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Abstract

This article is devoted to the study of interval oscillation criteria, for impulsive
conformable fractional differential equations. Some new sufficient conditions are
established, using the Riccati technique. The conditions obtained, extend some
well known results, in the literature, on differential equations without impulses
and generalize those on the classical integer order impulsive differential equations.
Moreover, our results depart from the majority of results on this subject, since
they are based on information on a sequence of subintervals of [0, 00), rather than
on the whole linear interval. An example is given to illustrate our main results.

1 Introduction

The theory of fractional differential equations is considered as an important tool in
modeling real life phenomena. The notion of fractional differential derivative first ap-
peared in the late 17th century. It is well known that fractional differential equations
are a more general form of the integer order differential equations, extending those equa-
tions to an arbitrary (non-integer) order. Many important mathematical models use
fractional order derivatives. But the most frequently used definitions involve integra-
tion which is nonlocal: Riemann-Liouville derivative & Caputo derivative [3, 14, 21].
Those fractional derivatives in the fractional calculus have seemed complicated and
lacked some basic properties, like the product rule and the chain rule. But in 2014,
Khalil [6] et. al introduced a new fractional derivative called the conformable derivative
which closely resembles the classical derivative. In recent years, many researchers have
found that the fractional differential equations constitute a more accurate description
of real world phenomena. Nowadays, they are extensively being used in physics, electro
chemistry, control theory and electromagnetic fields [2, 7, 20].

The study of the qualitative behavior of the solutions of impulsive differential equa-
tions has rapidly expanded in the last few decades [1, 9, 12]. In particular the problem
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of the oscillation and non oscillation of integer order impulsive differential equations
has extensively been studied by several authors, see [4, 5, 15, 16] and reference cited
there in. However interval oscillation criteria for integer order impulsive differential
equations have been investigated by few authors [8, 10, 11, 17, 18, 19].

To the best of our knowledge there seems that no work has been done on the interval
oscillation of impulsive conformable fractional differential equations. Motivated by the
above observation, we propose to initiate the following model of the form

To (r(t)g (Ta(z(t) + p(t)x(t))) + q@) f(2(t — 7)) = e(t), t > to t # ti,
z(t)) = apz(ty), (1)
To(x(t)) = b Ta((ty)), k=1,2,---,

where T, denotes the conformable fractional derivative of order «,0 < o < 1. Next,
we assume the following hypotheses (H) hold:

(Hl) T(t) € Ca([to,oo),(Opl—oo)), ;U'(t) € Ca([t(Jvoo)?R)» q(t)ae(t) € PC([t(],OO),R),
where PC' represents the class of functions which are piecewise continuous in ¢

with discontinuities of first kind, only at ¢ = ¢, k= 1,2,--- and left continuous
at t = tg, while ay, by, are real constants satisfying ay, > —1,a < b, k=1,2,---,
t7T<t,tlimth:OO,0<t0<t1<"'<tk<~”,klim tr = 00.

—00 —00

(H3) f,g € C(R,R) are convex in [0, c0) With xf(z) > 0 and % > e >0, for x # 0,
(x ) > 0, g(z) < yz for z # 0, g7 € C(R,R) is a continuous functions with

)
xg~1(x) > 0 for z # 0 and there exist positive constant 7 such that g~ (xy) <
ng~(z)g 1 (y) for xy # 0 and fto s lg—1 (T(S)) ds =

(H3) For any T > 0 there exists intervals [c1,d1] and [cg, d2] contained in [T, 00) such
that c; < dy < dy +7 < ¢ < d, Cj,dj §é {tk}, i=1,2k=1,2,---, ’I”(t) > 0,
q(t) >0, for t € [cy —7,d1]U[ca — T, d2] and e(t) has different signs in [¢; — 7, d;]
and [co — T, dy], for instance, let

e(t) <0 for te€fe;—7,d1] and e(t) >0 for ¢E€[cy—T,dso].

