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Abstract
In this paper, we introduce (¢, ¢)-almost weakly contractive maps in G-metric
spaces and prove the existence of fixed points. Our Theorem 4 generalizes the
result of Aage and Salunke (Theorem 2, [1]). We also extend it to a pair of weakly
compatible maps and prove the existence of common fixed points. We provide
examples in support of our results.

1 Introduction and Preliminaries

The development of fixed point theory is based on the generalization of contraction
conditions in one direction or/and generalization of ambient spaces of the operator
under consideration on the other. Banach contraction principle plays an important role
in solving nonlinear equations, and it is one of the most useful results in fixed point
theory. In the direction of generalization of contraction conditions, in 1997, Alber
and Guerre-Delabriere [3] introduced weakly contractive maps which are extensions
of contraction maps and obtained fixed point results in the setting of Hilbert spaces.
Rhoades [16] extended this concept to metric spaces. In 2008, Dutta and Choudhury
[12] introduced (1), ¢)-weakly contractive maps and proved the existence of fixed points
in complete metric spaces. In 2009, Doric [11] extended it to a pair of maps. For more
literature in this direction, we refer to Choudhury, Konar and Rhoades [9], Babu,
Nageswara Rao and Alemayehu [4], Sastry, Babu and Kidane [17], Babu and Sailaja
[5] and Zhang and Song [19]. In continuation to the extensions of contraction maps,
Berinde [7] introduced ‘weak contractions’ as a generalization of contraction maps.
Berinde renamed ‘weak contractions’ as ‘almost contractions’ in his later work [8]. For
more works on almost contractions and its generalizations, we refer to Babu, Sandhya
and Kameswari [6], Abbas, Babu and Alemayehu [2] and the related references cited
in these papers.
Throughout this paper, we denote Ry = [0, 00) and

U = {¢/¢: Ry — Ry is continuous on R, 1) is nondecreasing,
¥(t) > 0 for t > 0,1(0) = 0}.
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70 Fixed Points of (¢, ¢)-Almost Weakly Contractive Maps

In the metric space setting Dutta and Choudhury [12] introduced (v, ¢)-weakly con-
tractive maps as follows:

DEFINITION 1 ([12]). Let (X, d) be a metric space. Let T': X — X be a map. If
there exist 1, ¢ € ¥ such that

Y(d(T'z, Ty)) < P(d(z,y)) — (d(z,y))

for all z,y € X, then T is said to be a (1, ¢)-weakly contractive map.

Dutta and Choudhury [12] proved that every (v, p)-weakly contractive map has a
unique fixed point in complete metric spaces. On the other hand, Berinde [7] introduced
‘weak contractions’ as a generalization of contraction maps.

DEFINITION 2 ([7]). Let (X,d) be a metric space. A selfmap T': X — X is said
to be a weak contraction if there exist 6 € (0,1) and L > 0 such that for all z,y € X,

d(Tz,Ty) < dd(z,y) + Ld(y, Tx).

Berinde [7] proved that every weak contraction has a fixed point in complete metric
spaces and provided an example to show that this fixed point need not be unique. In
order to obtain the uniqueness of fixed point, Berinde [7] used the following condition:
there exist # € (0,1) and L; > 0 such that

d(Tz,Ty) < 0d(z,y) + L1d(z,Tz) for all z,y € X (1)

and proved that every weak contraction together with (1) has a unique fixed point in
complete metric spaces, and further posed the following problem: “Find a contractive
type condition different from (1), that ensures the uniqueness of fixed point of weak
contractions".

In this context Babu, Sandhya and Kameswari [6] answered the above problem by
introducing ‘condition (B)’ as follows:

DEFINITION 3 ([6]). Let (X,d) be a metric space. A map T : X — X is said to
satisfy condition (B) if there exist 0 < § < 1 and L > 0 such that for all z,y € X,

d(Tz, Ty) < 0d(z,y) + Lmin{d(z, Tz),d(y, Ty), d(z, Ty), d(y, Tx)}.

