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Abstract

In this paper we present some existence results of solutions for elliptic bound-
ary value problems on bounded domains of R (N > 1) depending on the behavior
of the nonlinear term. We mainly use fixed point arguments by means of Kras-
nosel’skii’s compression-expansion and Schauder’s fixed point theorems.

1 Introduction
Let us consider the problem

—Au= f(x,u) inQ,
{ u=0 on 082, (1)

where (2 is a bounded domain of RN (N > 1) with smooth boundary and f : QxR —
R is a continuous function. Existence and uniqueness of solutions of this problem has
been investigated in many papers where different type of arguments were used (see
[5] and references therein). In [4, 5] the compression-expansion fixed point theorem
of Krasnosel’skii has been used as a basic tool to prove existence and localisation of
positive solutions of Problem (1). We mention that the role of Harnack type inequalities
for the application of Krasnosel’skii’s theorem in cones was first shown in [2]. In [4],
the authors reformulate the Problem (1) as a fixed point problem Tu = u on the space
of continuous functions where the operator is of the form T = (—A)~'F with (—A)~!
the reverse of the Laplace’s operator and F' the Nemytskii operator. Inspired by [3]
and [4], we will prove existence theorems for the given elliptic boundary value problem
in the space of continuous functions according to the behavior of the nonlinear term.
In section 2, we prove existence of a classical positive solution under some assumptions
on f by using Krasnosel’skii’s compression-expansion fixed point theorem. In section
3, we will use Schauder’s fixed point theorem to prove existence of classical solutions
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when f satisfies suitable general growth conditions. Let us recall some definitions and
tools which are used in the sequel.

DEFINITION 1. By a positive solution of Problem (1) we mean a function u €
C' (Q,R) which satisfies (1) (with Au in the sense of distributions), and u (z) > 0 for
all z € Q.

DEFINITION 2. A superharmonic function in a domain Q C RY is a function
u € C1(Q,R) with Au < 0 in the sense of distributions, i.e.,

/ Vu-Vu >0 foreveryve Cg°(Q2,R) satisfying v(z) >0 on (.
Q

DEFINITION 3. By a cone in a Banach space F we mean a closed convex subset
C of E such that C # {0}, A\C C C for all A € RT, and CN (—C) = {0} .

THEOREM 1 (Krasnosel’skii’s compression-expansion theorem [1]). Let E be a
Banach space, C C E a cone and assume that 7' : C — C is a completely continuous
map such that for some numbers r and R with 0 < r < R, one of the following
conditions is satisfied:

(1) [[Tul] < [lull for [ju]| = r and [[Tul| > ||lu for [lu] = R,
(i) [[Tu]l = [[ul| for [ju]l = 7 and [|[Tul| < |Jul for [u]| = R.

Then T has a fixed point v with r < |lul| < R.

2 Existence of Positive Solution

To prove existence of a positive solution for the Problem (1), we give assumptions on
the nonlinear term which allows us to apply the Krasnosel’skii’s compression-expansion
fixed point theorem. Let E be the Banach space defined by

Co(Q,R) = {u € C(Q,R) : u=0on N}

endowed with the norm ||ullo = sup |u(z)|. Let K a subset of Q; for a function h : Q —
z€Q

R, by h),. we mean the function h|, (z) =h(z)ifz € K and by, (z) =0if z € Q\ K.

We shall assume that the following global weak Harnack inequality holds:

(H) There exist a compact set K C  and a number 1 > 0 such that u(x) > nljul|o for
all z € K and every nonnegative superharmonic function v € C'(Q,R) with u =
0 on 092.

THEOREM 2. Assume that
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(S1) f: Q2 xRt — R is a continuous function and there exists o > Owith o # 1
such that

f(z,u) <a(z)+ b(z)u’ for (z,u) € Q x R,
where a,b: Q — R* are continuous and positive functions.

(S2) there exists R > 0 such that

. ’ > RIl(=A 711 —1.
zeK,Iz?elB%mR]f(x ®) A xclo

1 _o 1

o—1 —

O'MQ UMQ
where M; = [[(~AVallo and My = [[(—A1)b]jo.

Ms( )ﬁ+M1<0whena>1,

Then the Problem (1) has at least one positive solution.

PROOF. Let F : Cy (ﬁ, R) — (ﬁ, R) be the Nemytskii operator defined by
Fu(z) = f(z,u(z)) and T : C — Cy(Q,R) the operator given by Tu = (—A)"1Fu,
where C is the cone defined by

C={ueCy(QR):u>0onQand migu(x) > nllullo}-
re

One can see that  is a solution of Problem (1) if and only if
u=(—A)"'Fu,

that is, a solution of the Problem (1) is a fixed point of the operator T'. In order to show
that the operator T" has a fixed point, we shall prove that the hypotheses of Theorem
1 are satisfied. It is clear that the operator 1" satisfies

—A(Tu) = f(x,u) inQ,
Tu=0 on 0N.

