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Abstract

In this paper we prove coincidence point and common fixed point results for
mappings satisfying some expansive type contractions in the setting of a cone
b-metric space. Our results improve and supplement some recent results in the
literature. Some examples are also provided to illustrate our results.

1 Introduction and Preliminaries

Metric fixed point theory is playing an increasing role in mathematics because of its
wide range of applications in applied mathematics and sciences. There has been a
number of generalizations of the usual notion of a metric space. One such general-
ization is a b-metric space introduced and studied by Bakhtin [3] and Czerwik [4]. In
[6], Huang and Zhang introduced the concept of cone metric spaces as a generaliza-
tion of metric spaces and proved some fixed point theorems for contractive mappings
that extend certain results of fixed points in metric spaces. Recently, Hussain and
Shah [7] introduced the concept of cone b-metric spaces as a generalization of b-metric
spaces and cone metric spaces. There are many related works about the fixed point of
contractive mappings (see, for example [1, 5, 10]). The aim of this work is to obtain
sufficient conditions for existence of points of coincidence and common fixed points for a
pair of self mappings satisfying some expansive type conditions in cone b-metric spaces.

We need to recall some basic notations, definitions, and necessary results from
existing literature. Let F be a real Banach space and 6 denote the zero vector of E. A
cone P is a subset of F such that

(i) P is closed, nonempty and P # {0},
(ii) ax + by € P for a,b€R, a,b>0, z,y € P,
(iii) PN (—P) = {0}.
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For any cone P C E, we can define a partial ordering < on F with respect to P by
x <y (equivalently, y > x) if and only if y —x € P. We shall write z < y (equivalently,
y > z)if £ <y and z # y, while z < y will stand for y — x € int(P), where int(P)
denotes the interior of P. The cone P is called normal if there is a number k£ > 0 such
that for all z,y € F,
0 <z <y implies |[z|| <k [lyl|.

The least positive number satisfying the above inequality is called the normal constant
of P. Throughout this paper, we suppose that F is a real Banach space, P is a cone
in E with int(P) # () and < is a partial ordering on E with respect to P.

DEFINITION 1.1 ([6]). Let E be a real Banach space with cone P and let X be a
nonempty set. Suppose the mapping d : X x X — FE satisfies

(i) 0 = d(x,y) for all z,y € X and d(z,y) = 6 if and only if z = y,
(i) d(z,y) = d(y,x) for all z,y € X,
(iii) d(z,y) 2 d(z,2) + d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

DEFINITION 1.2 ([7]). Let X be a nonempty set and E a real Banach space with
cone P. A vector valued function d : X x X — E is said to be a cone b-metric function
on X with the constant s > 1 if the following conditions are satisfied:

(i) 0 < d(z,y) for all z,y € X and d(z,y) = 0 if and only if z =y,
(i) d(z,y) =d(y,z) for all z,y € X,
(iii) d(z,y) = s(d(z,z)+d(z,y)) for all z,y,z € X.
The pair (X, d) is called a cone b-metric space.
Observe that if s = 1, then the ordinary triangle inequality in a cone metric space
is satisfied, however it does not hold true when s > 1. Thus the class of cone b-metric
spaces is effectively larger than that of the ordinary cone metric spaces. That is, every

cone metric space is a cone b-metric space, but its converse need not be true. The
following examples illustrate these facts.

EXAMPLE 1.3 ([7]). Let X = {-1,0,1}, E = R? P = {(a,9) : 2 > 0,y > 0}.
Define d : X x X — P by d(z,y) = d(y,z) for all z,y € X, d(z,z) =0, v € X and
d(—1,0) = (3,3), d(—1,1) =d(0,1) = (1,1). Then (X,d) is a cone b-metric space, but
not a cone metric space since the triangle inequality is not satisfied. Indeed, we have

d(=1,1) 4+ d(1,0) = (1,1) + (1,1) = (2,2) < (3,3) = d(—1,0).

. . _ 3
It is easy to verify that s = 3.
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EXAMPLE 1.4 ([8]). Let E =R?* P ={(z,y): 2 >0,y >0} CE, X =R and
d: X x X — FE such that d(z,y) = |z —y|P,a |z —y |P) where > 0 and p > 1
are two constants. Then (X, d) is a cone b-metric space with s = 2P~1, but not a cone
metric space.

