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Abstract

In this study, we study special two-parameter homothetic motions obtained
by the frame of a regular surface with non-umbilical points. This frame has been
constructed by taking the unit principal directions and the unit normal vector
of the surface. By using the homothetic motion of this frame, we project the
orbit surface of a fixed point onto an arbitrary plane and compute its oriented
projection area depending on the geodesic curvatures of parameter curves and the
principal curvatures of the surface. Also, we reobtain a Holditch-type result for
the projection areas.

1 Introduction

Kinematic describes the motion of a point or a point system depending on time. If a
point moves with respect to one parameter, then it traces its one-dimensional path,
orbit curve. If a point moves with respect to two parameters, then it traces its two-
dimensional path, orbit surface. H.R. Miiller obtained the area of the region enclosed by
the closed orbit curve in planar kinematics [5] and the area of the planar region enclosed
by the projection of the closed orbit curve and orbit surface in spatial kinematics [7].
By using a special metric, Miiller has shown that the classical Holditch theorem! can
also be transferred to projection areas in Euclidean 3-space [7, 9] (see also [3, 10] for the
generalizations in spatial homothetic motions). The volumes of the trajectory surfaces
of points have been studied under three-parameter motions [6, 8] and three-parameter
homothetic motions in Euclidean 3-space [4]. Furthermore, by considering a special
two-parameter motion (the motion of the orthonormal frame along a regular surface
whose parameter curves are lines of curvature), Urban obtained the volume of the
region traced by a line segment [11].

In this study, we study special two-parameter homothetic motions obtained by the
frame of a regular surface with non-umbilical points. This frame has been constructed
by taking the unit principal directions and the unit normal vector of the surface as

*Mathematics Subject Classifications: 53A17, 53A05.

fDepartment of Mathematics, Science and Arts Faculty, Yildiz Technical University, Istanbul,
Turkey

If a chord of a closed curve, of constant length a + b, be divided into two parts of lengths a, b,

respectively, the difference between the areas of the closed curve, and of the locus of the dividing point,
will be mab [1, 2].

210



M. Diildiil and G. Isitan 211

in [11]. By using the homothetic motion of this special frame, we project the orbit
surface of a fixed point onto an arbitrary plane and compute its oriented projection area
depending on the geodesic curvatures of parameter curves and the principal curvatures
of the surface. Also, we reobtain the Holditch-type result for the projection areas.

2 Preliminaries

Let D C E? be an open set and M be a regular surface given by its parametric
equation X (u,v). We assume that M does not have any umbilical and flat points. We
also suppose that the parameter curves of M are lines of curvature. Let X, and X,
be the tangent vectors of the parameter curves and n be the unit normal vector of the
surface. Then n is obtained by

. Xux Xy
[ Xy x Xy

n
The coefficients of the first and second fundamental forms are given by
E= <Xua Xu>7 F= <XU7Xv>7 G = <XV7XV>7
L={Xuu,n), M= (Xyy,n), N=(X,y,n). (1)

Since the parameter curves of the surface are lines of curvature, we have
F=M=0, (2)

and the principal curvatures are obtained as

L N
K1 E, Ro = 5 (3)
Let
r Xu r Xv
1= ) 2 = .
[ Xu | | Xy |l

Then {rq,r2,n} constitutes an orthonormal frame along the surface M. Thus, if we
take the partial derivatives of

X, =VEry, Xy =VGrs (4)
with respect to u and v, respectively, then we get, [11]

qu = 72%1‘1 + \/E%Lul,

Xuv = 2]\3/“@1'1 + \/E%Lvl = Q%rQ + \/@%7 (5)

Xyv = 3oers + VG52,
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With (1), (2) and (3) it follows from (5):

<8a];1’“>:\/LE:“1\/E’ <%1;2,n>:\%:@\/§, (6)

o N__ [/, omN_ o Jora N/ On\
o) T A A ou' )T 200/

Let kg4 be the oriented geodesic curvature of the i-th parameter curve of M (i = 1,2),
and let ds; be the arc element of the i-th parameter curve. Then we may write, [11]

dsl = /X, Xu) = VE, & = d82 = /Xy, Xy (7)

