—contraction if there exist a R-Cg— function
7 : [0, +00[X[0, +00[— R and a function A € A such that

n(D(hu, hv; A), D(gu, gv; A)) > Cq (1)
for all u,v € X with D(gu, guv; \) > 0.

In the case, g = ix (identity mapping on X) and Cg = 0 we get a contraction
mapping of Nastasi et al. [14].

Now, we state our result for the notion of (RCg, g)-contraction. It generalizes the
corresponding results of [5, 7, 11, 15] in several directions.

THEOREM 2.1. Let (X,d) be a metric space, f,g : X — X be self-mappings
and f be a (RCg, g)-contraction. Suppose that there exists a Picard-Jungck sequence
{zn}tnenugoy of (f,9). Also assume that at least one of the following conditions hold:

(i) (f(X),d) or (g(X),d) is complete;
(ii) (X,d) is complete, g is continuous and (f, g) is compatible.

Then f and g have a unique point of coincidence.

PROOF. First of all we shall prove that the point of coincidence of f and g is unique
(if it exists). Suppose that z; and 29 are distinct points of coincidence of f and g. From
this it follows that there exist two points v; and vy (v1 # v2) such that fv; = gv; = 23
and fuy = gug = 2. Then (1) implies that

n (D (fvl,fUQ; )‘)aD (g’l)l,gUQ;)\))

= U(D (Zlsz;/\)aD(ZlaZQ;A))
< G(D(z1,22;A), D (21,22; ) < Cag,

Ca

IN

which is a contradiction.

In order to prove that f and g have a point of coincidence, suppose that there is
a Picard-Jungck sequence {y,} such that y, = fz, = gz,+1 where n € NU{0}. If
Yt = Ykt1 for some k € NU {0}, then gzpi1 = yx = yrt1 = fags1 and f and g
have a point of coincidence. Therefore, suppose that y,, # yn41 for all n € NU {0}.
Substituting ©w = 41, ¥ = Zpa2 in (1) we obtain that

Ca < (D (frntr1, frni2; ), D (92ns1, 9042 X)) = 1 (D (Ynt1, Unt2; A) s D (Yns Ynt1: A))
< G (D (yna Yn+13 )‘) 7D (ynJrlv Yn+25 )‘)) .

Using (3) of Definition 1.2, we have D (y,, Yn+1;A) > D (Yn+1,Yn+2; A). Hence, for all
n € NU {0} we get that D (yn+1,Yn+2;A) < D (Yn, Yn+1;A). Also, by using property
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(1), we have lim,, oo D (Yn, Yn+1; A) = 0. Consequently, d(yn,Yn+1) — 0 and A(y,) —
0.

Further we have to prove that y,, # y,, for n # m. Indeed, suppose that y, = y,,
for some n > m. Then we choose ;41 = %41 (which is obviously possible by
the definition of Picard-Jungck sequence {y,}) and hence also y,4+1 = Ym+1. Then
following the previous arguments, we have

D (Yn, Yn+15A) < D (Un—1,Yn; A) <+ < D (Y, Ym+1;A) = D (Yns Ynt1; A)

which is a contradiction.
Now, we have to show that {y,} is a Cauchy sequence. Suppose, to the contrary,
that it is not true. Putting u = yy,(k)+1, ¥ = Yn(k)+1 in (1), we obtain

Ca < (D Wm)+1>Un)+15A) s D (Ym(k)> Ynr)i A))
< G (D (Ym@)s Un#); A) s D (Um(k)+15 Yn(i) 15 A) ) - (2)

Using (3) of Definition 1.2, it follows that D (ym(k), Yn(k); )\) >D (y7n(k)+1, Yn(k)+13 )\).
Now, since the sequence {y,} is not a Cauchy sequence, then by Lemma 1.1, we
have d (ym(k)7yn(k)) and d (ym(k)ﬂ,yn(k)ﬂ) tend to € > 0, as k — oo. Also, we have

d (Ym(k)s Yn(k)) < D (Ym(e)s Yn(i); A) -

Therefore, using inequality (2) and (7)), we have L = ¢ = 0, which is a contradiction.
Therefore, the Picard-Jungck sequence {y,} is a Cauchy sequence.

Suppose that (i) holds, i.e., (¢ (X),d) is complete. Then there exists v € X such
that gz, — gv as n — oco. We shall prove that fv = gv. It is clear that we can suppose
yn # fv,gv for all n € NU{0}. Therefore, by (1), we have

Ca <0 (D (fzn, fv;N), D (g2n, gv; N)) < G (D (970, gv; ), D (fon, fo;N)).

Using (3) of Definition 1.2, we get D (fz,, fu;A\) < D (gxn,gv;A). It implies that
fx, — fvasn — oo. Hence, fv = gv is a (unique) point of coincidence of f and g.
Similarly, we can prove that fv = gv is a (unique) point of coincidence of f and g,
when (f (X),d) is complete.
Finally, suppose that (ii) holds. Since (X, d) is complete, then there exists v € X
such that fz, — v, when n — oco. As g is continuous, g(fz,) — gv when n — oo.
Consider

Co <n(D(f (gzn), fv; A), D (g (fon),gv;A) < G (D (g (fzn),gviA), D (f (gzn), fv; A)) -
Using (3) of Definition 1.2 and the continuity of g, we have
D (f (gzn), fv;\) < D(9(fzn),gv;A\) — 0, as n — oo.

It implies that d (f (gx,) , fv) — 0, as n — oo. Further, as f and g are compatible, we
have

d(fv,gv) < d(fv, f(gzn)) +d(f (92n), 9 (fzn)) +d (g (f2n),g9v) = 04+0+0=0.
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Hence, the result is proved in both cases, i.e., the mappings f and g have a unique
point of coincidence. The proof is complete.

REMARK 2.1. (a) If (i) holds and the pair (f,g) is weakly compatible then by
Proposition 1.1, f and g have a unique common fixed point.

(b) Also, if (ii) holds then f and g have a unique common fixed point again by
Proposition 1.1, because each compatible pair (f, g) is a weakly compatible.

EXAMPLE 2.1. Let X = [0,400) be endowed with the usual metric d(z,y) =
|x —y| for all z,y € [0,+00), and consider the mappings f,g : [0,400) — [0, 400
given, for all z € [0, +00), by

fr=x+2, gx=4x+ >
In order to solve the nonlinear equation

42 =4z + >,

Theorem 2.1 can be applied using the function 7 (t,s) = 1—90 (s — (2%;”) for s,t €
[0,400) and Cp = 0, F (s,t) = s — (%itt)t and the lower semi-continuous function

A: X — [0,00) defined by A(u) = u for all u € X. Now, we have that

n (D (fz, fy; \), D (g2, gy; A))

_9 . (2+ D (fz, fy; \) D (fz, fy; A)
~ 10 (D (9,4 2) — 1+ D (fz, fy; \) )

=1 <|4(:c y)+ (e e +z+y P B
> 0.

Since f(X) = [2,+00),9(X) = [1,+00), using Theorem 2.1 (i) the result follows.

CLAIM. Finally, we have an open question, Does the Theorem 2.1 hold, if we replace
D(u,v; \) with P (u,v; A) := p(u,v) + A (u) + A (v) where p is a partial metric on X7
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