Denote
I(s):==max{j: to <t; <s}, rj:=max{r(t): t€lc,d;]}, j=1,2,

E (CJ) ) ={pe Ca[cwd l, p(t) #0, p(Cj) :p(dj) =0, j=1,2}.
For two constants ¢, d ¢ {t;} with ¢ < d and a function ¢ € C([c,d],R), we define the
operator II : C([c,d],R) — R by

4 0, I(C) = (d),
g [p] = I(d)
P(tr(e)+1)0(c) + 22,2102 P(ti)e(ts),  I(c) < I(d),
where b b
(c) = al(c)Ha I(C)+1a and e(t;) = aof ;
aI(c)+l(t1(c)+1 —C ) (t - ti 1)
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This paper is organized as follows: In Section 2, we present some definitions and
results that will be needed later. In Section 3, we discuss the interval oscillation
criteria for the problem in (1). In Section 4, we present an example to illustrate our
main results.

2 Preliminaries

In this section, we give Definitions 2.1-2.3 and Theorem 2.1.

DEFINITION 2.1. A solution of equation (1) is called oscillatory if it has arbitrarily
large zeros, otherwise it is called nonoscillatory. Equation (1) is called oscillatory if all
its solutions are oscillatory.

We use the following definition introduced by R. Khalil et al. [6].

DEFINITION 2.2. Given f : [0,00) — R. Then the conformable fractional deriva-
tive of f of order « is defined by

To(f)(t) = tim LD = FO)

e—0 €

for all t > 0,a € (0,1]. If f is a-differentiable in some (0,a),a > 0 and lim f(®)(¢)

t—0+
exists, then we define

F(0) = lim f(¢).

t—0+

DEFINITION 2.3. I(f)(t) = I¢(t*~1f) = ft 5( )dx where the integral is the

usual Riemann improper integral and « € (0, 1).
Conformable fractional derivatives have the following properties:

THEOREM 2.1. Let o € (0,1] and f,g be a-differentiable at some point ¢ > 0.
Then

(i) Tulaf +bg) = aTa(f) + bTa(g), for all a,b € R.
(i) Tn(t?) = ptP— for all p € R.
(iii) T (\) = 0 for all constant functions f(t) = A.
(iv) Tu(fg) = [Talg) + gTa(f).

(v) Ta <i) _ gTa(f)—QfTa(m_
g 9

(vi) If f is differentiable, then T, (f)(t) = t'~* %L (¢).
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3 Main Results

In this section, we established some new interval oscillation criteria for equation (1),
using the Riccati transformation and integral average method.

THEOREM 3.1. Assume that conditions (H;)—(Hs) hold. Furthermore, for any
T > 0 there exist ¢;, d; satisfying T < ¢; < dy, T < ¢2 < dg and p(t) € E,(cj,d;) such
that

/ I(ej)+1 [y(p/(t))2t2_2ar(t) _ Q(t)pQ(t)N}(c]v)(t)} dt

J

Md)=1 gy, ,
v 3 [ hwereee - o] a
k=I(c;)+1"tF
d; .
+ [ pwwre o - eupen], o] d
trcay)
d;
+ [ w@p o0 - a)rede < nnd e 2)

J

for I(c;) < I(d;), 7 = 1,2, where Q(t) = €q(t) and

TO (t—1)* = (tp —7)*
, te (tk,tk—l—T),
_ ta a _
Nj(t) _ Taakerk(ta tk) tk‘ (tk T)a
* (t =) —tp
W? t ety + 7, trksr),

then every solution of the problem (1) is oscillatory.

PROOF. Assume to the contrary that () is a nonoscillatory solution of (1). With-
out loss of generality we may assume that x(¢) is an eventually positive solution of (1).
Then there exists ¢, > to such that x(¢) > 0 for ¢ > ¢;. Therefore, from (1), it follows
that

To (r(t)g (Tax(t) + p(t)z(t))) = e(t) — q(t) f(z(t = 7)) for ¢ € [t1,00).

