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Abstract

In this paper, we introduce and investigate a subclass of analytic and bi-
univalent functions in the open unit disk U. Furthermore, we find upper bounds
for the second and third coefficients for functions in this subclass. The results
presented in this paper generalize and improve some recent works.

1 Introduction

Let A be a class of functions of the form
o0
f(2) :z—l—Zanz", (1)
n=2

which are analytic in the open unit disk U= {z € C: |z| < 1}. Also S denote the class
of functions f € A which are univalent in U.

The Koebe one-quarter Theorem [5] ensures that the image of U under every univa-
lent function f € S contains a disk of radius i. So every function f € S has an inverse
f~1, which is defined by

A fE) =2 (z€),
and

st =w (ol <l = 1)

g(w) = fHw) = w — agw? + (2435 — az)w® — (5a3 — 5agaz + ag)w +--- . (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given by (1).

Determination of the bounds for the coefficients a,, is an important problem in
geometric function theory as they give information about the geometric properties of
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these functions. Recently there are interests to study the bi-univalent functions class
3 and obtain non-sharp estimates on the first two Taylor-Maclaurin coefficients |as|
and |as|. For a brief history and interesting examples of functions in the class X,
see [12] (also [1, 3, 4, 13]). Many interesting examples of functions which are in (or
which are not in) the class X, together with various other properties and characteristics
associated with the bi-univalent function class ¥ (including also several open problems
and conjectures involving estimates on the Taylor Maclaurin coefficients of functions
in ¥), can be found in recent literatures [2, 7, 9, 10, 11, 15]. The coefficient estimate
problem i.e. bound of |a,| (n € N — {2,3}) for each f € ¥ is still an open problem.
More recently Frasin [6] introduced the following two subclasses of the bi-univalent
function class ¥ and obtained non-sharp estimates on the first two Taylor-Maclaurin
coefficients |az| and |ag| of functions in each of these subclasses.

DEFINITION 1 ([6]). Let 0 < np <1 and A > 0. A function f(z) given by (1) is
said to be in the class Hx(n, A) if the following conditions are satisfied

Je% larg(f'(2) + A=f"(2))] < 7, and Jarg(g'(w) + Xuwg”(w))] < 7.

where the function g is given by (2).

THEOREM 1 ([6]). Let f(z) given by (1) be in the class Hx(n, A). Then

2 2,0

2n n
< .
jaz] TES\EREE Ty

T V2 +2) H4ANn+A+2 - An)

and |ag| <

DEFINITION 2 ([6]). Let 0 < 8 < 1 and A > 0. A function f(z) given by (1) is
said to be in the class Hx (8, A) if the following conditions are satisfied

fex, Re(f'(2) +Az2f"(2)) > B and Re(g'(w) + Awg"(w)) > B,

where the function g is given by (2).
THEOREM 2 ([6]). Let f(z) given by (1) be in the class Hx (5, A). Then

2(1-B)
3(1+2))

(=62 , 201-5)

<
ja2] = 1T+ N2 " 3(1+2))

and Jag| <

The purpose of our study is to investigate the bi-univalent function class Wg’p (v, A\ @)
introduced here in Definition 3 and derive coefficient estimates on the first two Taylor-
Maclaurin coefficient |as| and |as| for a function f GWg’p(”y,)\,a) given by (1). Our
results generalize and improve those in related works of several earlier authors.
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2 The Subclass W’ (v, \, )

In this section, we introduce and investigate the general subclass Wg’p (7, A, ).

DEFINITION 3. Let the analytic functions h,p : U — C satisfying that
min{Re(h(z)),Re(p(2))} >0 (2 € U) and h(0) =p(0) =1.

Let « >0, A >0 and v € C\ {0}. A function f € A given by (1) is said to be in the
class W’g’p (7, A, ) if the following conditions are satisfied

f(z)

1+ % {(1 —a+ 207+ (o= 20)f(2) + Af"(2) - 1] €nu)  (zel), )

and
1+ % [(1 —a+ 2)\)¥ + (o= 2)\)g'(w) + Awg" (w) — 1} € p(U) (welU), (4

where the function g is defined by (2).