DEFINITION 1.5 ([7]). Let (X,d) be a cone b-metric space, € X and (z,) be a
sequence in X. Then

(i) (zy) converges to x whenever, for every ¢ € E with 6 < ¢, there is a natural
number ng such that for all n > ng, d(x,,x) < ¢. We denote this by lim,, o, =, =
x or &, — x (n — 00);

(ii) (x,) is a Cauchy sequence whenever, for every ¢ € F with § < ¢, there is a
natural number ng such that d(z,, z,,) < ¢ for all n,m > ng;

(iii) (X,d) is a complete cone b-metric space if every Cauchy sequence is convergent.

REMARK 1.6 ([7]). Let (X,d) be a cone b-metric space over the ordered real
Banach space E with a cone P. Then the following properties are often used:

(i) fa<band b < ¢, then a < c.
(i) If e < band b < ¢, then a < c.
(iii) If @ < u < ¢ for each ¢ € int(P), then v = 6.

(iv) If c € int(P), 0 < a, and a,, — 6, then there exists ng such that for all n > ng
we have aq,, < c.

(v) Let 0 < c. If 0 2 d(zy,z) < b, and b, — 0, then eventually d(z,,z) < ¢, where
(zn,), = are a sequence and a given point in X.

(vi) If 0 < a,, X b, and a,, — a, b, — b, then a < b, for each cone P.

(vii) If E is a real Banach space with cone P and if ¢ < Aa wherea € Pand 0 < A < 1,
then a = 6.

(viii) « int(P) C int(P) for a > 0.
(ix) For each § > 0 and x € int(P) there is 0 < v < 1 such that || yz ||< d.

(x) For each 6 < ¢; and ¢y € P, there is an element 6 < d such that ¢; < d and
co K d.

(xi) For each 6 < ¢ and 0 < ¢y, there is an element § < e such that e < ¢; and
e K co.
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DEFINITION 1.7. Let (X,d) be a cone b-metric space and let T : X — X be a
given mapping. We say that T is continuous at z¢g € X if Tx,, — Txg as n — oo for
every sequences (x,) in X satisfying x,, — xo as n — oco. If T is continuous at each
point zg € X, then we say that T' is continuous on X.

DEFINITION 1.8. Let (X, d) be a cone b-metric space with the constant s > 1. A
mapping T : X — X is called expansive if there exists a real constant k£ > s such that

d(Tz,Ty) = kd(z,y) for all z,y € X.

DEFINITION 1.9 ([2]). Let T' and S be self mappings of a set X. If y =Tz = Sz
for some z in X, then z is called a coincidence point of T" and S and y is called a point
of coincidence of T" and S.

DEFINITION 1.10 ([9]). The mappings T,S : X — X are weakly compatible, if
for every =z € X, the following holds:

T(Sxz) = S(T'z) whenever Sx = Tx.

PROPOSITION 1.11 ([2]). Let S and T be weakly compatible selfmaps of a non-
empty set X. If S and T have a unique point of coincidence y = Sz = Tz, then y is
the unique common fixed point of S and T

2 Main Results

In this section, we prove point of coincidence and common fixed point results in cone
b-metric spaces.

THEOREM 2.1. Let (X,d) be a cone b-metric space with the constant s > 1.
Suppose the mappings f, g : X — X satisfy g(X) C f(X), either f(X) or g(X) is
complete, and

d(fx, fy) = ad(gz, gy) + Bd(fz,gzx) + vd(fy, gy) for all z,y € X, (1)

where a, 3, v are nonnegative real numbers with a + 8 +v > s, f < 1 and a # 0.
Then f and g have a point of coincidence in X. Moreover, if « > 1, then the point of
coincidence is unique. If f and g are weakly compatible and o > 1, then f and g have
a unique common fixed point in X.

PROOF. Let zg € X and choose x; € X such that grg = fx;. This is possible
since g(X) C f(X). Continuing this process, we can construct a sequence (z,) in X
such that fx,, = gx,_1, for all n > 1. By (1), we have

d(gxn—h 9$n) = d(fxna fxn-i-l)
ad(gasn, gwn+1) + Bd(fxna gxn) + 'Yd(fanrlaganrl)
= ad(9rn, 9Tni1) + Bd(gTn—_1,97n) + vd(gTn, gTny1)

