Applied Mathematics E-Notes, 14(2014), 185-192 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

Scalar Wave Scattering By Two-Layer Radial
Inhomogeneities*

Umaporn Nuntaplook!, John Adam?

Received 6 June 2014

Abstract

It is shown that the iteration technique gives a better approximation for the
problem with long wavelengths.

1 Introduction

This paper is based on the study of the scattering of a scalar plane wave by an in-
homogeneous medium which can be applied in many interests such as scattering by
inhomogeneous spheres and scattering of acoustic waves in the ocean. Since the analo-
gous classical problems with scattering by spherically symmetric inhomogeneities have
not been thoroughly studied, the purpose of this paper is to show that the classical
problems and some simple solvable problems can be simply treated by a quantum-
mechanical method. Moreover, in practice (in optical and industrial applications at
least) the inhomogeneous scattering media will be piecewise constant continuous, so a
useful approach to the problem may be to mimic the continuous cases for piecewise
increasing or decreasing refractive index profiles. Therefore, the application of the Jost
function formulation of potential scattering theory [1] to the scattering of a scalar plane
wave by a medium with a piecewise constant two-layer spherical inhomogeneity is of
interest.

2 Scattering From a Piecewise Constant by Multi-
Layer Spherically Symmetric Inhomogeneities

We are now in a position to apply the method outlined in [1] to the problem of scattering
from a piecewise constant in a multi-layer spherical inhomogeneities. For a three-layer
inhomogeneity we define the following potential

Region 1:V(r) = =Vi,k(r) = k1,7 < Ry;
Region 2 : V(r) = =Va,k(r) = ko, Ry <1 < Ry;
Region 3:V(r) =0,k(r) =k,r > Ra. (1)
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The solutions in the three regions are:

Region 1:u D (k1) = r[Ajs_1 (kir) + Byy_1 (k1r)];

N

(
A

Region 2 : uf) (k2,m) = r[Cjx_1(kar) + Dy, _1 (kar)];
(

3)

Region 3 : u,”

(k,r) = r[Eh(;j% (kr) + Fh(fj% (kr)).

D=

where again j_1(k17), yx_ 1 (kor), hf\l_)l (kr), and hg\Q_)l (kr) are spherical Bessel, Neu-
2 2
mann, and Hankel functions of the first kind and second kind, respectively.
Choosing uf\l_)l(klr) to be ¢1 (A, k1,7) and imposing the boundary conditions at
2

r =0 (see [1, (13)]), we find that B = 0 and

1

d1(\ ki, r) = 230 kT T ET(O 4 gy (k)

and
1 k1r) = 25 Ek MTETO 1) x [y (Rar) + Ry (k).

where the prime denotes differentiation with respect to the argument of the function,
I" is the gamma function, and we have used the following series representation for
Jxa—1(k1r) [Handbook of Mathematical Functions (McGraw Hill Book, p. 263)]:

oo 1 1
. (—=1)"72 (kyr/2) 202 1
=5 — £ 1,-2,-3, ...
Ia-y(kar) = 2nIT(A+n+1) A 27é 23
(2)
A—

r = Ry by matching the continuity of ¢, with ¢, and ¢} with ¢,, we have

Choosing u,”’ ; (kar) to be ¢o(A, ko, 7) and imposing the continuity at the boundary
2

by(\ ko, ) =1 [Ciin_y (ko) + Dy _y (ko)
and

do(\ k2, 1) = C [jAfé(kﬂ") + /927“‘7;7%(/?27”)} +D [yk%(kz?”) + /fz?”y;%(kzr)} ;

where
o (iR (af) — 7 (aRaony (kaRy)
- By (ke R)ysoy (ko) = Ga_g (ko R1)yy _y (ko Ba)
L™ (da-s (B RSy (kaRy) = B35 (ki Ra)ja_y (ko) )
G (eR)ya s (ke Ry) = gy_y (B2Ru)y,_y (k2R1) 7
2 2
and

1 1. — 1
m =222 ’\+2I‘()\ +1).
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Choosing UE\?’E% (k,r) tobe f(A k,r) and imposing the Jost solution condition at infinity

(see [1, (20)]) we find that E =0, F = ke~ #3(*+2)  and hence
FON k) = ke‘i%()”“%)rhf_)%(kr)
and
£k, r) = ke FOED R (k) 4 krn ) ()|

1 1
2 A—3

where we have used the following asymptotic form for hE\z_) 1 (kr):
2

k,l.iinoc h(f_)%(kr) _ %e—i[lﬁr—%(k-l-%)].
Since the point 7 = Ry is the common domain of ¢4 (\, ko, 7) and f(A, k, ), we evaluate
the Jost function at » = Ry and thus obtain
FNE) = WK, 7), ¢0(A k2, 7)]r=r,
FOGE @5 (A kay ) = 1 (N Ky 7)o (A K2, 1)
P+ 4+ Dk 2 ke 15O RS
I\_1 (ke Ra)ys_y (k2 Ra) = ji— g (ko Ra)y) 4 (ko Ra)