Thus Ty, (r(t)g (Toz(t) + p(@)x(t)) > 0 or Ty, (r(¢)g (Tax(t) + u(t)z(¢))) < 0,t > ¢ for
some t1 > tg. We now claim that

Ty (r(t)g (Toz(t) + p(t)x(t))) >0 for ¢ >t. (3)

Suppose the opposite of (3), namely, Ty, (r(t)g (Tox(t) + p(t)z(t))) < 0. Since this
expression is strictly decreasing in [t1, 00), there exists to € [t1,00) such that

To (r(t2)g (Taz(te) + p(t2)x(t2))) < 0.
It is clear that

r(t)g (Tax(t) + p(t)x(t)) < r(t2)g (Tax(ta) + plt2)x(ts)) == —F,
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where k > 0 is a constant. For ¢ € [t2,00), we have

r(t)g (Tax(t) + p(t)x(t)) < —k,

T.(a(0) <7 () - ult)ato)
To(z(t) < =y, " <r(1t)) ,  where v, = ng~ (k) for t € [tz,00).

Integrating the above inequality from ¢, to ¢, we have

2(t) < 2(ts) — 4, /tt o=l (70(18)> ds

Letting ¢t — oo, we get . ligl x(t) = —oo which by contradiction shows that (3) holds.

We define the Riccati transformation

r(t)g(Ta ("M a(t)))

w(t) =

elon(®) g (t)
It follows from (1) that w(t) satisfies
e(t) 6a:(t —7)  wi(t
W =56 ~ 10w

By assumption (Hs), we can choose c¢1,dy > to such that r(t) > 0, ¢(¢t) > 0 for
t€fc1 —7,di] and e(t) <0 for ¢t € [e1 — 7,d1]. From (1), we can easily see that

tl—aw/(t) < —Q(t)x(t — T) w2(t)

[ ) @

Fort=1tx, k=1,2,---, we have

+
T(t:)g(Ta(el‘*“(t’“)w(t:))) < b—kw(t )
elort) () Sap

w(t]) ==

First, we consider the case that I(c;) < I(dy). In this case, all the impulsive moments
in [e1,d1] are trey41, trgey42, 5 tiy)- Choose a p(t) € E,(ci,di). Multiplying
both sides of (4) by p?(t) and integrating the resulting inequality, from ¢; to dy, we
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obtain
tr(eq)+1 tr(e1)+2 dy
/ p2(t)t1_aw'(t)dt+/t pz(t)tl_aw’(t)dt+--~+/t pA(t)t ' (t)dt
c1 I(c1)+1 I(dy)
tr(e)+1 2 tr(eq)+2 2 di 2
< —/ p2(t) % (t)dt—/ PA(t) % (t)dt—m—/ ) g
c1 ’y']"(t) treq)+1 ’yr(t) tr(dq) ’yr(t)
tr(eq)+1 l'(t _ T) tr(cp)+1+T x(t _ 7_)
— 2(H)Q(t dt —/ 2()Q(t dt
[ reee gRa [T poen
tr(ep)+2 a(t —7) tidy) x(t—T)
2 2
- P(1)Q() di-o- | P(6)Q() dt
ZI(61)+1+T .’L’(ﬁ) tr(dy)—1+T .’L’(ﬁ)
d
1 t—7)
- 2(H)Q(t Ldt.
/p Qw5

Using integration by parts on the left-hand side, and noting that p(¢1) = p(di) = 0, we
get

I(dy)
S P [wtn) —w(t))]
k=I(c1)+1
< - /C d [p“i:nv((;) —p' () W(ﬂ] dt
tr(er)+1 9 J}(t—T) 1(d1)~1 [ t+T ) x(t—T)
— t)Q(t) dt — t)Q(t) dt
/ g 0 ,@_I%H / g «(?)
bt x(t—7) 3 & 5 x(t—1)
+ /tkﬂp(t)cz(t) O /wp@)Q(t) I
dy dy
[T er@©rds [ 0= oo, (5)
z(t—7)

We consider several cases to estimate PR
Case 1: For t € (tg,tg1] C [e1,dh]. It € (tk, thy1] C [c1,d1], since tgi1 — g > T, we
consider two subcases:

Case 1.1: If t € [ty + 7, tg41], then t — 7 € [tg, tx41 — 7] and there are no impulsive
moments in (¢t — 7,¢). Then, for any ¢ € [ty + 7, tx+1], we have

o — ¢
(67

w(t)—x(t:):Tam(g»( ) €€ (tnt).