1Y
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which gives that
d(gznagl‘n-&-l) = /\d(gwn—lagxn)
where A = i%rg It is easy to see that A € (0, 1). By induction, we get that
(9T, gTn+1) = A*d(gz0, 971) (2)

for all n > 0. Let m,n € N with m > n. Then, by using condition (2) we have

d(gTn, 9Tm) = s[d(9Tn, 9Tni1) + A(gTnt1, gTm)]
= sd(9Tn, 9Tny1) + SZd(an—&-la GTny2) + -
8" d(gTm—2, 9T m—1) + d(gTm-1, g2
< [sAT SN g N TR g I (g, gan)
< [N SN g TN TR g AT (g, g )
= SA"[1+sA+ (sA)2 4+ (sA)™ "2+ (sN)™ "] d(go, gz1)
=< 1S—>\s/\ d(gxo, gz1). (3)

It is to be noted that 15_)‘:)\ d(gzo,gr1) — 6 as n — oo. Let 6 < ¢ be given. Then we
can find mg € N such that

SA"
1—sA
Therefore, it follows from (3) that

d(gxo, gr1) < c for each n > my.

1— s\

So (gxy,) is a Cauchy sequence in g(X). Suppose that g(X) is a complete subspace of
X. Then there exists y € g(X) C f(X) such that gx,, — y and also fz,, — y. In case,
f(X) is complete, this holds also with y € f(X). Let u € X be such that fu = y.
For 6§ < ¢, one can choose a natural number ng € N such that d(y, gz,) < 5 and
d(fxn, fu) < §< for all n > ng. By (1), we have

d(gzn—1, fu) = d(fr,, fu)

d(gzn, grm) =X d(gxo,gr1) < ¢ for all m > n > my.

= ad(grn, gu) + Bd(fon, g25) +vd(fu, gu)
= ad(gzy, gu).
If a # 0, then
d(gzn, gu) = éd(gxnfl,fw-
Therefore,
dly,gu) = sld(y, gzn) + d(gzn, gu)]
< sld(y, g2a) + ~d(gwn i, fu)

1
sldy, gw) + ~d(fn, fu)
< ¢, for all n > nyg.
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This gives that d(y,gu) = 0, i.e., gu = y and hence fu = gu = y. Therefore, y is a
point of coincidence of f and g.

Now we suppose that a > 1. Let v be another point of coincidence of f and g. So
fr =gx =wv for some x € X. Then

d(y,v) = d(fu, fx) = ad(gu, gx) + Bd(fu, gu) +vd(fz, gr) = ad(y,v),
which implies that .
d(ya ’U) j ad(ya U)'

By Remark 1.6(viz), we have d(v,y) = 6 i.e., v = y. Therefore, f and g have a unique
point of coincidence in X. If f and g are weakly compatible, then by Proposition 1.11,
f and g have a unique common fixed point in X. The proof is complete.

COROLLARY 2.2. Let (X,d) be a cone b-metric space with the constant s > 1.
Suppose the mappings f, g : X — X satisfy the condition

d(fz, fy) = ad(gz, gy) for all z,y € X,

where o > s is a constant. If g(X) C f(X) and f(X) or g(X) is complete, then f and
g have a unique point of coincidence in X. Moreover, if f and g are weakly compatible,
then f and ¢ have a unique common fixed point in X.

PROOF. It follows by taking 8 =~ = 0 in Theorem 2.1.
The following corollary is the Theorem 2.1 [8].

COROLLARY 2.3. Let (X, d) be a complete cone b-metric space with the constant
s > 1. Suppose the mapping g : X — X satisfies the contractive condition

d(gz, gy) = Xd(z,y) for all z,y € X,

where A € [0, %) is a constant. Then g has a unique fixed point in X. Furthermore,
the iterative sequence (¢g"z) converges to the fixed point.

PROOF. It follows by taking 5 =~ =0 and f = I, the identity mapping on X, in
Theorem 2.1.

COROLLARY 2.4. Let (X, d) be a complete cone b-metric space with the constant
s > 1. Suppose the mapping f : X — X is onto and satisfies

d(fz, fy) = ad(z,y) for all 2,y € X,
where a > s is a constant. Then f has a unique fixed point in X.

PROOF. Taking g = I and f = v = 0 in Theorem 2.1, we obtain the desired result.

REMARK 2.5. Corollary 2.4 gives a sufficient condition for the existence of unique
fixed point of an expansive mapping in cone b-metric spaces.
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COROLLARY 2.6. Let (X, d) be a complete cone b-metric space with the constant
s > 1. Suppose the mapping f : X — X is onto and satisfies the condition

d(fz, fy) = ad(z,y) + Bd(fz,z) +vd(fy,y) for z,y € X,

where «, (3, v are nonnegative real numbers with a #0, 5 <1, a+ 3+ v > s. Then
f has a fixed point in X. Moreover, if a > 1, then the fixed point of f is unique.