REMARK 1. There are many choices of h and p which would provide interesting
subclasses of class ng (7, A, @). For example, if we take

1 n
h(z) = p(z) = (;_rz) (0<n<l,a>0,A>0,veC\{0},z€U),

it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses of Definition
3. If f € WEP(y,\,a), then f € 3,

arg <1+i [(1 —a+2)\)@ + (a =2\ f"(2) + Azf"(2) — 1})‘ < %ﬁ (z €U),

and

arg (1 + % [(1 —a+ 2A)@ + (@ — 20)¢' (w) + wg” (w) — 1})‘ < %ﬁ (w € ).

Therefore in this case we have the following items:

1. For v = 1, @ = 1+ 2, the class Wg’p(%)\7a) reduce to class Hx(n,\) in
Definition 1.

2. For v = 1, A = 0, the class Wg’p(’)/, A, @) reduce to class Bx(n, ) studied by
Frasin and Aouf [7, Definition 2.1].

3. Fory=1, A =0, o =1, the class Wg’p(’y, A, @) reduce to class Hy. which studied
by Srivastava [12, Definition 1].
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If we take

1+ (1-20)z
1—2z

h(z) = p(z) = (0<B<La>0,A>07eC\{0},z€),

then the functions h(z) and p(z) satisfy the hypotheses of Definition 3. If f € Wg’p(% A, o),
then

)

fex, %e<1—|—i{(l—a+2)\) +(a—2/\)f’(z)+/\zf”(z)—1D > B (2€0),

and
Re (1 + % {(1 —a+ 2)\)%1”) + (a = 2)\)g' (w) + Mwg” (w) — 1]) >3, (wel).

Therefore in this case we have the following items:

1. For v = 1 and a = 1 + 2\, the class Wg’p(’y, A, a) reduce to class Hx (B, ) in
Definition 2.

2. For v =1 and A = 0, the class W’g’p(’y, A, @) reduce to class By (8, «) studied by
Frasin and Aouf [7, Definition 3.1].

3. Fory=1, A=0and a = 1, the class Wg’p(% A, ) reduce to class Hx(8) which
studied by Srivastava [12, Definition 2].

3 Coeflicient Estimates

Now, we obtain the estimates on the coefficients |az| and |as| for subclass W;’p(% A, Q).

THEOREM 3. Let f(z) given by (1) be in the class Wg’p(’y, A, a). Then

2 h h// /!
ool < min { /P20 2+ 1p1%) Ivll 0)] +[p"(0)) )
2(1+a)? (14 2a + 2))

and

S PR+ 1) IR O JylB(0)]
a3§mm{ 2T+ )2 | 4(1+2a+2\ ’2(1+2a+2A)}‘ ©)

PROOF. First of all, we write the argument inequalities in (3) and (4) in their
equivalent forms as follows

)

”Hu_ww +la=2f'(2) +Aaf"(z) = 1| =h(z)  (z€V), ()
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and

1+ % (1-—a+ 2)\)%@ + (o —2)\)g'(w) + Awg” (w) — 1| = p(w) (weU), (8)

respectively, where functions h and p satisfy the conditions of Definition 3. Also, the
functions h and p have the following Taylor-Maclaurin series expansions

h(z) =14 hyz + ho2® + hgz® +-- - (9)

and
p(w) =1+ prw + paw?® + pgw’ + - - . (10)

Now, upon substituting from (9) and (10) into (7) and (8), respectively, and equating
the coefficients, we get

(1 + Oé)dg =vh, (11)
(14 20+ 2X)as = vha, (12)
—(1+a)az = yp1, (13)
and
2(1 4 2a+ 20)a3 — (1 + 2a + 2)\)az = ypa. (14)
From (11) and (13), we get
By = —py and 2(1+ a)%a3 = 12(h2 + p2). (15)
Adding (12) and (14), we get
2(1 4 2a 4 2)\)a2 = v(p2 + ha). (16)

Therefore, from (15) and (16), we have

2 _ V(T +p7)

a5 = and a2 = (P2 + ho)

2(1+a)? 2721420+ 2))

respectively. Therefore, we find from the equations (17), that

2 2
AR+ 1)
2(1+ «)?

