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Abstract

In this work, we introduce our new concept of the statistical equal convergence
for double function sequences. Later, we introduce the concept of statistical rel-
ative equal convergence of double function sequences which is stronger than the
notion of statistical relative convergence and statistical uniform convergence to
demonstrate a Korovkin type approximation theorem and prove that our theorem
is a non-trivial extension of some well-known Korovkin type approximation theo-
rems which were proven by earlier authors. We present an example in support of
our definition and result presented in this paper. Finally, we study Voronovskaya
type theorem via statistical relative equal convergence.

1 Introduction

The well-known Korovkin type approximation theorem plays a very effective role in
summability theory. It is principally related to limit lim ||L,(f) — f|| = 0, where (L;,)
is a sequence of positive linear operators from Cfa,b] into itself and || f|| denotes the
usual supremum norm of f in Cfa,b]. Firstly, Korovkin [14] introduced the sufficient
conditions for uniform convergence of L, (f) to a function f by using the functions ¢,
i = 0,1,2. Quite a few researchers have generalized or extended this type approxi-
mation problems using different types of convergence, for a sequence of positive linear
operators defined on various spaces([1, 2, 9, 10, 11, 21, 22]).

Now, let’s remember some notations used in this article.

A double sequence x = (z,,,,) is said to be convergent to ¢ in Pringsheim’s sense
if, for every € > 0, there exists N = N(g) € N, the set of all natural numbers, such
that |z, — €] < € whenever m,n > N, where £ is called the Pringsheim limit of  and
denoted by P — limz = ¢ (see [18]). By a bounded double sequence we mean there
exists a positive number M such that |x,,,| < M for all (m,n) € N> = N x N. Note
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102 Statistical Relative Equal Convergence

that in contrast to the case for single sequences, a convergent double sequence need
not to be bounded.
Let K C N2 = N x N. Then the natural density of K, denoted by 62(K), is given
by:
i <m,k<n:(jk)e K
m,n mn

provided that the limit on the right-hand side exists in the Pringheim’s sense. A real
double sequence © = (x,,,) is said to be statistical convergent to £ if, for every € > 0,
the following set

K. :={(m,n) € N> |2, — | > €}

has natural density zero, i.e.,
62 {(m,n) € N>t |2, — | > }) = 0.

In this case, we write sty — limz = £ ([15]).

Let f and f,,, belong to C(I), which is the space of all continuous real valued
function on a compact subset I of the two dimensional real numbers. Also, || f|| denotes
the usual supremum norm of f in C(I).

DEFINITION 1 ([13]). (fmn) is said to be statistical pointwise convergent to f on I
if for every € > 0 and for any (z,y) € I, d2 {(m,n) € N? : | fon, (z,9) — [ (z,y)| > €} =

0. In this case, we write fin, st fon .

DEFINITION 2 ([13]). (fmn) is said to be statistical uniform convergent to f on I
if for every € > 0,

(z,y)erl

b2 {(m,n) EN?: sup |fmn(z,y) — flz,y)| > 6} =0.
sto
In this case, we write f,,, = f on I.

2 Statistical Relative Equal Convergence for Double
Function Sequences

E. H. Moore [16] introduced the notion of uniform convergence of a sequence of func-
tions relative to a scale function. Then, E. W. Chittenden [4] gave the definition of
relatively uniform convergence is equivalent to the definition given by Moore.

Similarly, a double sequence (f,,,) of functions, defined on any compact subset of
the real two-dimensional space, converges relatively uniform to a limit function f if
there exists a function o (z,y), called a scale function such that for every € > 0 there
is an integer n. such that for every m,n > n., the inequality

‘fmn (l'7y) - f(x,y” < E‘O’(Z’,y)‘
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holds uniformly in (z,y) . The double sequence (fnn) is said to converge uniformly
relative to the scale function o or more simply, relatively uniform.