K‘lg = ﬁdet{xu7xuu,n}7 "i2g = ﬁdet{XV7 XVVJ l'l} (8)
$1) (82)
If we use (4), (5) and (7), the representations of ;4 are obtained as, [11]
r1g = gdet {r1, Giton} = 5 (Gikora) = = 75 (F.r1),
1 1 /or 1 or
“2g:ﬁdet{r2vi n} <0v2’r1>: \/§<81}’ 2>
From (5), (6) and (8) the derivation equations are finally obtained as, [11]
91 — (kigra + mn)VE, 91— FiggV/Grr,
%L; = —nlg\/Erl, , % = (—Kogr1 + lizn)\/é, 9)
% = —fﬁ\/EI'l, % = —/‘62\/51'2-

DEFINITION. Let M be a regular surface and D be the region of the parameters
of this surface.

dFy = || Xy x Xy | dudv (10)
is called the scalar surface element of M and
dFy = ndFuy (11)

is called the vectorial surface element of M.

FM://dFM
D

Using (10) and (11), the vectorial surface element of X (u,v) is [9]
dFy = Xy X X dudv

is called the area vector, [9].

and the area vector is
Fu :/ Xu X Xydudv.
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3 Associated Surfaces Obtained Kinematically

Let us consider the above orthonormal frame {r;,r2,n} constructed along a surface M
given by the parametric equation X (u,v) with non-umbilical points. Let h(u,v) be a
differentiable function on D.

Let us consider the two-parameter homothetic motion in which the frame {ry,ra,n}
is considered as the moving frame along the surface. Thus, the fixed point ¢(u,v) =
a1y + aore + agn with respect to this frame traces its orbit surface under such ho-
mothetic motions. For its orbit surface ¥ (u,v), we may then write

¥(u,v) = X(u,v) + h(u,v)p(u,v), (12)

where h is the homothetic scale.

If we take partial derivatives of (12) according to u and v, we get

Yulu,v) = Xa(u, v) + hu(u, 0)p(u, v) + hu, ), (u,v),

(13)
wv (u7 U) =Xy (u7 U) + hy (u7 v)go(u, U) + h(“’v ’U)QOV(U, U)'
Also, since oy, a9, a3 are constants, we have
ory Ory on
RV § 2 - 14
wu(uvv) aq ou + a2 u + as 81,6’ ( )
Or Or On
@v(u,v):ala—JJraga—;Jrag%. (15)
If we substitute (9) into (14) and (15), we get
ou(u,v) = {(—a2k1g — agr1)ry + a1k1gr2 + a1f€1n}\/E,
(16)
0y (U, v) = {—aokogr1 + (@1k2g — a3k2)rs + 0[25211}\/5.

Finally, if we substitute (16) into (13),

P, (u,v) = (\/E—i— hyoq — h\/Eozgmg — h\/Eagm) ry
+ (huOéQ + h\/E(Xﬂﬁlg) ro + (huOtg + h\/EOqKq) n,

P, (u,v) = (hyay — h\/§a2n29> ry + (hv()ég + h\@ag,@) n
+ (VG + hpas + h\/éozmgg — h\/éaglﬂlg) ra,
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are obtained. Therefore, we calculate the normal vector of the orbit surface as
Yy X P, = {hzx/ﬁ (alazmgng — a%nmgg + ()[1043/{1/{2)

+\/5hhu (a%@ — apakag + a%ng)
+hhVE (askig — a10k1) — hyasVG — h\/LTGaml} ri
+ {hQ\/ﬁ (—a1ask1k2g + 03K1gK2 + Qaa3K1K2)
+vVGhh,, (—agagkog — anagks)
+hh1,\/E (a12f$1 + azaskig + agm) —hvag\/E — h@azﬁg} Irs
+ {hQ@ (Oég()églilglig + agmm — 0[1()43/€1/€29)