From this,
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We obtain
To(2(t)) a

< .
(1) to — 12

Integrating it from ¢t — 7 to ¢, we have

z(t—1)  (t—T)* -1t}
x(t) T e

Case 1.2: If t € (tg,tp + 7), then t — 7 € (¢, — 7,t;) and there is an impulsive
moment ¢ in (¢ — 7,t). Similarly to Case 1.1, we obtain

t* — (tg —

2(t) - a(th — 7) = Ta(a(&)) ( T)a) 6 et —ta]

(07

or

T (z(t)) L@ 1
x(t) vt — (e —7)*
Integrating it from ¢t — 7 to ¢ and by using Definition 3, we get

zt—71)  (t—7)*—(tx —7)*
o(t) ~ ty — (ty —7)°

>0, te (tg,tp+7). (6)
For any t € (tg,tr + 7), we have

2(t) — 2(t}) < Ta(a(t})) (t‘tk) |

(67

Using the impulsive conditions in equation (1), we get

(1) — ape(ty) < bpTa(x(t)) <ta ;tg)

2t) _, Tole() (t“ —’f?> t .

x(t) g o (ty) a

Using T“;_ft(zf)) <1, we obtain
z(t) b [t —to
< -
x(tx) i T a
That is,

x(tx) Ta
z(t) ~ Toak + bp(t> — )

From (6) and (7), we get

si-1)  1a (=0 = (@-7°
x(t) Taay + b (t* — t%) e — (t — 7)™

> 0.
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Case 2: If t € [c1,1(c,)+1], We consider three subcases:

Case 2.1: If ti(er) >C1—T and t € [t1(01)+7,t1(01)+1], thent—7 € [t](cl),tj(cl)_;’_l —
7] and there are no impulsive moments in (¢ — 7,t). Proceeding as in Case 1.1 and
using the Mean-value Theorem on (t;(.,), tr(c,)+1), We get

wt—7) _ (E—=71)" =15,

>
x(t) =19,

>0, te [t[(cl) + T’tI(Cl)+1].

Case 2.2: If t;,) > c1 —7and t € [c1,t7(c,) +7), then t — 7 € [c1 — 7, t1(,)) and
there is an impulsive moment ¢7(,) in (t — 7,¢). Making a similar analysis as in Case
1.2, we have
z(t—7) T (t—=7)% = (tr(ey) — 7))

> (6% « « [e%
z(t) TOA(cy) T+ bI(Cl)(t - t](cl)) t[(cl) - (tI(Cl) —7)

>0, te (Cl,tj(cl)—‘rT).
Case 2.3: If t7(.,) < c1—7, then for any ¢ € [c1,t1(c)41], t—7 € [c1 =T, t1(cy )41 —T]
and there are no impulsive moments in (¢t — 7,¢). Working as in Case 1.1, we get

z(t—71) - (t—71)% - t?(cl)
(1) o — 15,

> 0, te [Clatl(cl)—i-l]'

Case 3: For t € (t7(a,),d1], we consider three subcases:

Case 3.1: If t;(q) + 7 < dy and t € [t;(q,) + 7,d1],then t — 7 € [t;(4,),d1 — 7] and
there are no impulsive moments in (¢t — 7,¢). Using a similar analysis as in Case 2.1,
we have

st —7) (t—=7)" — )
x(t) =130,

Case 3.2: If tI(dl) +7<dyandte€ [t[(d1)7t1(d1) +T)7 thent—7 € [tl(dl) —T,tj(dl))
and there is an impulsive moment ¢7(q,) in (¢ —7,¢). Using a similar analysis as in Case
2.2, we obtain

>0, te [t](d1)+T,d1].

x(t —7) N T (t—=7)% = (tra,) —7)°
(1) Taar(ay) + bray)(t* —19,,)) 194, — (@) —7)°

Case 3.3: If t7(q,) + 7 > d1, then for any ¢ € (t7(q,),d1], we get t — 7 € (t7(a,) —
7,d; — 7] and there is an impulsive moment t7(4,) in (t — 7,t). Proceeding as in Case
3.2, we get

z(t—7) T (t—7)% = (tra, — 1)