Okgu Sahin and Dirik gave the definition statistical relative uniform convergence
which is stronger than statistical uniform convergence.

DEFINITION 3 ([17]). (fmn) is said to be statistically relatively uniform convergent
to f on I if there exists a function o (z,y), |o (z,y)| > 0 such that for every £ > 0, the
following set

M. := ¢ (m,n) : sup
(z,y)el

fmn(l"y) — f(x’y)
o(@.y) ’ - }

has natural density zero, i.e.,

o(z,y)

52{(m,n) : sup
(

z,y)el

fmn(xay) f(m,y)' > 8} =0.

This limit is denoted by sto — fin = f (I;0).

It will be observed that uniform convergence is the special case of relatively uniform
convergence in which the scale function is a non-zero constant (for more properties and
details, see also [3, 4, 5, 11, 20]).

The definition of equal convergence for real functions was introduced by Csészédr and
Laczkovich and they improved their investigations on this convergence([6, 7]). Also,
Das, Dutta and Pal introduced the ideas of 7 and Z*-equal convergence with the help
of ideals by extending the equal convergence([8]).

Firstly, we introduce the concept of statistical equal convergence for double function
sequences belong to C(I).

DEFINITION 4. (finn) is said to be statistical equal convergent to f on I if there
is a double sequence of positive numbers (g,,,) with sto — lime,,,, = 0 such that for
any (z,y) € I,

0a ({(m,n) € N+ | frun (@,9) — f (2,)] > €mn}) = 0.

. . eq—sta
In this case we write f,,, — fon I.

Then, we give the result as follows:

st eq—s
LEMMA 1. f. = f on I implies fnn = f on I, which also implies f,, =gt f
on I. Furthermore, f,,, cagta f on I implies f,., stz fon .

st
PROOF. Let fpn o fon I ie., stog —liml| frun — fll = 0. Let € > 0 be given.
Define the set D := {(m,n) € N : || fn — f|| > €} . Now we take the double sequence

as follows:
{ %7 (m,n) € D,
Emn =

| foun — fIl + =, (m,n) € De.

mn’
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It is easy to see that, sts — lime,,, = 0. Also, for all (m,n) € D¢ we obtain
| fon (2,9) = £ (2,9)] < | foen — fI| < Emn, which implies fo, ““=* f on I.

Now we give an example which establishes the fact that statistical equal convergence
is stronger than statistical uniform convergence for double function sequences.

EXAMPLE 1. Let I = [0,1] x [0,1] , g is a function by ¢ (z,y) = 0 for (z,y) € I
and A C N? with §3(A) = 0. For each (m,n) € N2, define g,,, € C (I) by

gy [ e
e 0 , (m,n)e A"

Take a double sequence (&,,,) by defined
mAn, (mn) € A4,
L (m,n) € A

mn’

Emn ‘—

Then we see that sto — lime,,, = 0. Also, we obtain, for every (z,y) € I,

{(m,n) € N : gy (2,9) — g (2,)| > emn} = 0.

It is shown that g, edgtz g on I. But (gmy) is not statistical uniform convergent and

uniform convergent to the function g =0 on I.

Now, we give the new concept of convergence with help of the concepts in Definition
3 and Definition 4 as follows:

DEFINITION 5. (fmn) is said to be statistically relative equal convergent to f on
I if there is a double sequence of positive numbers (g,,,) with sto — lime,,, = 0 and
there exists a function o (x,y), |0 (z,y)| > 0, such that for any (z,y) € I,

5 {(m,n) enz: |f m"(xﬁ;’_yjf (,9) ’ > gmn} — 0.

In this case we write fp,, cazyts (I;0).

REMARK 1. If the scale function is a non-zero constant, statistically relative equal

convergence reduces to statistical equal convergence.
EXAMPLE 2. Take (gmy) on I is given by

%L, m,n are squares,

0, otherwise.

Imn (T, Y) = {

Also, take a double sequence (&,,,,) defined by

1

m—+n?

