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Order Of Schlictness Of Certain Linear Sums*
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Abstract

In this paper, we find the largest real number p such that the real part of
certain geometric quantity greater than p implies schlictness of certain linear
sums.

1 Introduction
Let H denote the class of functions:
f(z) =2+ ax2® + ... (1)

which are holomorphic in the unit disk E = {z € C: |z| < 1}. Let f, g € H, we say that
f(2) is subordinate to g(z) (written as f < g) if there exists a holomorphic function
w(z) (not necessarily schlict) in E, satisfying w(0) = 0 and |w(z)|] < 1 such that
f(z) = g(w(z)), z € E. For example, it is well known that any Caratheodory function
p(z) =1+ c¢1z+ - is subordinate to the Mdbius function Lo(z) = (14 2)/(1 — 2).

In [2], Babalola proved that holomorphic functions satisfying

Re{(l—A)lei?a +ADDn:;{S>} > 8, z€E, 2)

also satisfy
D" f(z)*
Pt A
anz®
for all A such that A < 8 < 1, and that if 3 = %, then for all A > 0,

DTL (e} 1
RO
amz% 2

R >0, z€ekF,

R 0<a<l.

D" is defined as D" f(z) = D(D" 1 f(z)) = 2(D" 1 f(2))" and for n > 1, schlictness is
implied by both results.
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DEFINITION. We say f € T),(B) if and only if f(z) satisfies the inequality (2).

In this paper, we shall find the largest real number p such that

DY)

anz®

R >p, z€E

given that f € T*\(8) for 0 < A < 8 < 1. To do this we shall employ the technique
of Briot-Bouquet differential subordination. A holomorphic function p(z) is said to
satisfy Briot-Bouquet differential subordination if

zp'(2)
p(z) + ————— <h(z), z€E 3
)+ 5 < (e ®)
for complex constants 1 and p, and a complex function h(z) with h(0) = 1 such that
Re [nh(z) + p] > 0 in E. If the differential equation
2q'(2)
q(z) + ———— = h(2), q(0)=1 4
@+ —he), a0 (@)

has the schlict solution ¢(z) in F, then
p(2) < q(z) < h(2)

and ¢(z) is the best dominant.

A schlict function §(z) is said to be the best dominant of the differential subordi-
nation (3) if ¢(z) and §(z) are dominants of (3) and ¢(z) < ¢(z) for all the dominants
q(z) of (3). For more on the technique of differential subordination, see [3,4,5,7].

We state and prove our main result in Section 3.

2 Preliminary Lemmas

In this section, we present Lemmas 1-4 as follows.

LEMMA 1 ([1]). Let f € H and « > 0 be real, if

D f(2)°
D f(z)e

is independent of n for z € F, then

D) D)
DGy D)

LEMMA 2 ([3]). Let n and p be complex constants and h(z) be a convex schlict
function in E satisfying h(0) = 1 and Re [nh(z) + ] > 0. Suppose p € P satisfies the
differential subordination (3). If the differential equation (4) has schlict solution ¢(z)
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in E, then p(z) < ¢(z) < h(z) and ¢(z) is the best dominant of (3). Furthermore, the
formal solution of (4) is given as

_2F'(z) _ntp (HEN\" p
=) = F(z) <F(Z)> 7 ®
where ;
F(2)" = M/ L H (t)"dt
ZH 0
and

H(z) = zexp (/0 h(t)t_ldt).

LEMMA 3 ([6]). Let v be a positive measure on [0, 1] and let h be a complex valued
function defined on E X [0, 1] such that h(.,t) is holomorphic in E for each ¢ € [0, 1] for
all z € E. Suppose that Re[h(z,t)] > 0, h(—r,t) is real and

1 1
R > f < 1and t €[0,1].
e[h(z,t)}_h(—r,t) or |z] <r<1landte€]l0,1]
If
1
h(2) :/ h(z, t)du(t),
0
then
1 1
Re|——| > .
’ [h(@] = h(=r)
For real or complex numbers a, b, ¢ with ¢ # 0,—1,—2,..., the hypergeometric

function is defined by

b 1).b(b+1) 22
2F1(a7b;8;z):1_|_L i+a(a+ )-b(b + )’i

c 1 clc+1) "2l ()

We note that the series converges absolutely for z € £ and hence represents an holo-
morphic function in E. The following identities associated with the hypergeometric
series are well known.