> > 0.
(t) Taar(y) + bray)(t* —19,,)) 194, — (@) —7)°

Combining all these cases, we have
N}(Cl)(t) for t € [c1,tr(e,)+1)s
S 2> NN for te (b trga], k=1I(cr)+1,---,I(dy) —1,

Nll(dl)(t) for t € (tr(d,)+1,d1]-
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Hence, by (5) and from 7(t)g(T(2(t)) + pu(t)z(t)) being non-increasing in (c1, t7(c,)+1],

we have
I(dy)
S R [t — w(e])]
k=I(c1)+1
. / I(e1)+1 [(p’(t))QtQ_QaW(t) —pQ(t)Q(t)Nfl(cl)(t)} dt
1 1(d1)-1 tk+1
+ Z / )22 2% (t) — p*(H)Q(t) N} (t)} dt
k=I(c1)+1
dy
+/ [(p’(t))%z—?%r(t) — pQ(t)Q(t)N}(dl)(t)} dt
tr(ay)
+ [ e
Thus

Letting t — t7, it follows that

I(c1)+1

1
w(t1(01)+1) < te _ Ca'
I(c1)+1 1

Similarly we can prove that on (¢x—1,tk], k = I(c1) +2,---,1(dy),

1
w(te) < o
b — k1
Hence, from (9) and (10), we have
I(dy) a — bk
> Pt w(ty) { }
ay
k=I(c1)+1
ar(e)+1 — br(en)+1 1
> 7P (tre +1) R o o
(c1) ( 1)+1 AI(c1)+1 t1(61)+1 !
I(dy)
— b 1
+ tl a2k
. Iz i ay, tg—tgll
(e1)+1
> g ().

(10)
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Thus we have

I(dy1) a — by
> ) |2 2 L
k=I(c1)+1 k

Therefore, using (8), we get

[ e ore e - oo, o)

Cc1

dl) 1

_ / o )220 (1) — pA(Q)NL()] dt
k=I(c1)+1
dy
+ [ b @re e - RN, 0] d
tr(dy)

dy
+/ (1 — o)t~ p*(t)w(t)dt > 7"11'[511 [p2(t)],

c1
which contradicts (2).

If I(c1) = I(dy), then riII¢1[p*(t)] = O and there are no impulsive moments in
[c1,d1]. Similarly to the proof of (8), we obtain

[ e ©re 0 - POQEON O + 00 - )t *w(®)] dt >0

Cc1
This again contradicts our assumption. Finally, if z(¢) is eventually negative, we can
consider [ca, d2] and reach a similar contradiction. The proof of the theorem is complete.
Next, we establish new oscillation criteria for (1), using the integral average method
[13]. Let D = {(t,s) : to < s < t}, then the functions Hq, Hy € C(D,R) are said to
belong to the class H if

(Hy) Hq(t,t) = Ha(t,t) =0, Hq(t,s) > 0,Ha(t,s) >0 for t > s and

(Hs) H; and Hy have partial derivatives 221 and % on D such that

ot
% = hy(t, s)H1(t, s), % = —ha(t,s)Ha(t, s)
where hy, ha € Lijoe(D,R).
tr(e;)+1 )
ry o= [ meong,, wd
Cj
IO)-1 0y .
£ > [ meeeoni
k=I(c;)+

+/ H(t,¢;)Q(t)NF ()t

troxg)
Aj w
+/cj Hl(t,Cj) [ryr((?)_tl_ahﬂtacj)_(l—a)t_“ w(t)dt
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and

tr(x)+1 i
g = [ m@0QN,
J

I(dj)—1
+

tht1 )
Z / Hs(dj;, t)Q(t)N.(t)dt
k=I(x;)+1" %
d; ‘
+ Hy(dj, t)Q() Ny, (t)dt

treay)

G (wll) e, -
+A HZ(dﬂ’t)[W(t)“ ha(dy, ) = (1= @)t~ | wit)dt.