4(m? +n?), m,n are squares,
Emn .
otherwise.
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Then we see that sto —lim e, = 0. Let o(z,y) = w+y+1 for (z,y) € I. Note that (gmn)
is statistically relatively equal convergent to ¢ = 0 but it is not uniform convergent,
statistical uniform convergent and statistically relatively uniform convergent to g = 0.

3 A Korovkin Type Approximation Theorem

In this section we implement the notion of statistical relative equal convergence of a
double sequence of functions to demonstrate a Korovkin type approximation theorem
in C(I). Let T be a linear operator from C(I) into C'(I). Then, as usual, we say that
T is positive linear operator provided that f > 0 implies T'(f) > 0. Also, we denote
the value of T'(f) at a point (z,y) € I by T'(f(u,t);z,y) or, briefly, T'(f; z,y).

THEOREM 1. Let (T},,) be a double sequence of positive linear operators acting
from C (I) into itself. Then, for all f € C (I),

Ton(f) =" 1 (150, (1)
if and only if
n(€00) eqjtz eoo (I;301),
eq—sta

(
(e10) "— " e1o ([;02), (2)
n(eo1) e eon (I;03),

n(ez0 + e02) = eag + eop (I304),

where e;; (z,y) = z'y’ for i,j = 0,1,2, o(z,y) = max{|ox(z,y)|}, lok(z,y)| > 0 for
k=1,2, 3, 4.

PROOF. Since each e;; (z,y) = z'y’, i, j = 0,1, 2, belongs to C (I), the implication
(1)=-(2) is obvious. Suppose now that (2) holds. Also, since f is continuous on I, we can
write that for every e > 0, there exists a number ¢ > 0 such that |f (u,t) — f (z,y)| < e
for all (u,t) € I satisfying |u — 2| < § and |t — y| < §. Then, we get

2w, 3)

|f (u,t) = f(z,y)| < e

where 1) (u,t) = (u— ) + (t —y)°. Since Ty, is positive linear operator, using the
inequality (3), we obtain

Tonn (f52,9) — f(z,9)]
‘Tmn( (u,t) = f(2,9)52,9) + f(2,9) (T (€005 2,y) — €00 (7, 9))]
(If (u,t) = f (@, 9)|s2,9) + 1 f [ | Tmn (€005 2,y) — €00 (7,y)]

T( 2Ly (w50 >+f|||Tnm(€00;l’,y)600($79)|
217
52

IN

IN

€T (€00; T, Y) Ton (Y (u,t) 52,9)
I T (€00 2, y) — €oo (2, y)] - (4)
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Now, we calculate the term of "T,,,, (¥ (u,t);2,4)";

T (¢ (ust) 52, )
= Ton (=2 +(t 1) i2.y)
= Tn (e20 + €02; 2, y) — 22T mn(e10; 2, y)
—2yTn(€01; T, y) + (:c2 + yz) Tonn (€005 2, Y)
< |Tn (€20 + €025 2, y) — (€20 + €o2) (2, y)| +
+2 ]| [Ton (€105 2,y) — €10 (@, 9)] + 2|yl | Ton (e01; 2, y) — €01 (z, )]
+ |2° + ¥*|| I Tonn (€005 7,y) — €00 (z,3)] -

Hence, combining (4) and (5), we write

<s +IfIl+ 2!5“ ||x2 + y2’|> | T (€005 T, Yy) — €oo (2, y)]

IN

4111l
+672 ||33|| len (610§ x,y) — €10 (x,y)|

4llf
+y Yl [ Tomn (0152, y) — eor (2,)]
21| o
+ 52 T (€20 + €02 %, y) — (€20 + €02) (%, )] +&.