Babu, Sandhya and Kameswari [6] proved that every selfmap T of a complete
metric space satisfying condition (B) has a unique fixed point. On the other hand,
in the direction of generalization of ambient spaces, in 2005, Mustafa and Sims [15]
introduced a new notion namely generalized metric space called G-metric space and
studied the existence of fixed points of various types of contraction mappings in G-
metric spaces.

DEFINITION 4 ([15]). Let X be a nonempty set and let G : X3 — R, be a
function satisfying:
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(Gl) G(z,y,2)=0ifx =y =z,

(G2) 0 < G(zx,z,y) for all z,y € X, with = # y,

(G3) G(z,z,y) < G(z,y,z) for all z,y,z € X with z £ y

(G4) G(z,y,2) = G(z,z,y) = G(y,z,z) = --- (symmetry in all variables) and,
(G5) G(z,y,2) < G(z,a,a) + G(a,y, 2) for all z,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or, more specially a G-metric on
X, and the pair (X, G) is called a G-metric space.

EXAMPLE 1 ([15]). Let (X,d) be a metric space. The mapping G : X? — R
defined by
Gs(@,y,2) = d(z,y) + d(y, 2) + d(x, 2)

for all ,y, z € X is a G-metric and so (X, G;) is a G-metric space.

EXAMPLE 2 ([15]). Let (X,d) be a metric space. The mapping G,, : X® — R
defined by

G (x,y,2) = max {d(z,y),d(y, 2),d(x, z)}

for all ,y,z € X is a G-metric and so (X, G,,) is a G-metric space.

EXAMPLE 3. Let X be a nonempty set. We denote the class of all real valued
bounded functions on X by B(X). For f € B(X), we define

IfIl = sup{[f(z)[ /z € X}.

Then (B(X),||.]|) is a normed linear space. We define metric d on B(X) by d(f,g) =
IIf =gl for f,g € B(X). Now we define generalized metric G on B(X) by

G(f,9.h) = f = gll + llg = Rl + 1~ = £

for all f,g,h € B(X). Then clearly G is a generalized metric on B(X). The space
(B(X),G) is a generalized metric space.

DEFINITION 5 ([15]). Let (X, G) be a G-metric space and let {x,,} be a sequence
of points of X. We say that {z,} is G-convergent to z if lim, o G(Z, Tn, Tm) = 0;
that is, for any € > 0, there exists N € N such that G(z,z,,Z,) < € for all n,m > N.
We refer to  as the limit of the sequence {z,,}.

PROPOSITION 1 ([15]). Let (X, G) be a G-metric space. Then for any z,y, z,a €
X we have that:

(1) if G(z,y,2) =0, then x =y = z.
(2) G(z,y,2) < G(z,2,9) + G(z, 2, 2).
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(3) G(z,y,y) < 2G(y,z, ).
(4) G(z,y,2) < G(x,a,2) + G(a,y, 2).
(5) G(z,y,2) < 2 (G(z,y,a) + G(z,a,2) + G(a,y,2)).

PROPOSITION 2 ([15]). Let (X,G) be a G-metric space. Then the following
statements are equivalent:

(1) {x,} is G-convergent to x.
(2) G(zp,Tn,x) — 0 as n — oo.
(3) G(zp,z,z) — 0 as n — oo.
DEFINITION 6 ([15]). Let X be a G-metric space. A sequence {z,} is called G-

Cauchy if given € > 0, there is an N € N such that G(z,, ,, z;) < € for all n,m,l > N;
that is, if G(zy, Tm,z) — 0 as n,m,l — 0.

PROPOSITION 3 ([15]). In a G-metric space X, the following two statements are
equivalent:

(1) The sequence {x,} is G-Cauchy.

(2) For every € > 0, there exists N € N such that G(xy,, Ty, Tm) < € for all n,m > N.

DEFINITION 7 ([15]). A G-metric space X is said to be G-complete (or a complete
G-metric space) if every G-Cauchy sequence in X is G-convergent in X.