LEMMA 4 ([6]). For real numbers a,b,c (¢ # 0,—1,—2,...), we have

1 _ f\e—b—1 c—
/o o (1(1 f)tz)a dt = F(b)g((C) L 2Fi(a,bic;2),  (c>b>0),

2F1(a,b;c;2) = 2F1(b,a;c;2)
and

oFi(a,byc;2) = (1—2)7% oF <a,c —b;c zi1> )
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3 Main Result

In this section, we present our main result.

THEOREM 1. Let f € T2,(8). If > X >0, then

D™ o 1 1-2
f(2) L) < +( B)z
anz® 1—=z
where sals1)
ML —2)" >
2= il B TR
a(l =) [y s3> M1 —s2)" ~ ds
is the best dominant. Furthermore
D?’L (6%
Re % >p
anz
where )
20(1 = B) « N
= | (1, —: = — 1; = .
(2 i)
PROOF. Since f € T ,(3), we see that
D™ f(2)~ DL f(2) 1+ (1-28)z
1-X A = B,(f; X _—
(1= N2 AT = Bu(fi)) < — 7
Let D f(2)
n z (e}
o p(2). (8)

Then p(z) is holomorphic in E with p(0) = 1. So taking the logarithmic differentiations
in both sides of (8), we have

D”J’_lf(z)a _ zp’(z)
D T )
Using Lemma 1 and then simplify, we have
Df(z) ., 2 (2)
i el )
With (8) and (9) in (7), we have
B ; zp'(2) _ _ 14+ (1-28)z
A+ (1=)) p()+a(¥)p(z) B, (f;\) T
If
A+ (1= [glz) + - (12_/(),221(,2)‘| _ 1+ (11_—225)2”
X
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then
2¢'(z) 1= A+(14+AX-20)z ;
PEE= e R (VI R B (10

Then h(0) = 1 and we take

q(z) +

a(l=X)

n = 5y and p=0.

It is easily verified that nh(z)+p has positive real part given that 0 < A < 5. Therefore,

by Lemma 2, p(z) satisfies the differential subordination (3) and hence

D f(2)*

O/Lza

< q(2) < h(2)
where ¢(z) is the solution of differential equation (10) obtained as follows:
2(5-1)

H(z)=2(1—2)0->.

Also, we have

where

Next, we show that

inf {Re(q(2))} = q(=1), z € E, (11)

|z|<1

To prove (11), we show that

m{Q@}ZQéD

and by Lemma 4 with some simplification, we get

) = i ohi (L)

where
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Hence, we see that

where L
—z
<s<1
h(z,s) 1—(1—5)2’0_8
and I )
d o a—1 1 cfafld
) = tare—a® 179 i

which is a positive measure on [0, 1].
It will be noted that Re {h(z,s)} > 0, h(—r,s) is real for 0 <r < 1, and

Re{h(zl,s)} = Re{l _1(1_;5)2} > - +1(1+_TS)T - h(—lr, 5)

for |z| <r <1 and s € [0,1]. So using Lemma 3, we have

I“Lﬁa}ZQén’

and letting » — 17, we obtain

M{Q@}ZQén'

Re {W} > q(-1),

Hence we have

aze
that is,
Re {Dn‘:(i)a} > p
amtz
where

-1

= s~y [P e

By Lemma 4, we see that

. A {F(b)l“(c b) R <Lw 1)}—1

) 2

can be simplify as

. [QFI (1, 204(1; 5); 04(1)\— \) . ;ﬂ -1 _

The bound p is the best possible.
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4 Remark

We first remark that for n > 1, our result shows that holomorphic function f(z),
satisfying the geometric condition (2) defined by linear sum, is schlict of order p in the
unit disk. Then by (6), we can write p in series form:

1 =1 20(1 = B) + jA
,_1+Z*Hla(1—/\)+(j+1)x

from which it follows that A = 0 yields p = 8 for all a. The series can be rewritten as

1 &1y (all—8)+ G+ DA a(l—B)— A
p_HkZ_lzkjl:[l<a(1—A)+(j+1)A+a(1—A)+(j+1)A>'
Thus, if A < «a(1 — ), we have

It follows that p > 1/2 whenever 0 < o < % which guarantees that A < a(1 — )
given that A < .

This deduction shows some improvement on the earlier result of Babalola [2] for A
in the real interval [0, 5].

Acknowledgment. The authors are grateful to the referee for his helpful com-
ments.
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