Therefore we get

Tonn (fs2,9) = f(z9)| < e+ 0{[Timn (€00; 2, 9) — €00 (z,)
+ [T (1052, y) — €10 (7, Y)]
+[Tonn (0132, y) — €01 (z,y)]
+ | Tonn (€20 + €02; %, y) — (€20 + €o2) (z,y)|}

where

2

f 4llf
U1 4 ), 411

]l

4 2
0:max{s+||f||+ gf” lyll, !5}

Since ¢ is arbitrary, we can write

|T7nn (fv'ra y) - f (a:,y)| S 9 {|T7nn (eoow’y) — €00 (xyy)|

(5)

+[Tonn (€105 2,9) — e10 (T, ¥)| + [Tomn (€015 2,y) — eo1 (2, y)]

+ |Tmn (620 + ep2; x, y) - (620 + 602) (xay)”

(6)
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So, we obtain

Tmn (f;xa y) — f (x,y)

o(z,y)
< 0{‘T (eoo0; , y)—eoo(%y)’
o1(x,y)
+’ mn (€105 T, y) e10 (z,y) n T (€01;7,y) — €01 (2,Y)
o2(z,y) o3(z,y)
+‘Tmn e20 + eo2; 2, y) — (€20 + €02) (7, 9) }
oa(z,y)

where o(z,y) = max {|ox(z,y)|}, k = 1,2,3,4.
Since Trn(€o0o) o3tz eoo (I;01), there is a double sequence of positive numbers
(s;nn> with sto — lime},,, = 0 and a function o1(z,y), |o1(x,y)| > 0, such that for

any (z,y) € I,

52 {<m7n) c N2 . ’Tmn(eOO;xay) — €00 (xay)' > E;nn} —0.
Ul(z)y)

Since Tnn(e10) eazgtz e10 (I;02), there is a double sequence of positive numbers (E;;m)

with sty — lime,,, = 0 and a function oa(2,y), |oa(x,y)| > 0, such that for any
(z,y) € I,

02 {(m,n) eN?: ‘T’""(ew%xvy) — e1o (x,y)' S } .
oa(z,y)

. eq—st . .. 11
Since Tyun(e01)  —  eo1 (I;03), there is a double sequence of positive numbers (smn>

with sty — lime,,, = 0 and a function o3(z,y), |os(z,y)| > 0, such that for any

(z,y) €1,

T ] — "
62 {(m7n) c NQ . ’ rnn(eOany) €01 (%‘,y)' 2 e } = 0.
US(Z,y)

. eq—st . .
Since Tyun(eao + €g2)  — - eao + ega (I;04), there is a double sequence of positive

numbers (5”” ) with sty — lime,. = 0 and a function o4(z,y), |o4(z,y)| > 0, such

mn

that for any (z,y) € I,

5 {(m n) € N2 ; ‘Tmn(SQO + e02; @, y) — (e20 + €o2) (Iay)‘ — } —0

oa(z,y)
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For every (z,y) € I, setting
U - {mJLGW:ZhMﬁ%w_f@ww>&m}
o(z,y) -
U, — {mn ) e N2 Tmn(eoo;ﬂﬁay)*eoo(iﬁyy) > }
o1(z,y) Fn
U, = { m,n) € N2 ; Tyn (€10;7,Y) — €10 (x,y) }
o2(z,y)
U, — { (m,n) € N2 - Ty (€0152,Y) — €01 (iﬁ,y) }
o3(z,y)
Uy — { m,n) € N2 ; Ty (€20 + €02;2,y) — (e20 + €o2) (7, y) ‘ 1 }
oa(z,y) ’

1117 1 " 11 111

where €,,,, 1= 40¢ = max {e’:‘ Emms Emms € } and o(x,y) = max {|ok(z,y)|},k =

mn? E’VVL!L mn?-mn?Tmn? Tmn

1,2,3,4. It is clear that sty — lim g,y,,, = 0. Now it is easy to see that

3
UgUm
1=0
which gives, using (6),
Ul _ < |U |
0<P—hm z: =0

The proof is complete.