+\/§hhu (Oé%lﬁgg — a1ai3ko + Oé%ligg)

+hh1,\/E (—a22mg — QuQagk] — a%mg)

+hVEG (kg — a3k — oK1y — Qi3K1)

+hoVEas + hya1 VG + @} n. (17)

Let’s now calculate the oriented area of the region obtained by projecting ) (u, v)
onto the plane with unit normal vector € = o1rq1 + oars + ozn.
The projection area F; in the direction of the unit vector e of the orbit surface is

F (o Fy) = < / de> _ < [[ux ¢vdudv>. (18)
D D

If we substitute (17) into (18), we obtain the oriented area of the region obtained by
projecting the orbit surface as

.7:;; = // {041042 (O’th\/ EGKlgHQ - Ulhhv\/ﬁlﬁl — O’Qh2v EGlﬁlKZQg — O'thu\/é/€2>
D

+aias (Uth\/@m@ — Ulhhu\/émgg — 0'3}?,2@&1/{2!; + Ulhhvx/ﬁmg
—Ughhu\/aliz) + asag (UghQ@mmg — Ughhu\/éﬁgg + 03h2@ff1gn2
—ashhoVEry + 02hh, VB ) + or® (~o1h?VEGHk oy + 02,V Er
+03hhu\/é/-e2g — aghhv\/Emg) + as? (01hhu\/é/-e2 + 02h2@/@1gn2
+ohhVGray = o3l VEriy ) + as? (10 VGrz + osh*VEGH ky
+gghhv\/ﬁm> ta (fhm@m + hosVEGra, + aghu\/é)

+ag (—hag\/ﬁlﬂg - hag\/ﬁmg + 03h,u\/E)

+a (~huo1 VG = huoaVE = oshVEGry — a3hVEGk, ) + 03VEG | dudv
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or

3 3 3
,Z = ;Z( + ZBLOCZZ + Z ]B%,-joz,-aj + Z(Ciai, (19)
i=1 1=i<j i=1

where

By = // (—m}ﬁ@mmg + 0ohhyVEk1 + 03hhyVGrgy — agth\/Emg)dudv,
D

B, = / / (010 V/Grist 030V EGrgris + 03/ Grng — o5 b Brirg ) dudo,
D
Bs = // (Ulhh”\/é@ +03h*VEGHk: k2 + 02hhv\/Em)dudv,
D

By = // (01h2\/ EGrigko— olhhv\/Em - aghQ\/EGm/{Qg —O'thu\/élig)dudv,

D

Blg = // (thQ\/ EGKZlIiQ — Ulhhu\/aligg — O'3h2v EGHllﬁlgg + Ulhhv\/Elilg
D

faghhu\/éI@) dudv,

Bos = // (O'thv EGr1ko — Uthu\/éﬁgg + U3h2v EGH1gFLQ — Ughhv\/EIil
D
n azth\/Emg) dudv,

C, = / / (—halx/EGm + hosVEGka, + aghu\/@) dudv,
D
Cy, = // (—hCTQ\/ EGry — hO’g\/@ng + U3hv\/E>dUdUa
D
Cy = // (7hugl\/6 — hvcr2\/E —o3hVEGkK, — Ugh@ﬂg)dud’l},
D

¥ = // o3V EGdudv.
D

PROPOSITION 1. Let M be a regular surface given by the parametric equa-
tion X (u,v), and let the parameter curves of M be lines of curvature on M. Let
ry = Hig—zu,m = Hig—z“,n =11 X ra. All the fixed points (with respect to the frame

{r1,r2,n}) whose orbit surfaces have equal projection area in the same direction lie on
the same quadric.
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4 Holditch-type Theorem for Projection Areas

Let P and S be two fixed points and @ be another point on the line segment PS. Then
we may write

Using (19), we get
&= NFp+ 2 \uFpg + 1°Fg, (20)
where
13 3 138
Fps =Fx + 3 Z(Ci(pi +55) + ZBipiSi 3 Z Bij(pisj + pjsi)
i=1 i=1 1=i<j

is called the mixture projection area, and it satisfies F5g = F§p and Fpp = Fp. Since

