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Abstract

The class of convex sequences has important applications in several branches
of mathematics as well as their generalizations. In this paper, we have introduced
two new classes of convex sequences, the so-called (p,«)-convex sequences and
p-starshaped sequences. Moreover, the characterizations of sequences belonging
to these class are discussed.

1 Introduction

The set of convex sequences is one of proper and important subset of the set of real
sequences. This class is raised as a result of efforts to solve several problems in math-
ematics. Since the beginning of time, the sequences that belong to that class, have
considerable applications in some branches of mathematics, in particular in mathemat-
ical analysis. For example, such sequences are widely used in theory of inequalities
(see [12, 7, 8]), in absolute summability of infinite series (see [1, 2]), and in theory of
Fourier series, related to their uniform convergence and the integrability of their sum
functions (see as example [6], page 587).

Let (a,,)22, be a real sequence and let the differences of orders 0, 1, 2 of the sequence
(an)S2 be defined by

0 1 2
ANay, = ap, Aan:anJrl_afru Aafn:afn+2_2an+1""a«ru n=0,1,...,

and throughout the paper we shall write Aa,, instead of Ala,,.
Next definition presents the well-known notion of a convex sequence of order 2.

DEFINITION 1. A sequence (a,)5 is said to be convex of order 2 (or just convex)
i
N3a,, > 0,

for all n > 0.

Various generalizations of convexity were studied by many authors. For instance,
in [5] was introduced next:

*Mathematics Subject Classifications: 26A51, 26A48, 26D15.
fUniversity of Prishtina "Hasan Prishtina", Faculty of Education, Department of Mathematics and
Informatics, Avenue "Mother Theresa " no. 5, Prishtiné 10000, Kosovo

7



78 Characterizations of (p, a)-Convex Sequences

DEFINITION 2. A sequence (a,)>, is said to be p-convex for a positive real
number p if

Ly(a,) >0,

for all n =0,1,..., where the difference operator L,, is defined by
Lp(an) = ant2 — (14 p)ant1 + pay.

Another generalization of the concept of convexity can be found in [4] and [3]. In
[4] is given the following definition:

DEFINITION 3. If for a sequence (a,)22, the inequality
an — Pant1 2 0,
holds true for every n > 0, then it is said that (a,)32, is a p-monotone sequence.
Here, we will say that (a,)52, is a p-increasing sequence if the inequality
Ant1 — pan 2 0,
holds true for every n > 0.

Two other classes of sequences, the so-called, starshaped sequences and a-convex
sequences have been introduced in [9] and [10]. Indeed, let « € [0, 1].

DEFINITION 4. A sequence (ay)32, is called a-convex if the sequence

oo
ap — @
(a(anH —an)+ (1 —a)> 0)
n=1
is increasing.

DEFINITION 5. A sequence (a,)32, is called starshaped if

Gp41 — Ao > Gnp,

> — % for n > 1.
n+1 n

Let p be a real positive number.
Now, we introduce two new classes of sequences as follows:

DEFINITION 6. A sequence (ay)52, is called p-starshaped if

Up+1 — G0 apn — Ao
> > 1.
il 2P, forn>1 (1)
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DEFINITION 7. A sequence (a,,)22, is called (p, a)-convex if the sequence

o0
Gn — Q
(a(anH —an)+ (1 —a)> 0)
n=1
is p-increasing.

REMARK 8. We note that: (1, «a)-convexity is the same with a-convexity, (p,1)-
convexity is the same with p-convexity, (p, 0)-convexity is the same with p-star-shapedness,
(1, 1)-convexity is the same with convexity, and (1, 0)-convexity is the same with star-
shapedness.

REMARK 9. Note also that: 1-star-shapedness of a sequence is the same with its
star-shapedness.

Characterizing (p, a)-convex sequences as well as p-starshaped sequences, we are
going to accomplish the main aim of this paper.

2 Main Results

We begin first with:

THEOREM 10. The sequence (a,)5%, is (p, @)-convex if and only if

n=0

Gpt1l — G Gp — @
aLp(an)Jr(la)< £100 - 0>Zo,

for all n € {0,1,...}.

PROOF. The proof of this statement is an immediate result of the Definition 1.
The proof is complete.

For p =1 we obtain Corollary 11.

COROLLARY 11 ([10]). The sequence (a,)52, is a-convex if and only if

Gp1 — Ao an — Ao
A? (ay, 1— * - >
0 8% ) + (1) (B0 02 g

for all n € {0,1,...}.
THEOREM 12. The sequence (a,)5% is (p, o)-convex if and only if

(an —ap + a[n(an+1 - an) - (an - aO)])ZO:I )

is a p-starshaped sequence.
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PROOF. First let us write
Ap = an —ag + an(any1 —an) — (an —ao)l, n€{1,2,...},
which can be rewritten as
A =an(ans1 —an) + (1 — a)(an —ag), ne{l,2,...}.