EXAMPLE 3. Let I = [0,1]x]0, 1]. Consider the double Bernstein type polynomials
n j m—j n—
Byun(fi.1) sz( ) ( )(k)xf(l—z> Tyt ()
§=0 k=0

on C (I) . Using these polynomials, we introduce the following positive linear operators

on C(I):
Pon(fi7,9) = (14 gmn (2,9)) Bmn(f52,y), (z,y) € and f € C(I), (8)
where (gynn) on I is given by
%, m,n are squares,
Imn (2,Y) 1= ,
0, otherwise.
Take a double sequence (&,,,,) by defined

1
m+n?

4 (m2 + n2) , m,n are squares,
Emn ‘=

otherwise.
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Then we see that sto — lime,,, = 0. Let o(z,y) = %y“ for (z,y) € I. Note that

(gmn) is statistically relatively equal convergent to g = 0. Also, observe that

Pmn(600§x7y) = (1+gmn (x7y)>600($7y)7
Pmn(e()l; x, y) = (]- + Imn (.’E, y))e()l(xv y)v
Pmn(elO; &€, y) = (1 + Imn (LE, y))elo(x, y)?
z(l—=x 1-—
Prn(e2o +eo2;2,y) = (14 gmn (z,9)) | (€20 + €02) (2, y) + ( m ) + y " )
Since gpmn caz3ts g=0(I;0) , we conclude that
Pmn (600) — €00 6‘13752 0 (I7 U) ’
Ppn(e10) — eno =5t (I;0),
Prrm(eOI) — €01 cazyts 0 (Iv 0') )
(

—st
€20 + 602) — (620 + 602) At 0 (I;O’) .

Notwithstanding, since (g,,) is not uniform convergent, statistically uniform conver-
gent and statistically relatively uniform convergent, we can say that the classical, sta-
tistical and statistical relative cases of the Korovkin results introduced respectively
in [19], [12] , [11] do not work for our operators given by (8). Therefore, this exam-
ple clearly shows that our Theorem 1 is a non-trivial generalization of the classical,
statistical and statistical relative ones.

4 Rate of Statistical Relative Equal Convergence

In this section, we compute the corresponding rate of statistical relative equal conver-
gence of positive linear operators on C (I) via the modulus of continuity.

Now we recall the concept of modulus of continuity. For f € C (I), the modulus of
continuity of f, denoted by ws (f;6), is defined by

we (f;90) == sup{|f(u,t)—f(a:,y)| :(uyt), (z,y) EI,\/(u—x)2+(t—y)2 §(5}

where f € C(I) and § > 0. In order to obtain our result, we will make use of the
following elementary inequality, for all f € C (I) and for A, § > 0,

w (f;nd1) < (14 [n])wa (£39) (9)

where [n] is defined to be the greatest integer less than or equal to n.
Then we have the following result.

THEOREM 2. Let (T,,,) be a double sequence of positive linear operators acting
from C (I) into C (I). Assume that the following conditions hold:

T (€00) 123" eng (I;01) (10)
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and ,
wo (f36mn) =" 0(L;09) (11)

where 8, = /Ton(V; 2, y) with V(u,t) = (u— z)° + (t — y)*.Then we have, for all
fec),
Trn(f) = f€;o)

where e;; (z,y) = z'y?, 4,5 = 0,1,2, o(z,y) = max |ok(2,y)| ; |ok(z,y)| >0, k =1,2.

