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Abstract

In this work, we shall consider oscillation of bounded solutions of higher-order
nonlinear neutral delay difference equations of the following type

Ay +p®) fyEON+a@) h(y(o(t)) =0teN,

where n € {2,3,...} is fixed and can take both odd and even values, {p(t)}{2; is a
sequence of reals such that lim:—.o p(t) = 0, {¢(¢)}£2; is a nonnegative sequence
of reals, and {7(¢)}¢2; and {o(¢)}2; are sequences of integers tending to infinity
asymptotically and bounded above by {t};2;, and f,h € C(R,R).

1 Introduction

We consider the higher-order nonlinear difference equation of the form

Ay @) +p @) fy (TN +at)h(y(o(t)) =0forteN, (1)
where n € {2,3,...} is fixed, N = {0,1,2,...}, p : N — R=(—00,00), {p(t)}2,
is a sequence of real such that lim; ., p(t) = 0, and it is an oscillating function;

qg: N — [0,00), 7(t) : N — Z (Z denotes the set of integers) with 7(t) < ¢, and
7(t) — 00 as t — 00, o(t) : N — Z(Z denotes the set of integers) with o(t) < ¢, for all
t € Nand o(t) — 0o as t — oo, f(u),h(u) € C(R,R) are nondecreasing functions (1),
uf(u) > 0 and wh(u) > 0, for all u # 0, we mean any function y(t) : Z — R, which is
defined for all ¢ > min;>o{7 (¢),0(¢)}, and satisfies equation (1) for sufficiently large
t. As it is customary, a solution {y (¢)} is said to be oscillatory if the terms y(t) of the
sequence are not eventually positive nor eventually negative. Otherwise, the solution
is called nonoscillatory. A difference equation is called oscillatory if all of its solutions
oscillate. Otherwise, it is nonoscillatory. In this paper, we restrict our attention to real
valued solutions y.

Recently, much research has been done on the oscillatory and asymptotic behavior
of solutions of higher-order delay and neutral type difference equations. The results
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obtained here are an extension of work in [7]. Most of the known results are for special
cases of equation (1) and related equations; see, for example, [1, 2, 3, 16].

The purpose of this paper is to study oscillatory behavior of bounded solutions of
solutions of equation (1). For the general theory of difference equations, one can refer
to [1, 2, 3, 10, 11, 12, 15]. Many references to applications of the difference equations
can be found in [10, 11, 12].

For the sake of convenience, we let N(a) = {a,a+1,...}, N(a,b) = {a,a+1,...,b},
and the function z (t) is defined by

2(t) = y(&) +p(t)f (y (T (1)) (2)

2 Some Auxiliary Lemmas

In this section, we present the known results.

LEMMA 1 ([2]). Let y(¢t) be defined for t > ¢, € N, and y(¢) > 0 with A™y(t)
of constant sign for ¢t > ¢y, n € N(1), and not identically zero. Then there exists an
integer m € [0,n] satisfying either (n 4+ m) is even for A"y(t) > 0 or (n+m) is odd
for A™y(t) < 0 such that

(i) if m <n —1 implies (—1)™ " Afy(t) > 0 for all t >ty and m < i <n —1,

(i) if m > 1 implies A’y(t) > 0 for all large t > tp and 1 <i < m — 1.

LEMMA 2 ([2]). Let y(t) be defined for t > to, and y(t) > 0 with A™y(¢t) < 0 for
t > to and not identically zero. Then there exists a large t; > tg, such that

1

n—1 -1 —m—1
t—t A" 2", >t
(n—l)!( 1) y( ) 21,

y(t) >

where m is defined as in Lemma 2. Furthermore, if y (¢) is increasing, then

1 ¢ n—1
> n—1 > n—1 .
V02 o () A0, ez

3 Main Results
In this section, we present main results and give some examples.
THEOREM 1. Assume than n is odd and the following assertions (C)—(C3) hold:

(C1) limy—co p(t) =0,

(C2) $22,, 5" g (s) = oo.
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Then every bounded solution of equation (1) either is oscillatory or tends to zero as
t — 00.