PROPOSITION 4 ([15]). Let X be a G-metric space. Then the function G(z,y, z)
is jointly continuous in all three of its variables.

PROPOSITION 5 ([15]). Every G-metric space X defines a metric space (X,d¢)
by
dG(xa y) = G(Z,yvy) + G(y,x,x) for all T,y € X.

Mustafa, Obiedat and Awawdeh [14] proved the following result.

THEOREM 1 ([14]). Let (X, G) be a complete G-metric space, and let T : X — X
be a mapping satisfying one of the following conditions:

G(Tz,Ty,Tz) <aG(x,y,2) + bG(x, Tz, Tx) + cG(y, Ty, Ty) + dG(2,Tz,Tz)

or

G(Tz,Ty,Tz) < aG(z,y,2) + bG(x,z,Tx) + cG(y,y, Ty) + dG(z,2,Tz)

for all z,y,2 € X where 0 < a+b+c+d < 1. Then T has a unique fixed point (say
u, i.e., Tu = u), and T is G-continuous at u.
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In 2011, Aage and Salunke [1] introduced weakly contractive maps in G-metric
spaces and proved the existence of fixed points in G-metric spaces.

DEFINITION 8. Let (X, G) be a G-metric space. Let T : X — X be a selfmap of
X. T is said to be a weakly contractive map in G if, there exists ¢ € ¥ such that

G(Tz, Ty, Tz) < G(x,y,2) — ¢(G(x,y, 2)) for each z,y,z € X. (2)

THEOREM 2 ([1]). Let (X,G) be a complete G-metric space and let T : X — X
be a weakly contractive map in G. Then T has a unique fixed point in X.

DEFINITION 9 ([10]). Let f and g be two selfmaps on a G-metric space (X, Q).
The mappings f and g are said to be compatible if lim,, oo G (fgTn, gfTn,g9f2n) =0
whenever {z,} is a sequence in X such that lim,,_,o, fz, = lim, . gz, = z for some
z e X.

DEFINITION 10 ([10,13]). Two maps f and g on a G-metric space (X, G) are said
to be weakly compatible if they commute at their coincidence point.

Here we note that every pair of compatible maps is weakly compatible but its
converse need not be true (Example 1.4, [10]). Shatanawi [18] proved the following
common fixed point theorem for a pair of weakly compatible maps.

THEOREM 3 ([18]). Let X be a G-metric space. Suppose the maps f,g : X —
X satisfy the following condition: there exists a nondecreasing function ¢ : Ry —
R satisfying lim, ., ¢"(t) =0 for all ¢t € (0,00) such that either

G(fx, fy, f2) < ¢(max{G(gz, gy, 92), G(gz, fz, fw),G(gy7fy7fy),G(9z,fz,fZ)})(, :
3

or

G(fz, fy, fz) < ¢p(max{G(gz, gy, 92), G(97, gz, fz), G(g9y, 9y, fy), G(92, 92, f2)})

for all z,y,z € X. If f(X) C ¢g(X) and ¢g(X) is a G-complete subspace of X, then
f and g have a unique point of coincidence in X. Moreover, if f and g are weakly
compatible, then f and g have a unique common fixed point.

Unfortunately, the example given in support of Theorem 2 by Aage and Salunke
(Example 2, [1]) is false in the sense that the maps T' and ¢ defined in this example
do not satisfy the inequality (2). For, the example considered by Aage and Salunke is
the following.