PROOF. Let f € C(I) and (z,y) € I be fixed. Using the properties of wy and the
positivity and monotonicity of T},,, we get, for any § > 0 and m,n € N,

Ty (f52,9) — £ (z,9)]

S Tmn (|f(u t) ( )|7x)+|f($ay)||Tmn (eOO;xay)_eOO (a:,y)|
< T (14 5 ) w2 (1:0) 00 ) 417 0201 L Ceoni ) = e .0)
S w2 (f 5) mn (600,%’ il/) +CU2 (f 5) mn (vgugt)vxvy)
+[f (@, )| | Lm (€00s 2, y) — eoo (2, y)| -
So, we get

Tm,n (f,:cay) *f(fl?,y) w2 (f 5) ‘ (e()va y) eOO(xay)‘

o(z,y) = o2, y)] oi(z,y)

+|f 2,y ‘ ‘ mn eOO;xay) — €00 (Ivy)‘
o1(z,y)

wo (f,5) i w2 (fé(s)
loa(z,y)|  |oa(z,y)| 6°
wa (f;0) | Ton (€00; %, y) — €0o(T,y) ’
loa(z, )| o1(z,y)
Tonn (6007 Z, y) — 600(337 y) (.f 6)
o1(2.9) ’ 2 42

Tonn (V(u,t);2,y)

IN

+M

where 0,y 1= 0 := /Tin(V;z,y) and M = || f].

Since Ty (e00) ““=* eoo (I;01), there is a double sequence of positive numbers
(5;%) with sty — lime,,,, = 0 and there exist a function o (z,y), |o1(z,y) > 0| such

that for any (z,y) € I,

5o {(m7n) c N2 : ’Tmn(eOO;x7y) — €00 (xay)' > E;nn} —0.
01($7y)

eq—sta
—

Also, since wa (f;dmn) 0(I;02), then there is a double sequence of positive

numbers (E;;m) with sto—lime,,, = 0 and there exist a function o5 (z, y), |o2(x,y) > 0|
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such that for any (x,y) € I,

w2 (f7 6mn)

P {(m,n) € N?: 2@.1)

> a;l,m} =0.

For every (z,y) € I, setting

B SR
’ ’ ’ O'(LIZ,y) = “mn (>

U . {(m n) e N2 . Tmn(eoo;x,y) — €00 (:c,y)’ > ¢ }

t ’ ’ Ul(lli,y) = S“mn (>
P L | w2 (fa 57nn) ”

Uy {(m,n)€N2, “oamg) 257%},

where &,,,, = max {slmn,e;;m} cen =2 4 (M4 2)emn, o(z,y) = max {|ox(z,y)|}

! . . .
mn = 0. Now, it is clear to write

and |og(z,y)| > 0, k = 1,2. It is clear that sto —lime

that
UCU Ul
which gives, using (12),
0< P—limM < {P—lim'Ull} + {P—lim|U2|} =0.
m,nIMmmn m,n mn m,m Mn

for every (z,y) € I. The proof is completed.

5 A Voronovskaya-Type Theorem

In this section, we give a Voronovskaya-type theorem in statistical relative equal case
for the positive linear operators {P,,} given by (8) for n = m.

LEMMA 2. For the positive linear operators { B, } given by (7), we obtain, for all
(z,y) e I =[0,1] x [0,1],

n—1)(n—2 3(n—1 1
B’rm(603§$7y) = ( )(2 )y3+ ( 3 )y2_|_72y’
n n n
. m—1n-2) 3 3n-1) 5, 1
Bnn (6307 xz, y) = n2 x° + n2 xTr° + E{ﬂ,
n—1)(n-2)(n—3 6(n—1)(n—2 T(n—1 1
Bun (cosiz,y) = ( ) i )( )y4+ ( )3( )ngr ( - )y2+73y7
n n n n
-1 -2 — -1 -2 -1 1
Bun (e30:2,y) = (n—1)(n ! )(n 3)x4+6(n )3(n )I3+7(n3 )x2+73$
n n n n

where e;; (z,y) = 2'y?, i,j = 0,1,2,3,4.
LEMMA 3. Let (z,y) € I =[0,1] x [0,1] . Then, we get

02 P ((w=2)*52,y) “= 3220 = 1 (L0), (13)
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n’Pp, ((t —y)ta, y) 1t 3y%(y — 1)? (I;0), (14)
where e;; (z,y) = z'y?, fori,j =0,1,2.