PROOF. Assume that equation (1) has a bounded nonoscillatory solution y. With-
out loss of generality, assume that y is eventually positive (the proof is similar when y
is eventually negative). That is, y(t) > 0, y (7 (¢)) > 0, and y (o (t)) > 0 for t > t; > to.
Furthermore, we assume that y(¢) does not to zero as t — co. By (1) and (2), we have
that

Az(t) =—q (@) h(y(o(t))) <0 fort > 1. (3)

That is, A"z(t) < 0. It follows that A%z(t) fora = 0,1,2,...,n—1 is strictly monotone
and eventually of constant sign. Since lim; o, p (t) = 0, there exists ¢t > ¢ such that
z(t) > 0 for ¢ > t9. Since y is bounded, and by virtue of (C7) and (2), there exists
t3 > to such that z(t) is also bounded for ¢ > t3. Because n is odd, z(¢) is bounded and
m = 0 (otherwise, z (¢) is not bounded by Lemma 1), there exists t4 > t3 such that for
t > t4, we have (—1)" Afz(t) > 0fori=0,1,2,...,n— 1. In particular, since Az(t) < 0
for t > t4, z is decreasing. Since z is bounded, we obtain that lim;_, 2(t) = L where
—00 < L < 00. Assume that 0 < L < co. Let L > 0. Then there exist a constant
¢ > 0 and t5 with ¢5 > t4 such that 2 (¢) > ¢ > 0 for ¢t > t5. Since y is bounded,
lim; 0o p(t) f (y (7 (t))) = 0 by (Cy). Therefore, there exist a constant ¢; > 0 and tg
with tg > t5 such that

y(t) = 2(t) —p@)f (y (T (1)) > e1 > 0 for t > t6.

So we may find t; with t; > tg such that y (o (t)) > ¢; > 0 for t > t;. From (3), we
have
A"z(t) < —q(t) h(cy) for t > tr. (4)

If we multiply (4) by "1, and summing it from ¢; to ¢t — 1, we obtain

t—1
F(t) = F(tr) < —h(e) Y q(s)s" (5)
where .
F(t)=> (1) A" A"z (t+ ).

Since (—1)" Afz(t) > 0 fori = 0,1,2,...,n—1 and t > t,, we have F (t) > 0 for t > t;.
From (5), we have
t—1

—F(tr) < =h(c1) > q(s)s" "

S:t7
By (C2), we obtain

t—1
—F (t7) < —h(c1) Z q(s)s" ' = —o0ast— oo.

s=tv
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This is a contradiction. So, L > 0 is impossible. Therefore, L = 0 is the only possible
case. That is, lim;_, o 2(t) = 0. Since y is bounded, and by virtue of (Cy) and (2), we
obtain

lim y (1) = Jim = (1)~ lim p(t) f (y (+ (1)) = 0.

t—oo

Now, let us consider the case of y (t) < 0 for ¢t > ¢;. By (1) and (2),
A"2(t) = —q () h (y (o (£))) = 0 for ¢ > 1.

That is, A"z(t) > 0. It follow that A®z(t) for « =0,1,2,...,n—1 is strictly monotone
and eventually constant sign. Since lim;—, o, p (t) = 0, there exists to > t;, such that
z(t) < 0 for t > ty. Since y(t) is bounded, by virtue of (Cy) and (2), there exists
t3 > to such that z (¢) is also bounded for ¢t > t3. Assume that x (t) = —z(t). Then
A"z (t) = —A"z (t). Therefore, x (t) > 0 and A"z (t) < 0 for ¢t > ¢3. From this, we
observe that x (t) is bounded. Because n is odd, z(t) is bounded and m = 0 (otherwise,
x(t) is not bounded by Lemma 1) there exists t4 > t3 such that (—1)" Afz(t) > 0 for
i=0,1,2,...,n—1and t > t4. That is, (—1)" A’z(¢t) < 0 for i = 0,1,2,...,n — 1 and
t > t4. In particular, we have Az(t) > 0 for ¢t > t4. Therefore, z (t) is increasing. So,
we can assume that lim; o, 2(¢t) = L where —oo < L < 0. As in the proof of y (¢) > 0,
we may prove that L = 0. As for the rest, it is similar to the case y (t) > 0. That is,
lim;_, o y(¢t) = 0. This contradicts our assumption. Hence, the proof is completed.

THEOREM 2. Assume that n is even and the following condition (C3) holds:

(C3) there exists a function H : R — R such that H is continuous and nondecreasing,
and satisfies the inequality

—H(—uv) > H(uw) > KH(u)H(v) for u,v >0,
where K is a positive constant, and

|h(u)| > |H(u)], #27>0 and H(u) >0 foru#0.

and every bounded solution of the first-order delay difference equation

Aw(t) + q(t)KvH (é(n_lnv (;@) ) ) w(o (£) = 0 (6)

is oscillatory.

Then every bounded solution of equation (1) is either oscillatory or tends to zero as
t — o0.

