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Abstract

The class of convex sequences has important applications in several branches
of mathematics as well as their generalizations. In this paper, we have introduced
two new classes of convex sequences, the so-called (p, α)-convex sequences and
p-starshaped sequences. Moreover, the characterizations of sequences belonging
to these class are discussed.

1 Introduction

The set of convex sequences is one of proper and important subset of the set of real
sequences. This class is raised as a result of efforts to solve several problems in math-
ematics. Since the beginning of time, the sequences that belong to that class, have
considerable applications in some branches of mathematics, in particular in mathemat-
ical analysis. For example, such sequences are widely used in theory of inequalities
(see [12, 7, 8]), in absolute summability of infinite series (see [1, 2]), and in theory of
Fourier series, related to their uniform convergence and the integrability of their sum
functions (see as example [6], page 587).
Let (an)∞n=0 be a real sequence and let the differences of orders 0, 1, 2 of the sequence

(an)
∞
n=0 be defined by

40an = an, 41an = an+1 − an, 42an = an+2 − 2an+1 + an, n = 0, 1, . . . ,

and throughout the paper we shall write 4an instead of 41an.
Next definition presents the well-known notion of a convex sequence of order 2.

DEFINITION 1. A sequence (an)∞n=0 is said to be convex of order 2 (or just convex)
if

42an ≥ 0,

for all n ≥ 0.

Various generalizations of convexity were studied by many authors. For instance,
in [5] was introduced next:
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DEFINITION 2. A sequence (an)∞n=0 is said to be p-convex for a positive real
number p if

Lp(an) ≥ 0,

for all n = 0, 1, . . . , where the difference operator Lp is defined by

Lp(an) = an+2 − (1 + p)an+1 + pan.

Another generalization of the concept of convexity can be found in [4] and [3]. In
[4] is given the following definition:

DEFINITION 3. If for a sequence (an)∞n=0 the inequality

an − pan+1 ≥ 0,

holds true for every n ≥ 0, then it is said that (an)∞n=0 is a p-monotone sequence.

Here, we will say that (an)∞n=0 is a p-increasing sequence if the inequality

an+1 − pan ≥ 0,

holds true for every n ≥ 0.

Two other classes of sequences, the so-called, starshaped sequences and α-convex
sequences have been introduced in [9] and [10]. Indeed, let α ∈ [0, 1].

DEFINITION 4. A sequence (an)∞n=0 is called α-convex if the sequence(
α(an+1 − an) + (1− α)

an − a0
n

)∞
n=1

is increasing.

DEFINITION 5. A sequence (an)∞n=0 is called starshaped if

an+1 − a0
n+ 1

≥ an − a0
n

for n ≥ 1.

Let p be a real positive number.

Now, we introduce two new classes of sequences as follows:

DEFINITION 6. A sequence (an)∞n=0 is called p-starshaped if

an+1 − a0
n+ 1

≥ pan − a0
n

for n ≥ 1. (1)
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DEFINITION 7. A sequence (an)∞n=0 is called (p, α)-convex if the sequence(
α(an+1 − an) + (1− α)

an − a0
n

)∞
n=1

is p-increasing.

REMARK 8. We note that: (1, α)-convexity is the same with α-convexity, (p, 1)-
convexity is the same with p-convexity, (p, 0)-convexity is the same with p-star-shapedness,
(1, 1)-convexity is the same with convexity, and (1, 0)-convexity is the same with star-
shapedness.

REMARK 9. Note also that: 1-star-shapedness of a sequence is the same with its
star-shapedness.

Characterizing (p, α)-convex sequences as well as p-starshaped sequences, we are
going to accomplish the main aim of this paper.

2 Main Results

We begin first with:

THEOREM 10. The sequence (an)∞n=0 is (p, α)-convex if and only if

αLp(an) + (1− α)
(
an+1 − a0
n+ 1

− pan − a0
n

)
≥ 0,

for all n ∈ {0, 1, . . . }.

PROOF. The proof of this statement is an immediate result of the Definition 1.
The proof is complete.

For p = 1 we obtain Corollary 11.

COROLLARY 11 ([10]). The sequence (an)∞n=0 is α-convex if and only if

α42 (an) + (1− α)
(
an+1 − a0
n+ 1

− an − a0
n

)
≥ 0,

for all n ∈ {0, 1, . . . }.

THEOREM 12. The sequence (an)∞n=0 is (p, α)-convex if and only if

(an − a0 + α[n(an+1 − an)− (an − a0)])∞n=1 ,

is a p-starshaped sequence.
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PROOF. First let us write

An := an − a0 + α[n(an+1 − an)− (an − a0)], n ∈ {1, 2, . . . },

which can be rewritten as

An = αn(an+1 − an) + (1− α)(an − a0), n ∈ {1, 2, . . . }.

The proof of this Lemma follows as a direct result of Lemma 2, and the following
obvious equivalences (A0 = 0)

An+1
n+ 1

≥ pAn
n

⇐⇒ nAn+1 ≥ p(n+ 1)An

⇐⇒ n[α(n+ 1)(an+2 − an+1) + (1− α)(an+1 − a0)]
≥ p[αn(an+1 − an) + (1− α)(an − a0)]

⇐⇒ αn(n+ 1)Lp(an)

+(1− α)[n(an+1 − a0)− p(n+ 1)(an+1 − a0)] ≥ 0

⇐⇒ αLp(an) + (1− α)
(
an+1 − a0
n+ 1

− pan − a0
n

)
≥ 0.

The proof is complete.

For p = 1 we obtain Corollary 13.

