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Abstract

Assume that A, and G, denote the arithmetic and geometric means of the
integers 1,2,...,n, respectively. It this paper, we obtain some sharp inequalities
and the asymptotic expansion of the ratio A, /G,.

1 Introduction

Assume that (a,),cy is a positive real sequence. Through the paper, we denote
the arithmetic and geometric means of the numbers aq,as,...,a,, respectively, by
A(ay,...,ay,) and G(aq,...,a,). A nice relation which connects the number e to the
mean values

A =A,(1,2,...,n) and G, := G,(1,2,...,n)
asserts (see [2]) that

which is a consequence of the Stirling’s approximation

n 1
n! = (ﬁ> V2mn [1 + O()] . (1)
e n
Motivated by this fact, recently we obtained similar asymptotic result concerning the
sequence of prime numbers, by proving validity of

G(pla"'upn) 2

where as usual p,, denotes the nth prime number. More precisely, we computed the
value of constant of O-term for the case of prime numbers (see [1]).

In this paper, we obtain various properties of the ratio A, /G,, including sharp
and explicit lower and upper bounds, precise asymptotic expansion, and monotonicity.
More precisely, we show the following results.

Alpr,---,pn) € +O(10£1;n)7
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THEOREM 1. For any integers m > 1 and n > 1, let

m

BQ?" |BQm|
=dm = m = s 2
= Jm(n) z; (2r)(2r — 1)n2r—1 and  tm(n) 2m(2m — 1)n2m—1 @)

r=

where B,, denote the Bernoulli numbers. Then, for any integers m > 1 and n > 1,

E 1+ l e—%(log\/Q‘frn—&-J-i-um(n)) < i < “ 1+ 1 —i(log\/QTrn-',-J—um(n)). (3)
2 n G, 2

COROLLARY 2. For any integer n > 1, we have

g (- pe () o) @

n?

(&) - i eoth)

COROLLARY 3. For any integer n > 1, we have

and

<

(6)

?\?
l\D\(‘b

The proof of the above results is hidden in heart of the following precise form of
Stirling’s approximation for n!.

LEMMA 4. For any integers m > 1 and n > 1, we have

(E>n V2 el 7um () <l (E>n V27 e tum ()| (7)
e e

Our last result concerning the ratio A, /G,, asserts that the sequence with general
term A, /G, is indeed strictly increasing.

THEOREM 5. For any integer n > 1, we have

An+1 An
— 8
Gn+1 ” Gn ( )

Finally, we note that in our proofs we will use the notion of Bernoulli functions
B, ({z}), where {z} denotes the fractional part of the real z. Among the proofs we
obtain an improper integral concerning the Bernoulli functions as follows.

COROLLARY 6. For any integer m > 1, we have

1 [* Byn({z}) o2 " By,
Sl AN G2 VI M O il T
m /1 p2m du = log e? + ; r(2r—1)
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2 Proofs

PROOF OF LEMMA 4. We apply Euler-Maclaurin summation formula (see [3]) by
letting g(k) = log k, from which we obtain

m m

1
1 I =nl _ — 1 +1- E + E Rm7
ogn: =mnlogn n—+ D) ogn (2’]") 27” 1 < 1 27” 1 n2r 1

where m > 1 is any fixed integer and

Rm—/loowdx/nwwdx

2max2m 2ma2m

Thus, we obtain

1
logn!:nlogn—n+§logn+Cm+J—I (9)
with
o BZm({x}) “ BQT’
Cn=1 ————dx — —_ 10
" +/1 oma2m ; 2r)(2r—1)’ (10)

a constant depending, at most, only on m. Also, the remainders .J, defined as in (2),
and ~ g
7= / de (11)
n 2mm2m
satisfy J < % and I < % as n — 00. S0, if we let
n!
D,=———and D= lim D,,