THEOREM 3.2. Assume that conditions (H;) — (H3) hold. Furthermore, for any
T > 0 there exist ¢, d; satisfying (Hy), (Hs) with ¢; < M < di <o < Ag < do. If
there exist Hy, Hy € H such that

1

1
r r A(Hy, Hy;c;,d; 19
m@mﬂL”iM%M)“>(l’%%JL (12)
where
A(Hl’HQ;cj’dj){Efl()\j,c,)H()f\;[Hl("cj)]+}MHA;[HQ(dj7.)]},
7 3r A

then every solution of (1) is oscillatory.

PROOF. Suppose to the contrary that there is a nonoscillatory solution z(t) of the
problem (1). Notice whether or not there are impulsive moments in [c1, A1] and [A1, d1],
we should consider the following cases I(c1) < I(A\1) < I(dy), I(c1) = I(M\1) < I(d1),
I(c1) < I(A\) = I(dy) and I(c1) = I(A1) = I(dy). Moreover, the impulsive moments of
x(t —7) involve the following two cases t(x,)+7 > A; and t7(y,) +7 < A;. Consider the
case I(c1) < I(A1) < I(dy), with t7(x,)+7 > A;. For this case, the impulsive moments

are tr(x,)+1, tr(x)+2:° " » tr(a,) in [A1,di]. Multiplying both sides of (4) by Hy(t,c1)
and integrating from c; to A1, we obtain
A1 A1 A1 2
_ x(t—1) w=(t)
Hy(t, )t 2w/ (t)dt < — Hiy(t,c1)Q(t) ———=dt — Hi(t,c1)——=dt.
o o x(t) o yr(t)
Applying integration by parts on the R.H.S of first integral, we get
A
! x(t—7)
Hl(t, Cl)Q(t)idﬁ
C1 x(t)
A
tw(t) 1— -
+/ ( —t "% (t,c1) — (1 —a)t O‘) w(t)Hy (¢, c1)dt
o \7(t)
I(x)
S — Z H1 (tk, Cl)tllcia [w(tk) - w(t;r)] — Hl()\lv Cl))\%ia’w(Al). (13)

k:I(C1)+1
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By Theorem 3.1, we divide the interval [c1, A1] into several and calculating the function

z(t—71)

20 , we obtain
A1 trie
x(t—T1 I(cy)+1
meo ™z [ maeeony, o
C1 .’,E(t) C1
I(x)—-1 tk+1
+ > / 1 (t, e Q)N (t)dt
k= I(Cl)Jrl
A1
+/ Hi(t,e1)Q(8) Ny, (t)dt. (14)
tring)
From (13) and (14), we obtain
trep+1 L I(n)-1 tk+1 .
/ Hi(t, e)QNY (Bt + S / Hi (b, e0) Q)N (£)dt
‘@ k=I(c1)+1
A1
+/ Hi(t,e1)Q(t) Ny, (t)dt
tr(xy)
+/A1 W e (o) — (1 — a)t=® | w(t)Hu(t, e)dt
— C — — w (&
o ’)/’I"(t) 1\L 1 1\LH el
Y ay — by
S — Z Hl(tk,cl)t}g—a |::| w(tk) — Hl()\l,cl))\i_“w()\l). (15)
k=I(c1)+1 Ak

On the other hand multiplying both sides of (4) by Hz(ds,t), integrating from A; to
d; and following a similar procedure as above, we get

I(dy)—1

tr(ap)+1 tha1
[ i@y, oS / Hy(dy, 1) Q)N (1)t
M k=I(A1)+1
dy
+ Hy(dy, t)Q(t) Ny (g, (t)dt
treay)
@ w(t) 11—« —«
+A1 |:’y7“(t) +t hg(dl,t) (1 O()t ]w(t)Hg(dl,t)dt
I(dy) b
< - Y Hy(dita) [“’“ ’“] w(te) + Ha(dy, AN " w(\y). (16)
k=I(A)+1 Ok

Dividing (15) and (16) by Hi(A1,c¢1) and Ha(di, A1) respectively and summing the
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resulting inequalities, we get