PROOF. It follows by taking g = I in Theorem 2.1.

THEOREM 2.7. Let (X, d) be a complete cone b-metric space with the constant
s > 1. Suppose the mappings S, T : X — X satisfy the following conditions:

d(T(Sx), Sz) + gd(T(Sx),x) = ad(Sz,x) (4)

and
d(S(Tz), Tx) + gd(S(T:c), z) = Bd(Tz, x) (5)

for all z € X, where a, 8,k are nonnegative real numbers with o > s + (1 + s)k and
B >s+ (1+s)k. If Sand T are continuous and surjective, then S and T have a
common fixed point in X.

PROOF. Let zyp € X be arbitrary and choose x1 € X such that xg = Tz;. This is
possible since T is surjective. Since S is also surjective, there exists xo € X such that
x1 = Szo. Continuing this process, we can construct a sequence (z,) in X such that
Zon = Txony1 and xo,_1 = Sz, for all n € N. Using (4), we have for n € NU {0}

k
d(T(Sw2nt2), STant2) + gd(T(Sx2n+2)afB2n+2) = ad(STant2, Tant2)
which implies that
k
d(T2n, Tant1) + gd($2n,$2n+2) = ad(Tant1, Tant2)-
Hence, we have

ad(xant1, Tant2) = d(Ton, Tant1) + kd(Ton, Tont1) + kd(T2nt1, Tant2)-

Therefore,
1+k
d(T2n+1, T2nt2) X —— d(T2n, T2nt1)- (6)
Using (5) and by an argument similar to that used above, we obtain that
1+k
d(any $27L+1) = md(xmz—h x2n)- (7)
Let A = max (%, é%]z) It is easy to see that A € (0,1). Then, by combining (6)

and (7), we get
d(l'n; xn+1) j )\d(xnfl, mn) (8)



S. K. Mohanta and R. Maitra 207

for all n > 1. By repeated application of (8), we obtain
d(xp, Tpyr1) 3 ANd(zo, 21).

By an argument similar to that used in Theorem 2.1, it follows that (z,) is a Cauchy
sequence in X. Since X is complete, there exists © € X such that x,, — u as n — oc.
Now, z2p,+1 — u and z2, — u as n — oo. The continuity of S and 7" imply that
Txopy1 — Tu and Sxa, — Su as n — oo i.e., 9, — Tu and 29,1 — Su as n — 0.
The uniqueness of limit yields that u = Su = Tu. Hence, u is a common fixed point of
S and T'. The proof is complete.

COROLLARY 2.8. Let (X, d) be a complete cone b-metric space with the constant
s>1. Let T : X — X be a continuous surjective mapping such that

k
d(T?z,Tx) + ~d(T?*z,x) = ad(Tz,z) for all x € X,
s

where «, k are nonnegative real numbers with o > s + (1 + s)k. Then T has a fixed
point in X.

PROOF. It follows from Theorem 2.7 by taking S =T and § = «.
We conclude this paper with the following two examples.

EXAMPLE 2.9. Let E = R2, the Euclidean plane and P = {(x,y) € R? : z,y > 0}
a cone in F. Let X =[0,1] and p > 1 be a constant. We define d: X x X — FE as

dz,y) =(lz—y[P,|z—y|P) forall z,y € X.

Then (X,d) is a cone b-metric space with the constant s = 2P~1. Let us define f, g :
X — Xas fr=%and gv = § — ‘;—; for all z € X. Then, for every z,y € X one has
d(fz, fy) = 3d(gzx, gy) i.e., the condition (1) holds for « = 37,8 = v = 0. Thus, we
have all the conditions of Theorem 2.1 and 0 € X is the unique common fixed point of

f and g.

EXAMPLE 2.10. Let E = R? and P = {(z,y) € R? : 2,y > 0} a cone in E. Let
X =1[0,00). We define d: X x X — FE as

d((E,y) = (|.’b—y |27| r—y |2) for all $7y€X~

Then (X, d) is a complete cone b-metric space with the constant s = 2. Let us define
S, T:X — X as Sz = 3z and Tz = 4z for all x € X. Then, the conditions (4) and (5)
hold for &« = 8 =3+ 3k > s+ (1 + s)k, where k is a nonnegative real number. We see
that all hypotheses of Theorem 2.7 are satisfied and 0 € X is a common fixed point of
S and T.
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