COROLLARY 13 ([10]). The sequence (an)∞n=0 is α-convex if and only if

(an − a0 + α[n(an+1 − an)− (an − a0)])∞n=1 ,

is a starshaped sequence.

THEOREM 14. The sequence (an)∞n=0 is p-starshaped if and only if it may be
represented by

an = npn−1
n∑
k=1

ck
k
− (npn−1 − 1)c0, (2)

with ck ≥ 0, k ≥ 2.

PROOF. Our reasoning is similar to the proof of Lemma 3 in [11], page 3. Namely,
let a0 = c0 and a1 = c1 and take n = 2 in (1) we obtain

a2 ≥ 2pc1 − (2p− 1)c0,

which means that there exists a number c2 ≥ 0 such that

a2 = 2p
(
c1 +

c2
2

)
− (2p− 1)c0.
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Now we assume that

an = npn−1
n∑
k=1

ck
k
− (npn−1 − 1)c0.

Then for n+ 1 there exists cn+1pn ≥ 0 so that we will have

an+1 − a0
n+ 1

≥ pan − a0
n

⇐⇒ an+1 ≥ p
n+ 1

n
(an − c0) + c0

⇐⇒ an+1 = cn+1p
n + p

n+ 1

n

[
npn−1

n∑
k=1

ck
k
− (npn−1 − 1)c0 − c0

]
+ c0

⇐⇒ an+1 = (n+ 1)p
n
n+1∑
k=1

ck
k
− [(n+ 1)pn − 1)c0,

which by mathematical induction we obtain the representation (2). The proof is com-
plete.

COROLLARY 15. If the sequence (an)∞n=0 is represented by (2), then

Lp(an) = pn

[
(p− 1)

(
n∑
k=1

ck
k
− 1
)
+

(
p

n+ 1
− 1
)
cn+1 + pcn+2

]
.

Taking p = 1 in Theorem 2 and Corollary 2 we get the following:

COROLLARY 16 ([11]). The sequence (an)∞n=0 is starshaped if and only if it may
be represented by

an = n

n∑
k=1

ck
k
− (n− 1)c0 with ck ≥ 0, k ≥ 2. (3)

COROLLARY 17 ([11]). If the sequence (an)∞n=0 is represented by (3), then

42(an) = cn+2 −
n

n+ 1
cn+1.

THEOREM 18. The sequence (an)∞n=0 is (p, α)-convex if and only if it may be
represented by

an = npn−1
n∑
k=1

ck
k
− (npn−1 − 1)c0, (4)
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with 0 < p ≤ 1,
n∑
k=1

ck
k
≤ 1, (5)

cn+2 ≥
[
1

p

(
1− 1

α(n+ 1)

)
+

(
1

p
− 1
)

1

n+ 1

]
cn+1,

and cn ≥ 0, n ≥ 2.

PROOF. On one hand, taking into account (4), we have

αLp(an) = α[an+2 − (1 + p)an+1 + pan]

= αpn

[
(p− 1)

(
n∑
k=1

ck
k
− 1
)
+

(
p

n+ 1
− 1
)
cn+1 + pcn+2

]
. (6)

On the other hand, using (4), we also have

(1− α)
(
an+1 − a0
n+ 1

− pan − a0
n

)
= (1− α)

(
pn

n+1∑
k=1

ck
k
− [(n+ 1)p

n − 1]c0
n+ 1

− c0
n+ 1

−pn
n∑
k=1

ck
k
+
(npn − p)c0

n
+
pc0
n

)
= (1− α)pn cn+1

n+ 1
. (7)

From (6) and (7) we obtain

αLp(an) + (1− α)
(
an+1 − a0
n+ 1

− pan − a0
n

)
= pn

[
α(p− 1)

(
n∑
k=1

ck
k
− 1
)
+ α

(
p

n+ 1
− 1
)
cn+1 + αpcn+2 + (1− α)pn

cn+1
n+ 1

]
.

Subsequently, it follows that

αLp(an) + (1− α)
(
an+1 − a0
n+ 1

− pan − a0
n

)
≥ 0

if and only if 0 < p ≤ 1,
n∑
k=1

ck
k
≤ 1,

and

cn+2 ≥
[
1

p

(
1− 1

α(n+ 1)

)
+

(
1

p
− 1
)

1

n+ 1

]
cn+1.

The proof is complete.
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COROLLARY 19 ([10]). The sequence (an)∞n=0 is α-convex if and only if it may be
represented by

an = n

n∑
k=1

ck
k
− (n− 1)c0,

with

cn+2 ≥
(
1− 1

α(n+ 1)

)
cn+1 and cn ≥ 0, n ≥ 2.

THEOREM 20. If the sequence (an)∞n=0 is (p, α)-convex, then it is (p, β)-convex for
0 ≤ β ≤ α and 0 < p ≤ 1.

PROOF. The proof follows from Theorem 2. Indeed, let the sequence (an)∞n=0 be
(p, α)-convex. Then, it may be represented by (4) with (5),

cn+2 ≥
[
1

p

(
1− 1

α(n+ 1)

)
+

(
1

p
− 1
)

1

n+ 1

]
cn+1,

and cn ≥ 0, n ≥ 2. However, since 0 ≤ β ≤ α then we also have

cn+2 ≥
[
1

p

(
1− 1

β(n+ 1)

)
+

(
1

p
− 1
)

1

n+ 1

]
cn+1,

with cn ≥ 0, n ≥ 2, which shows that the sequence (an)∞n=0 is (p, β)-convex as well.
The proof is complete.

For p = 1, as a particular case, we obtain Corollary 21.

COROLLARY 21 ([10]). If the sequence (an)∞n=0 is α-convex, then it is β-convex,
for 0 ≤ β ≤ α.
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