IR (O)] + [P (0)])

2
<
ja]” = A1+20+2))

and |ap|? <

respectively. So we get the desired estimate on the coefficient |as| as asserted in (5).
Next, in order to find the bound on the coefficient |as|, by subtracting (14) from
(12), we get:
2(1 4 2a + 2\)agz — 2(1 + 2a + 2X\)a3 = y(ha — p2). (18)

Upon substituting the value of a3 from (17) into (18), it follows that

w2 Y0 +PY) (k2 —p2)
YT 20 +a)? 20 +2a+2))
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Therefore, we get

AR+ '), IR (0)] + 0" (0)])
2(1+ a)? 4(1+2a+2))

|as| < (19)

On the other hand, upon substituting the value of a3 from (17) into (18), it follows
that
h ho — h
a5 = Vp2the)  Aha—pa) vhe

21 +20+2))  2(1+2a+2\)  (1+2a+2))

Therefore, we get:

o < o DO 0

(14 2a+2))

So we obtain from (19) and (20) the desired estimate on the coefficient |a3| as asserted
in (6). This completes the proof.

4 Conclusions

If we take
1+ 2
1—=2

M =p0) = (122) 0<nsize),

in Theorem 3, we conclude the following result.

COROLLARY 1. Let the function f(z) given by (1) be in the class W(7, A, «v).

Then
lag| <mind 2007 f_ 20l
2l = atr U Vitr2aran'(’
and )
2|7|n
o < =
jas| < 1+ 20+ 2\

By setting v =1 and @ = 1 + 2\ in Corollary 1, we get the following corollary.

COROLLARY 2. Let the function f given by (1) be in the class Hx(n, A). Then

2 2n?
|az| < min 1 , ne and |ag] < ./ N—
A1\ 32A 1) 321+ 1)

REMARK 2. Corollary 2 is a refinement of Theorem 1.

If we set A =0 and 7 =1 in Corollary 1, then we have the following corollary.
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COROLLARY 3. Let the function f given by (1) be in the class Bx (7, ). Then

. 2n 2 2>
< N d < .
aQ—jmn{a+1’ 2a+177}an sl < 50T

REMARK 3. Corollary 3 provides an improvement of a result which obtained by
Frasin and Aouf [7, Theorem 2.2].

If we take a = 1 in Corollary 3, we get

COROLLARY 4. Let the function f given by (1) be in the class H:. Then

2 2
las| < \/gn and |az| < 3772.

REMARK 4. Corollary 4 provides a refinement of a result which obtained by
Srivastava [12, Theorem 1].

By setting

14+ (1-28)z
N 1—-2

h(z) = p(2) (0<B<1, z€0),

in Theorem 3, we deduce the following result.

COROLLARY 5. Let the function f given by (1) be in the class Wx (v, A, @, 8).
Then

2|y[(1 - 8)
14 2a+2X°

)2 =5) /2l - B)
<
|@Imn{ at1 Vit2at2r

} and |as| <

If we take vy =1 and o = 1 + 2 in Corollary 5, we get

COROLLARY 6. Let the function f given by (1) be in the class Hx (8, A). Then

las| < min{(1 — ) 2(1 - ) } and |az| < M

A+1 7V 3@ +1) ~ 322 +1)

REMARK 5. Corollary 6 is a refinement of Theorem 2.

If we set A =0 and 7 =1 in Corollary 5, then we have the following corollary.
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COROLLARY 7. Let the function f given by (1) be in the class Bx (5, ). Then

|a2|§mm{2(1—5) 2(1—5)} and g < 20=5)

a+1’ 200+ 1 200+1 "
REMARK 6. Corollary 7 provides a refinement of a result which obtained by Frasin
and Aouf [7, Theorem 3.2].
If we take o = 1 in Corollary 7, then we get
COROLLARY 8. Let the function f given by (1) be in the class Hx(8). Then

2(1-5)

|a2\ S 3
(1-5), forégﬁ <1,

for0<p<i
sh<s and |az| <

2(1-5)
T

REMARK 7. Corollary 8 provides an improvement of a result which obtained by
Srivastava [12, Theorem 2].
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