3 3
Fp—2Fps+FE= Bilpi—s:)*+ > Bij(pi — s:)(pi — 55),
i=1 1=i<j
we can rewrite (20) as follows:
3 3
Fo=MNp+puFg — A Z]Bi(pi — )"+ Z Bij(pi — s:)(pj — 85) ¢ - (21)
i=1 1=i<j

If we define the oriented distance D(P, S) between the points P, S by
3 3
D*(P,S) =¢ ZBi(pi — ;)" + Z Bij(pi — si)(pj —s5) ¢p» €=7FL, (22)
i=1 1=i<j
from (21) we have
F& = AFp + uFg — eAuD*(P,S).
Since D satisfies

D(P,Q) +D(Q,5) =D(P,5),

denoting
,_D@s8) _DPQ)
D(P.S) "~ D®S)
yield
F§ =3 (;7 5 {D(Q,S) "+ D(P, Q)fg} —eD(P,Q)D(Q,5). (23)
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Now, we consider that the points P and S trace the same orbit surface. In this case,
for the projection area in the direction of e we have Fp = F%. Then, from (23) we
obtain

which is the analog result given by H. R. Miiller [9]. It should be noted that the
distance function defined here depends on not only the geodesic curvatures of the
parameter curves and principal curvatures of the surface but also on the homothetic
scale.

PROPOSITION 2. Let M be a regular surface given by the parametric equation
X (u,v) whose parameter curves are lines of curvature. Let ry = Hﬁ—”u, ro = Hif(iv\l’ n=

r; X ro, and PS be a line segment with constant length. If P and S trace the same
orbit surface during the homothetic motion of {r1,rs,n}, then, the point @ on this line
segment traces another surface. The difference between the projection areas of these
surfaces (in the direction of a unit vector e) depends on the distances (defined by (22))
of @ from the endpoints.

5 Applications

Let us consider the cylinder C given by the parametric equation X (u,v) = (cosu, sinu, v)
with D : 0 <u <7, —1 <o < 1. We have r; = (—sinwu,cosu,0), ro = (0,0,1),
n = (cosu,sinu,0), kKig = Koy = 0, kK1 = —1,ky = 0. If we take e = (0,1,0), then we
obtain o1 = cosu, o2 =0, o3 = sinu.

If we choose h(u,v) = 1, then we obtain the oriented projection area formula as
FI' =4 4+ 4az. This means all the fixed points with a3 = —1 have vanishing oriented
projection areas. Also, all the fixed points on the tangent plane of the cylinder have the
same projection area as the given cylinder’s projection area. Figure 1 shows some orbit
surfaces with vanishing oriented projection areas from different view angles. Figure 2
shows some orbit surfaces with the projection area 4 from different view angles.

If we choose h(u,v) = “F2, we obtain the oriented projection area formula as
4 27 4 27
Fy=4—- — = —as.
¥ 9a1a2—|— 9 Qo + 3a2+ 3 [ %)

In this case, we obtain the oriented projection area of the orbit surface of p(u,v) =
r; — 2rs + 3n as 2—90 + %’r. Figure 3 shows its orbit surface from different view angles.
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(a) (b) (¢) seen from top

Figure 1: The given cylinder C (red) and the projection plane (yellow) together with
the orbit surfaces of the points: ¢(u,v) = rq +rs —n (magenta), p(u,v) = 2r; —rp—n
(blue), ¢(u,v) = —r; +ro — n (green).

7

(b)

Figure 2: The given cylinder C (red) and the projection plane (yellow) together with
the orbit surfaces of the points: ¢(u,v) = r; (magenta), ¢(u,v) = 2r; + 3ra (blue).

(a)

(c) seen from top
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e

(a) (b) ()

Figure 3: The given cylinder C (red) and the projection plane (yellow) together with
the orbit surface of the point ¢(u,v) =r; — 2ry + 3n (blue).
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