PROOF. We shall prove (13). It is similar to the proof of (14), we omit it. For
Lemma 2, we can write

—6z* + 122°% — 722 + x]

nzpnn ((u - $)4 ; x)y) = (1 + gnn (.’E, y)) |:3.’E4 - 61:3 + 3372 + n

Herefrom, we get

02 P (= )" 12, ) = Bezo (2.9) eao (@) = 2e10(a,y) + eaolz.y)]|
26

< 12900 (2,y) + (L4 gnn (2,9)) — (15)
for every = € [0,1]. Since gmn ca_gtz g =0(I;0), it is easy to observe that
26 eq—sta
1290 (2, 9) + (1 + gnn (z,9)) — =" 0(L;0). (16)

n
Combining (15) and (16), the proof is complete.

THEOREM 3. Let (z,y) € I =[0,1] x [0,1] and f, fz, fy, fexs foy, fyy € C(I).
Then,

1 Pan (f;2,) — f (z,9)} =7 % {(@ =) fou + (=9 fyy} (I;0).

PROOF. Let (z,y) € I and fz, fy, fozs foy, fyy € C (I). Define the function ¥ by
U (u,t)
1 fut) = f(2,9) = fo(u—2) = f, (t —y)
Vi ey { ' () # (2,9).

4 [ =0 4 2w 2) (= )+ = 0]
0 (.6) = (2.1).

Hence, by assumption we obtain ¥ (u,t) = 0 and ¥ belongs to C (I). By the Taylor
formula for f € C (I), we have

Ft) = @y +@=a)fot -9 fy+g {2 fu
+2(u—2) (t=y) foy + (= 1) fuu }

+V (u,t) \/(u —o)' + (t—y)".
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Because of linearity of the operator P,,, we get
Pon (fizy) = f(z,9) 1+ gnn(2,y)) + foPun (u — 232, y)
1
+fypnn (t - Y :z:,y) + i{fmzpnn ((U - x)2 ;xay)

+2fzypnn ((u - 1‘) (t - y) ;xvy) + fyypnn ((t - y)2 ;xvy)}

P (\1: (u,8) /(= 2)* + (t— )i, y> .

Now if we use the properties of this operator, we obtain

Hggiz(g;,y) {(x — %) fou + (y — yZ)fyy}

+P, (\I/ (u,t) \/(u — o)t + (t—y)tia, y)

Pon (fi2,y) = f(2,9) (14 gnn(z,9) +

which yields

n{P’m (f;J?,Z/) - f(x,y)} = ng’rm(a:’y)f (as,y)
L+ gun(z,9)

+f {(m - -'L'Q)fww + (y - yz)fyy}

+nP,, <\IJ (u,t) \/(u o)+ t—y) i, y) .(17)

Applying the Cauchy-Schwarz inequality for the third term in (17), we get

n

Pon (¥ ) V=4 =) y)

< (P (W (00):2.9)) - (0P (w2 4 (- ) s))

= (Pnn (\1’2 (u,t) ;x,y))1/2 {HQPM ((u - x)4 : m7y) +n?P,, ((t _ y)4 1, y) }1/2 .

Let 8 (u,t) = W2 (u,t). In this case, we show that 3 (z,y) = 0 and 3 belongs to C (I).
From Theorem 1,

eq—sta

Pan (92 (1,8)52,9) = Pan (B (w,8)5,9) =" By (0,9) =0(Li0). (18)

Using (18) and Lemma 3, we get from (17)

nPrn (‘If(m,y) (u,t) \/(u — )+ (t—y)" :vy) “50(10). (19)

eq—sta
—

Considering (19) and (17) and also gnn(z,y) g =0(I;0), we have

eq—sta 1

TL{P7”L(f;1'7y)—f(-T,y)} - 5{(ar—x2)fm—|—(y—y2)fyy}(l,a)

So the proof is completed.
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