2

1
2

. ki .
X {hf) (kR2)k2 [alh—;(klRl) + k/_;a?)];é(klRl)}

' . ki
_hg\2) (kR2)k |:a2j)\_%(/€1R1) + k;a4j;\_%(/€1R1):| } . (2)

Z1
2
We also have that

DD+ Dby 2 ke 18O RRein0O-4

A —k) = — :
T = G RaRius haFi) — 3 (Rl (haFir)

, kp
X {—h(;)é(kRQ)kQ {am;(klRl) + k;a&];é(klRl)}

! . k .
+h(;,); (kR2)k {azh_; (k1Ry) + —aufy s (klRl)} } ;
2 k‘g 2

where we have used the following identities:

(kr) = "D (kr)
and
WYy (k) = (MRS, (k) = T OTDRSY, (k) = O DR (hr),
2 2 2 2
where A — % =0,1,2,.... The S-matrix is then given by

) ki
SO\ k) = — {khf) (kR2) [agh_;(klRl) +aufy s (ki Ry)

ko

[
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. ki
*thE\Q,)%(k'Rz) [alh—;(klRl) + k;aw;;(lﬁRl)] }
' : kr
kh)\fé (kRg) azjk_%(k’lRl) + EQ4JA_%(k1R1)

. ke
—kzhf\l_)%(kptﬁ [aﬂx—;(lﬁRl) + k;a?,J;_;(klRl)] } :

where
1=y 1 (ke Ra)yy s (kaRa) — 1 (k2Ra)j)_ 1 (k2 Ra),
2= J\_1 (k2Ra)yy_ 1 (k2R2) — G 1 (kaRa)y)\ 1 (k2 Ra),
s = U1 (kaR1)j\_1 (k2R2) — j 1 (kaRa)y\ 1 (k2 Rz),
4= -1 (k2R1)ys_1(k2R2) —yy_1(kaR1)js_1 (k2 R2).

We can calculate the Jost function for A = 1 from (2):

1 1 _. k—iko ik 4+ ko _

Z k) = ZetkR2 ka(R2—R1)
1) =l )
+ (k-f—ikz i ko — ’Lk) ekz(R2R1)} ik R

k1 ko

ikt ks k—iks\ pyr,-ny
ks Ky

N ko —ik  k+iky e—h2(Ra—Ba) | g=ikiBa | (3)
]i}Q kl

where we have used the following relations:

sinkR LR coskR sinkR

jo(kR) = kR ) jO( ) = kR - (kR)Q )
—ikR ) SRR (1 4 L)
h(z) k € d Y (LR = ¢ ikR
(kB) = = and b (k) = S

3 The Jost Integral Equation for A\ = % and Some Ap-
proximate Solutions for The Three-Layer Model

We now apply the method in section I [1] to the case of scattering from a piecewise
constant by multi-layer spherical inhomogeneity. We have already calculated f (%, k)
exactly in equation (3). Elsewhere we use the exact solution of the Jost function to
check for the accuracy of the iteration procedure. If we assume there is an R such that
V(r) =0 for r > R (certainly true in optics!) and let

1 ik 1
9(2,k,r)—ekf<2,k,r>, (4)
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then (24) in [1] becomes the Jost integral equation for A = 1:

R
g <;7 k,’f’) =1+ (22]{3)71 / [1 — 62“6(7”7#)“/(1"/)9 (;’ k,T’) dr'
Ry ) , 1
=1- Vl(%k)’l/ [1— 2=y (2, k,r’> dr, (5)

for the potential defined by region 1 in equation (1). Next we write the solution of (5)
as a perturbation expansion

1 = 1
g <2,]€,7’> = ;gn (2,]€,T> ’
1
90 (27]677’) =1

1 R , y 1
o (goker) =1 @) [ AR g (G ) ar

From (13) in [1], we have

where

and

(1
5.k
lin%)(;S(;,k,r) =0 and limwzl. (6)

r—0 d'r'

f(3,k,7) and f'(3,k,r) are finite and we can evaluate f(1,k) at r = 0 using (6), thus
obtalmng the useful relation

1 1 1
The first iteration g;(3,k,0) of (5) is
1
g1 (27k70>
1 1
= 9o (Q,kao) + g1 <2ak70>
- “(k) 1
k
if [(k)®
+2{ <k>

— % (sin 2k Ry — sin Qle)] }

1
1 (1 —cos2kR;) +

(;) 1 (cos 2k Ry — cos 2kR1)}
(%)l

- Ry)