Because T'u is superharmonic, then by the global weak Harnack inequality (H) we have
T(C) C C. Indeed if v € T(C), there exists u € C such that v = Tu. We have

i = mi > > .
min v(z) = min Tu(z) = n{|Tully 2 nllvfo

Moreover, because f is continuous, then by Ascoli-Arzéla compactness criterion, it is
easy to see that the operator T' is compact.
Now, let » be a positive number which will be selected later and consider the two sets

S1={u e Co(LR) : [lullo <r} and Sy = {u € Co(QR) : [Jullo < R}.
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Let u € CNASy, then using assumption (S;) and monotonicity of the operator (—A)~1,

we have

ITullo = [I(=2)" Fullo < [[(=A)" (a(.) +b(-)u”)llo
I(=A)"allo + [1(=2)"b()u o
I(=2)"allo + [lllwll§ (—2)~"0llo
I(=A)allo +r7[[(=A)""bllo < M + 17 M.

IN A CIA

Note that when o < 1, we have r — My — r My — 400 as r — +o00. Hence, if r
is chosen sufficiently large (r > R), we get My 4+ r°My < r. On the other hand, by
using (S3), we deduce that for o > 1, there exists a suitable r > 0 which satisfies
My + 17 My < r. Then, for any o > 0, o # 1, we have | Tullo < r = ||ullo-

Now, if u € CNdSs, by using assumption (S2) and by monotonicity of the operator
(—A)~L we get

ITullo = I(=8)""Fullo > [(=2)"" (Fu) |

> min x,y) sup [(=A)711
> minf)sup |-8) )

> R|(=A) ")l I (=A) " L) llo
= R = |ulfo.

0

Hence, || Tullo > ||ullo for ||ullo = R. Then, using Krasnosel’skii’s fixed point Theorem
1, the existence result holds.

3 General Existence Results

Now, we will use Schauder’s fixed point theorem to prove existence of solutions for the
Problem (1).

THEOREM 3. Assume that the nonlinear term f satisfies
|f(x,u)| < H(x,|u|) for z € Q and u € R,
where H : Q x Rt — R satisfies

(A1) H is continuous, nondecreasing with respect to its second variable,

(Ag) there exists My > 0 such that

M,
H(z, M) < ” 0 for all z € Q.

(=A)"gllo
Then the Problem (1) has at least one solution.

PROOF. Let
D= §(07M0) = {'LL S CO (ﬁ, R) : HU”O < M()}
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and B
T:D— Co(%LR), Tu=(-A)"'Fu.
T is compact and we have for every v € T(D) there exists u € D such that v = Tu.

By the monotonicity of (—A)~! and because H is nondecreasing with respect to its
second argument we have,

ITullo = [[(=A)"" Fullo < [[(=2)""H(., u])lo

7 (faymm)

I(=2)""1g]lo = Mo,

[vllo

IN

[(=A) " H(., Mo)llo <

0
My

< - - @

= (=A)" gl
meaning that v € D, i.e., T(D) C D. By Schauder’s fixed point theorem, we deduce
that the operator T has a fixed point in D. The proof is complete.

THEOREM 4. Assume now that

(H1) There exist a nondecreasing function ® € C(R™,R*) and a function ¢ € C' (Q,RT),
such that -
[f(z,u)] < P(2)P(|ul) for (z,u) € @ xR,
(Hz) there exists Ry > 0 such that
_ B
I(=A)~"llo’

Then the Problem (1) has at least one solution.

®(Ry) <

PROOF. Let’s consider the compact operator
T:D= E(O,RO) == {’LL € Co (ﬁ, R) : ||UH() S RO} —_— C() (ﬁ, R)
defined by
Tu = (—A)"'Fu for u € D.

We have T(D) C D. Indeed, v € T(D) implies that there exists u € Cy (€, R) with
|lu|| < Rp and v = Tu. Using assumptions (H;), (Hz) and the monotonicity of the
operator (—A)~! we get

[vllo = [Tullo = [(=2)" Fullo < [[(=2)" ()@ (|ul)|,
< [[=a)  wO@(lulo)], < [(=2) ()2 (Ro),
< @(Ro)ll(=2)""¥llo < Ro,
that is T(D) C D. Hence, by Schauder’s fixed point theorem, T has a fixed point, which

is a solution of the Problem (1).

REMARK 1. If in Theorems 3 and 4, we assume that there exists zy € Q such that
f(x0,0) # 0, then the solutions obtained are nontrivial.
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