The proof of this Lemma follows as a direct result of Lemma 2, and the following
obvious equivalences (Ag = 0)

:L_: > % <~ nd,;1 >pn+1)4,
< nfa(n+1)(ant+2 — ans1) + (1 = a)(ant1 — ao)]
> plon(ans1 — an) + (1 — a)(an — ao)]
< oan(n+1)Ly(a,)
+(1 — a)[n(ant1 — ao) — p(n+ 1)(ant1 — ao)] = 0
ap+1 — Ao Qp — Qo

— aLp(an)+(1—a)< e >zo.

The proof is complete.
For p =1 we obtain Corollary 13.

COROLLARY 13 ([10]). The sequence (a,)52, is a-convex if and only if
(an —ao + afn(ans1 — an) — (@ — ao)));;

is a starshaped sequence.

THEOREM 14. The sequence (a,)52 is p-starshaped if and only if it may be
represented by

a, =np" 1 Y0 E = (" = e, 2)
k=1
with ¢, >0, k > 2.

PROOF. Our reasoning is similar to the proof of Lemma 3 in [11], page 3. Namely,
let ag = ¢ and a; = ¢; and take n = 2 in (1) we obtain

as > 2per — (2p — 1)co,

which means that there exists a number ¢y > 0 such that

as = 2p (cl + %) —(2p—1)co.
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Now we assume that

n
Ck
k
k=1

n—1

Ay = NP — — 1)60.

Then for n 4 1 there exists ¢, +1p™ > 0 so that we will have

An+1 — Ao > ap — Qg

n+1 P n

n+1
= apy1 2D (an —co) +co
n-+1 _ " _
= ani1 = Cppap” +p—— (np” ! f —(np" ' = 1)co —co| +co
k=1
n+1 c
k

<~ apt1=Mm+1)p" Z e [(n+1)p™ — 1)co,

k=1

which by mathematical induction we obtain the representation (2). The proof is com-
plete.

COROLLARY 15. If the sequence (a,)52, is represented by (2), then

Lp(an) :pn [(p - 1) < % - 1) + (nf_ 1 - 1> Cn+1 +pcn+2] .

k=1

Taking p = 1 in Theorem 2 and Corollary 2 we get the following:

COROLLARY 16 ([11]). The sequence (a,)32, is starshaped if and only if it may
be represented by

Zf (n —1)co with ¢ >0, k > 2. (3)
k=1

COROLLARY 17 ([11]). If the sequence (a, )32, is represented by (3), then

n

A2 n) = Cn
(an) = Cny2 — ntl

Cn+1

THEOREM 18. The sequence (a,)5 is (p, a)-convex if and only if it may be
represented by

n

c
=npn1 f — — 1)cy, (4)
k=1
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with 0 <p <1,

n

> <L (5)

1

S 1 1 1 n 1 1 1
CTL — - - T TN - 1 Cn b
2= 1p a(n+1) p n+1] "

and ¢, >0, n > 2.

Q

PROOF. On one hand, taking into account (4), we have

aly(an) = olapte — (14 plants + pay]
n
n Ck p
- [(p_ K (Zk . 1) (1) e “’C””] -0

On the other hand, using (4), we also have

Ap+41 — Ao ap — Qag
1-— _
( a>< e )

(1) <pn Lo [+ —1o o

—1 k n+1 n+1
W~ G (mpt —p)eo | peo n Cn+l
_ Sk P —P) | P _ 4 _ . -
pk:1k+ - +n> ( a)pn+1 (7)

From (6) and (7) we obtain

Apt1 — G anp —a
O‘Lp(a7b)+(1_0‘)< L:L—l_’_l O—p nn 0>

n Ck p n Cn
= p [a(pl) (Zk1>+0‘<n+11)0n+1+apcn+2+(1a)p nfl
k=1

Subsequently, it follows that

e e L

if and only if 0 < p < 1,

3
2

Ck
k
k=1

> 1 1 ; + 1 1 L
Cn42 =2 P a(n+1) P nt 1 Cn41-

The proof is complete.

<1,

and



Xh. Z. Krasniqi

83

COROLLARY 19 ([10]). The sequence (a,,)22, is a-convex if and only if it may be

represented by

n

an =1 C—k—(n—l)co,
k
k=1
with
1
Cn+2 > (1 - O[(TL—|—1)> Cn+1 and Cn 2 07 n > 2.

THEOREM 20. If the sequence (a,)32, is (p, &)-convex, then it is (p, §)-convex for

0<f<aand0<p<l1.

PROOF. The proof follows from Theorem 2. Indeed, let the sequence (a,)52 be
(p, &)-convex. Then, it may be represented by (4) with (5),

S 1 ] 1 n 1 1 1
Cnya > |~ |1 — ——— = —1) ——| cnr1,
2= p a(n+1) D n+1] "
and ¢, > 0, n > 2. However, since 0 < 8 < « then we also have
S 1 1 1 . 1 ! 1 ]
eny2 2 | = (1 - —— ——=1) ——| cntu1,
= 1p B(n+1) p n+1] "

with ¢, > 0, n > 2, which shows that the sequence (a,)5, is (p, 3)-convex as well.
The proof is complete.

For p =1, as a particular case, we obtain Corollary 21.

COROLLARY 21 ([10]). If the sequence (a,)32, is a-convex, then it is S-convex,
for0<p <a.
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