(kR1 — % sin 2kR1>
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The second iteration gr/(%,k,0) is
1
g1 (2,/%0)
1 1 1
= go (27]{3,0) +gl <2,k,0> +92 (2,k,0)
1]/ k) %
=1+ 1 { (;) - 11 (cos2kRy — 1)+ |1 — <l€2> ] (cos2kRy — cos2kR1)}

2
1 2
_ 8{ l(%) -1 {le (kRy + sin2kRy) + g (cos2kRy — 1)}

(e =] [-(5)

— (cos2k(Ry — R1) — 1) + g (cos2kRy — cos 2k R;)

+ k‘(RQ — Rl) (2]€R1 — k‘(RQ — Rl) — sin Qle)

+ E(R2 — R1) (sin2kRs + sin 2k Ry ) + kRy (sin2kRs — sin 2kRy)
2
L (F=Y
k
+ sin2kRy — sin 2k Ry ] + (cos2k(Re — Ry) — 1)1 }
)1 ki\”
L (F=Y
k
2
S AT
k
2 2
BT (ke
k k

+ kE(Rs — R1) (cos 2kRs + cos 2kRy)

+ k’(RQ — Rl)[2k(R2 — Rl) — sin Qk(RQ — Rl)

1
(szl ~3 sin 2/4:R1)

+

1
|:k‘<R2 — Rl) — § (SiIl 2k‘R2 — sin Qle):| }

oo

|:k’R1 (COS 2kR1 + 2) — g sin 2kR1:|

+ [le (cos 2k Ry — cos 2k Ry)

— k’(RQ — Rl) (COS 2]<3R1 — 1) — ; (sin QkRQ — sin 2]€R1)

-]

For real A and k, we have

[k(Rz ~ R1) (cos2k(Rs — Ry) — cos 2kRs + cos 2le)] }}

f()‘v _k) = f*()‘ak)’
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and therefore

f(34) |
o0 _ £*(3k)
ﬂ'R% N (k‘Rl)2 a (k‘Rl)2 ’

where o¢ is the [ = 0 total cross section. The accuracy of these approximations as

functions of k, k; and ko will be reported elsewhere.

Lo i

4 Jost Integral Equation Formulation for Arbitrary
A: 3-Layer Model

In case of scattering from a piecewise constant spherical inhomogeneity, the two integral
equations (60) and (61) in [1] become:

L1 Rl .
Oy r) =12 4 oA /O [(&/r)* = (r/€)"] % (r&)* [k + Vilo(A, . €)de

1 —1 R A A 19
I\ / (/P — (/€)X (rE)E IR + Valo(A, b, €)de

R

[NCR \]

AT /R [(6/r)* = (/M (r&) K> S\ k, €)dé

and

2
024

Ry
fOkr)=e 4 k7! /T [sink(r' —r)] [-V1 + 742)] FOS K, #)dr

Ry 2_1
+ k*/ [sink(r' —r)] | ~V2 + G 72 4)] FO B, )dr!

Ry

2

o0 _1
+k71/ sink(r'—r)( 7 4) FOS Kk, rhdr'.

Rs

5 Summary

This iterative technique may be most useful when the scattering system is more com-
plicated than those discussed here. By comparing the present formulation with the
numerical results obtained for a constant spherical inhomogeneity [1], it appears that
the iteration technique is good for problems with long wavelengths (kR; << 1) for any
k1/k. For shorter wavelengths, small k1 /k (e.g., k1/k = 1.1) gives a good approxima-
tion to og for the entire range of kR; considered (0 < R; < 27); however, large ki /k
(e.g., k1/k = 1.5,2.0) gives a good approximation to o in the range of 0 < kRy < 3w /4.
In case of a piecewise constant spherical inhomogeneity, the iteration procedure gives a
better approximation for the problem with long wavelengths (kR; << 1) only for small
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ratios of k1 /k and ky/k (e.g., k1/k = 0.7, ko /k = 0.9; k1 /k = 1.1, ko /k = 1.3). For a
larger k1 /k and ko /k (e.g., k1/k = 1.5, ko /k = 1.2), it gives a good approximation when
kRy < 27 /3. The approximation for the Jost function becomes less accurate for larger
ratios of wavenumber ki /k and ka/k (e.g., k1/k = 2.0, ko/k = 1.5). When the ratios
of wavenumbers ki /k is greater than ks /k, we have a better approximation. However,
the approximation for the Jost function is still better than the total cross section for
the large wavelengths. For shorter wavelengths, all ratios of the wavenumbers give a
better approximation to o for approximately kR; > 27 /3 [4]. These results will be
reported in more detail elsewhere.
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