1 1
I I
Hy(A,cr) * Hy(dy, \y) 2
I()\1)
1 ap — by
[ H (tk,c ) |: :| w(tk)
Hl(/\l,cl) k:](zc;)_i_l 1 1 .
b I% Hy(dy, ty) {“’“_b’“} w(ty) (17)
Hy(d1, M) e 2(d1, bk @ Bl -

Using a similar method as in (10), we obtain

gay ar — b A
*k I(Z) Hl(tk,cl) |: a :| W(tk) S 77’1]._[611 [Hl(.701)],
=I(cq1)+1
I(dll) ax — by . (18)
_ . 1(2)\:)+1 Hy(dy,tr) |: a ] w(ty) < —7“21_[/\11 [Ha(dy,.)].
= 1
From (17) and (18), we obtain
1 1
r Doy < —{r I [Hy (. 19 [Ho(dy, .
Hy(M\oer) - Hy(di, M) 2= {Tl er [ (el oIy [Ha(dh, )]}
SA(Hl,HQ;ijdj) (19)

which is a contradiction to condition (12). Suppose z(t) < 0, we take the interval
[ca,ds] for equation (1). The proof is similar and hence omitted.

4 Example

In this section, we present an example to illustrate the results established in Section 3.
EXAMPLE 4.1. Consider the following impulsive partial differential equation

T (t (T% (sin(t)) + mt cos T sin(t))) — 3mtsin(t— T) = e(t), t £ 2kr + T,
T t,f) = %m k),
T%(w(tZ)):%T%(m(tk))7 k=1,2,---
(20)
Here a = 1, r(t) = t, p(t) = mt2 cos(m/8), q(t) = —3/2mt, f(u) = 2u, e(t) = t(cost —
tsint) + mtcost(tcos T + 3sin ), ap =1/2, b =3/2. Let 7= 5, tgy1 —tpy = 5 > 5.
Also for any T' > 0, we choose k large enough such that T' < ¢y = 4km — 5 < dy = 4km
and cp = 4kn+3% < dy =4kn+3,k=1,2,3,--- . Then there is an impulsive movement
ty, = 4km — Fin [c1,d;] and an impulsive moment ¢4 1 = 4km + 7 in [co, do].
For € = 1, we have Q(t) = —3/4mt, and we take p(t) = sin4t, t;(.,) = 4km — %’T,
tr(a,) = 4km — %, then by using simple calculation, the left side of Equation (2) is the
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following:

t1(d;) >
T 3 1
dkm—% (t - —) — (4km — Ix)2
2 2 3 .2 8 4
< 32t“ cos® 4t + —mt sin” 4¢ - T dt
akm—3 4 t3 — (4km — )7

4]{371’7% 3
+ / 32¢2 cos? 4t + th sin? 4¢ p 3 16 T
dhn-% S+ [t - (4kr— 3)]
T
8

(-

km—%

1 [k cost+ mecos Zsint
+7/ tsin24t< 8 )dt
2 4k7r—% sint

~  3486.0599 + m 8.9095.

4k T\ 2 ™ %
3 t—2)% — (dkm— 2
+ / l32t2 cos? 4t + th sin? 4t ( 8) ( T f) ] dt
4

Since I(c1) =k —1,1(dy) = k,m1 = 2, we have

are)+1 = bre)+1
ar(e)+1 ()41 =€)

rngll [pz(t)] - 2 [ sin2(4t1(cl)+1)1 = 0

Note that condition (2) is satisfied in [c1, d;] if
3486.0599 < —m 8.9095, (21)

we can choose the constant m very small enough so that (21) holds. Therefore, condition
(6) is satisfied in [c1,d;]. We can work similarly, for ¢ € [cq,d3]. Hence by Theorem
3.1, every solution of (20) is oscillatory. In fact 2(¢) = sint is one such solution.

Conclusion: In this article, we have presented new sufficient conditions to check
for the interval oscillation of equation (1). To establish those conditions we have used
the Riccati transformation and an integral averaging method. Our results are original,
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complementing and generalizing on already existing results in the literature of integer
order equations. We have provided an example to illustrate the use of our results.

Acknowledgment: The authors would like to thank the referees for the construc-

tive remarks which greatly improved the paper.
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