()" noee

[N

then we have

1
Cp, = lim [logn! — <nlogn—n+ 210gn)] = lim log D,, = log D.

n—oo n— oo
A simple computation shows that

!2 2n 2n)! 2n
M and Dy, = CET
n2n+ (2n)2n+§

(Dn)* n!222n\/§
Do, (2n)! V'

We recall the Wallis product formula for 7 (see [5] for an elementary proof), which

asserts that
L 2k T
li =
7LLH§OU(21@1 2k+1> 2

(Dn)2 =

Hence, we obtain
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We note that

ﬁ 2 \  (n1222°\* 1
P 2k—1 “okr1) " (2n)! ) 2n+1

Hence, we get

D% i <(D")2>2 n___T
4 n—oo \  Da, 22n+1) 2
Thus, we obtain D = v/27, and consequently
C,, = log D = log V/2x for any integer m > 1. (12)
Therefore, by using (9), we imply that
n! = (g)n Vnefmel 1 = (Z)n 2mn e’ 1. (13)
In particular, we obtain Stirling’s approximation for n! as in (1). More precisely, we

e Banl (), 1B [
2m (T 2m i
‘I‘ </1’L 2 me / 2m = n)

This completes the proof of Lemma 4.

We apply the relations (10) and (12) to obtain Corollary 6.

PROOF OF COROLLARY 2. By using (13), we obtain

A, 1 g 1
- = g <1 + n> (27rn)*ﬁe*% — g <1 + n) e~ w (log V2mntJ—1I) (14)

Gn
A \" e\" 1\"
n (= 1 - —(log \/27rn+J71).
<Gn> (2) < * n) ¢
We use the expansion (1 + %)n =e(1+0(2)) to conclude the proof of (5). To prove
(4), we use (14) with the approximation

Thus, we have

TS 1 log?
e~ wlogV2mntJ—I) _ 1 _ = log\/%—&— O( 0g2n>.
n n
This completes the proof of Corollary 2.

PROOF OF THEOREM 1. We start from the fact that
Ap  n+1
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and then, we use the sharp inequalities in (7) to complete the proof.

PROOF OF COROLLARY 3. The assertion is valid for n = 1. We consider the
right hand side of the inequalities in (3) with m = 5. In order to prove (6), we require
to have

(1 + i) o & (log VBRI 5 () —us(n) _ 1. (15)

Considering the inequality (1 + %)n < e, which is valid for any integer n > 1, we
observe that the inequality (15) holds true, provided

f(n) :=Js(n) —us(n) — 1 +log v2mn > 0.
The function f(x), defined over x € [1,00), is strictly increasing and f(1)f(2) < 0.

Thus, f(n) > 0 for n > 2, from which we imply validity of (6) for n > 2. This
completes the proof of Corollary 3.

PROOF OF THEOREM 5. The inequality (8) is equivalent to

n+1 > n(n+1)

! n"
n! > (n+1) (n+2

We prove the last inequality by induction on n. Clearly, it is ture for n = 1. To deduce
the (n 4+ 1) step from the n'" step, we require to have

n(n+1) (n+1)(n+2)
+1 n -+ 2
1)+ n 9)n+1
(n+1) <n+2> > (n+2) —— ,

or equivalently, we should have
(n =+ 1)n+1(n + 3)n+2 > (n =+ 2)2n+3, (16)

for any integer n > 1. Now, we note that (16) is equivalent by the assertion e, 1 < €512

for any integer n > 1, where
1 n
n=(14+2) . 17
er=(1+7) (a7

The sequence with general term e, is strictly increasing, because if we apply the
Arithmetic-Geometric mean inequality (see [4] for a very fast and elementary proof)
on the numbers

n times

——
1 1

1, ——, ...
"n+1" " n+41

)

we imply that

1+n(1+;)>,ﬁl< 1)”

n+1
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or equivalently

1 1\ 7t
s ()
n—+1 n

and the later inequality is e, 11 > e,. The proof is complete.
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