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Abstract

In this paper, we propose a direct method to obtain an implicit solution of
the Abel equation of the second kind

[90(z) + g1 (z)u] v’ = fo(z) + fr(z)u+ fa(z)u’.

We first reduce it into an equivalent equation, and assume that the coefficient
functions fi(x), ¢ = 0,1,2 and g;(z), ¢« = 0,1 satisfy the well-known Julia’s
condition. Therefore the given Abel equation can be transformed into a first-
order linear differential equation, which can be easily solved, and then the implicit
solutions of this equation are obtained.

1 Introduction

The Abel equation of the second kind has the general form
[90(2) + gr(@)u]u’ = fo(z) + fi(a)u + fa(z)u®. (1)

This equation was derived in 1829 in the context of the studies of N.-H. Abel [1] on the
theory of elliptic functions. The first important well-known result in the analysis of the
Abel equation is that: If go, g1 € C'(a,b), g1(z) # 0 and go(x)+g1(z) # 0, then Abel’s
differential equation of the second kind can be reduced to Abel’s differential equation of
the first kind by substituting go(z) + g1(z)u = 1. The second important result is that:
Eq.(1) can be reduced to the canonical form [2], by using various admissible functional
transformations,

wul, —u = ®(z),

where the function ®(z) is defined parametrically. It is often very difficult, if not impos-
sible, to find explicit solutions of such nonlinear differential equations. But a number
of solutions of the Abel equation of the second kind can be obtained by assuming that
the coefficients f;(x), i =0,1,2 and g;(z), ¢ = 0,1 satisfy some particular constraints.
In 1933, the French mathematician Gaston Julia [3] proved that the equation

Au? + Bu+C
du+ 28 TP g — 0,
Du+ FE
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for A, B, C, D and FE functions of z, has an implicit solution if the condition
ERA-DY=D(B-E'), D#0
is satisfied. Then the solution is implicitly given by

/
2ABD dx

2
D%ef + Euel 57 2450 da + /cef dld:zc = A,

where A is any constant. The Julia’s result can be summarized by the following theorem:

THEOREM 1. For the general form of the Abel equation of the second kind. If the
coefficients of Eq.(1) satisfy the functional relation

90(2)(2f2(2) + g1(2)) = g1(z)(f1(2) + g5(2)), (2)
where g1 (x) # 0, then the implicit solutions of Eq.(1) are given by
2g0(z)u + g1 (z)u? :/ fo(z)
291 (x)J (z) g1(x)J (x)

where c is an integration constant and

J(z) = exp(/ 29{2((;)) dz).

dz + ¢, (3)

A new functional relation between the variable coefficients that can lead to the
general solutions of Eq.(1) is presented in [4] as follows:

THEOREM 2. For the general form of the Abel equation of the second kind Eq.(1).
If there exists a constant A such that

2B1(z)go(z) = AB2(2)g1(2), gi(x) #0, i =0,1,

then Eq.(1) admits the general solution

Bi(2)u? + ABa(x)u = 2 fol@) By (z)dz + ¢,
91(z)
fZ(I fl(ac
where B;(z) = exp(—2 [ ot dx) and Ba(z) = exp(— (—f oL

In this note, a new technique is analyzed to establish new different solutions of the
general Abel equation of the second kind, we first reduce it into an equivalent equation,
and then we formulate the relations between the coefficient functions f;(z), i =0,1,2
and g;(z), i = 0,1 to obtain the well-known Julia’s condition. This leads to a first-
order linear differential equation, which can be solved in a closed form. Therefore the
given Abel equation can be solved implicitly.
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2 Main Result

Here, we prove the following result

THEOREM 3. For the general form of the Abel equation of the second kind. If
the coefficients of Eq.(1) satisfy the Julia’s condition (2), where go, g1 € C*(a,b),
go(z) # 0 and f;(z) € C(a,b), i = 0,1,2. Then the the general solution of Eq.(1) can
be exactly obtained by

2g0(x)u + g1 (z)u? _ Jo(x) x4 c
2go0(@)L(z) /go(év)L(x)d T (4)

where c is a constant and

L(x) = er ﬁ)gz;d

REMARK. Clearly, this solution is completely different from the one obtained by
Julia [3], which can be regarded as a new implicit form of the Abel equation.

PROOF. First of all, we begin our approach by writing Eq.(1) in an equivalent form

as
qug—luu’—é+ﬁ +éu2
9o go 9o Jo

/ 2
<g1u2> =2y + (gh) .
9o 9o 9o
Thus Eq.(5) can be written as
/
b))
9o 290

u + <91u2>/ &—Fﬁ

(5)

in view of

290 go 9o
It follows )
/ fo +
g1 o Jo f1 Jo (290) 2
u4 =— = 4= a4 ———2u?. 6
< 290 ) go 9o J1/90 (©)

We assume now that

!
f
() e
f1/90 290’

or ,
o, i 99 _ 91

fi " 2fi 2fig0 290

A direct calculation produces the following equation

90 (2f2 + g1 () = g1 (f1 + 90) »
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which is indeed the Julia’s condition (2). Eq.(6) is then easily integrated to give a
solution of Eq.(1). The substitution of Eq. (2) into Eq. (6) leads to the following

equation
/
<u+ gluQ) _fo h {u+ gluﬂ. (7)
290 go 9o 290

Let ¢ = u + ;ﬁuz. Thus Eq.(7) becomes

,_ D@ | Si@)

= , 8
go() go(ff)w ®)
which is a first-order linear differential equation, and we can obtain its explicit solution
form
f1(2)
[ | e /5 4
P(z) = :
e~/ wmde
Hence
f fo(x)e_f gégf;dxd:]; +c
g1 (l’) 9 go(z)
U+ u = F1(z)
2g0() o | iy da

This completes the proof of the theorem.
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