PROOF. Assume that equation (1) has a bounded nonoscillatory solution y. With-
out loss of generality, assume that y is eventually positive(the proof is similar when y
is eventually negative). That is, y (¢) > 0, y (7 (¢)) > 0 and y (o (¢)) > 0 for t > t; > to.
Furthermore, suppose that y does not tend to zero as t — co. By (1) and (2), we have

A"z(t) = —q () h(y (o (1)) <0 for t > ¢, (7)
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It follows that A%z(t) for « = 0,1,2,...,n — 1 is strictly monotone and eventually
of constant sign. Since y is bounded and does not tend to zero as t — oo, and by
virtue of (C4), limyoo p(t) f(y(7 (¢))) = 0. Then we can find a t2 > ¢; such that
z(t) = y(t) + p(t)f (y (1 (¢))) > 0 eventually and z(t) is also bounded for sufficiently
large t > to. Because n is even, (n +m) odd for A"z(t) <0, z(¢) > 0 is bounded and
m =1 (otherwise, z(¢) is not bounded by Lemma 1) there exists t3 > t such that

(=) P ATz(t) > 0 for t > t3 and i = 0,1,2,...,n — 1. (8)

In particular, since Az(t) > 0 for t > t3, z is increasing. Since y is bounded,
lim; 0o p (t) f (y (7(t))) = 0 by (C1). Then there exists t4 > t3 by (2) such that

z(t) > 0 for ¢t > t4.

w\»—*

y()==z(t)—p)fy (7)) =
We may find a t5 > t4 such that

y(o(t)) > =z(c(t)) >0 for t > ts. (9)

l\D\H

From (7) and (9), we can obtain the result of

1

A"z(t)+q(t) h (22' (o (t))) <0 for t > ts. (10)

Since z(t) is defined for ¢ > to, we apply directly Lemma 2 (second part, since z is
positive and increasing) to obtain that z(t) > 0 with A™z(¢) < 0 for ¢ > ¢2 and not
identically zero. It follows from Lemma 2 that

y(o (1) =

Using (C3) and (9), we find that for ¢t > tg > t5,

Wy (a(t)) = H(ylo(?)))

o (; — (‘2’“)) Ao <t>>>
KH(é(n—l <2nt3) ) AT

It follows from (7) and the above inequality, that {A™~12(¢)} is an eventually positive
solution of

v

~—

)

n—1
Awlt) + a(t) KT (; 5 (23) ) wle (1)) < 0.
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By a well-know result (see Theorem 3.1 in [5]), the difference equation

n—1
Aw(t) + q(t) K~vH (; n _1 ol (;}2) > w(o(t)) =0fort >ty >t

has an eventually positive solution. This contradicts the fact that (1) is oscillatory,
and the proof is completed.

Thus, from Theorem 2 and Theorem 2.3 in [6] (see also Example 3.2 in [6]), we can
obtain the following corollary.

COROLLARY 1. If

=1 1 1 o(s)\" " 1
lim inf Z(t)Q(S)H (2(n—1)! (2n—1> ) 7 oKy’ (12)

then every bounded solution of equation (1.1) either is oscillatory or tends to zero as
t — 00.

When p(t) =0 and n = 2, Corollary 3 yields that if

t—1

A 1 1
lltnilogfsza(t)q(s)H <4a(s)> > ok’
then
A?y(t) +q (1) h(y (o (1)) =0 for t >ty (13)

is oscillatory. These results have been established in [6, 12, 13] and the references cited
therein.

EXAMPLE 1. We consider difference equation of the form
A3 [y () + e sint [y? (t — 5) + 2y(t — 5)]] +t2(t—3)=0fort >2,  (14)

wheren =3,q(t) =12, 0(t) =t-3,7(t) =t-5,p(t) = e=5t sint, f(y) =y*—2y, and
h (y) = y?. Hence, we have

1 o oo
lim —5 sint =0 and Z s" g (s) = Z st = 0.

t1l>1£10p (t) - t—o0 eSt

s=to s=to

Since Conditions (C1) and (C2) of the Theorem 1 are satisfied, every bounded solution
of (14) oscillates or tends to zero at infinity.

EXAMPLE 2. We consider difference equation of the form

v+ (3) ve-2)| + 5ot -3 =0, (15)
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where n =4, 7(t) =t —2, p(t) = (=1/2)", q(t) = 1/t2, o (t) =t — 3, and h(y) = 3.
By taking H(u) = u,
i §° L11 (5=3)7 1
imin e -
e Le 2231\ 2 e

We check that all the conditions of Theorem 2 are satisfied, every bounded solution of
(15) oscillates or tends to zero at infinity.
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