EXAMPLE 4 ([1]). Let X = [0,1]. Define G : X3 — R, by

G(z,y,2)=|v—y|l+|y—2|+ |z —=z| forall z,y,z € X.
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M

Then (X, G) is a complete G-metric space. The authors defined T on X by Tz = x—

and (t) = %, t>0. Let us choose z = 1,y = % and z = 1. Then G(T'z, Ty, Tz)

G(z,y,2z) = 3 and ¢(G(z,y,2)) = 2. Hence

| w‘&

3 7

=1

(=]

9 3
E = G(TSCvaaTZ) ﬁ G(x,y,z) - (p(G(i,y,Z)) = g

Also the inequality (2) fails to hold at z = %, y = é and z = 0. Hence T and ¢ do not
satisfy the inequality (2) so that T is not a weakly contractive map with this ¢, even

though T has a fixed point 0.
The following is a suitable example in support of Theorem 2.

EXAMPLE 5. Let X = [0,1]. We define G : X® — R, by

0, fe=y==z
Glz,y,2) = { max{z,y, 2z}, otherwise.
Then (X, G) is a complete G-metric space. Let Ta = 12—2 and p(t) = %. Without loss
of generality, we assume that = >y > z. Then

.’1?2

G(Tz, Ty, Tz) = max{Tx, Ty, Tz} = 5

G(z,y,z) = max{z,y,z} =z and o(G(z,y,2)) = %
Now, G(z,y,2) — p(G(z,y,2)) = z — ﬂ—z. Therefore G(Tz, Ty, Tz) = ‘"—22 <xz-— % =
G(z,y,2) — ¢(G(z,y,z)). Hence T satisfies the inequality (2) so that T is a weakly
contractive map. Thus by Theorem 2, we have T has a unique fixed point and it is 0
in X.

Motivated by the ‘(¢, p)-weakly contractive maps’ introduced by Dutta and Choud-
hury [12], ‘almost weak contractions’ of Berinde [7, 8] and ‘condition (B)’ of Babu, Sand-
hya and Kameswari [6] in metric space setting, in this paper we introduce ‘(, ¢)-almost
weakly contractive maps’ in G-metric spaces and prove the existence of fixed points in
complete G-metric spaces. The importance of the class of (1, ¢)-almost weakly con-
tractive maps is that this class properly includes the class of weakly contractive maps
studied by Aage and Salunke [1] so that the class of (1, ¢)-almost weakly contractive
maps is larger than the class of weakly contractive maps, which is illustrated in Ex-
ample 6. Hence, the results obtained on the existence of fixed points of (1, ¢)-almost
weakly contractive maps generalize the results of Aage and Salunke [1].

In the following, we introduce (1, ¢)-almost weakly contractive maps.

DEFINITION 11. Let (X, G) be a G-metric space and let T" be a selfmap of X. If
there exist ¢ and ¢ in ¥ and L > 0 such that

P(G(Tz, Ty, Tz)) < 9(G(2,y,2)) = ¢(G(2,y,2)) + L m(z,y, 2) (4)
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for all x,y, z € X, where
m(x,y, z) = min{G(Tz,z,x), G(Tz,y,y), GTx, 2 2), GTx,y,2)},
then we call T is a (1, p)-almost weakly contractive map on X.

We observe that if 4 is the identity map and L = 0 in (4) then T is a weakly
contractive map. Hence the class of all weakly contractive maps is contained in the
class of all (¢, ¢)-almost weakly contractive maps. Further, every (1, p)-almost weakly
contractive map need not be a weakly contractive map (Example 6).

In Section 2, we prove the existence of fixed points of (1, ¢)-almost weakly contrac-
tive maps in G-metric spaces. Our main result (Theorem 4) generalizes the result of
Aage and Salunke (Theorem 2, [1]). We also extend it to a pair of weakly compatible
maps and prove the existence of common fixed points. Corollaries and examples in
support of our results are provided in Section 3.

2 Main Results

The following is the main result of this paper.

THEOREM 4. Let (X,G) be a complete G-metric space and let T be a (1, )-
almost weakly contractive map. Then T has a unique fixed point in X.

PROOF. Let g € X. We define the sequence {x,} by z, = T(zp-1), n = 1,2, ...
If 41 = z, for some n € N, then trivially z,, a fixed point of T". Suppose x,,+1 # T,
for all n € N. We now consider

¢(G($m Tn+1, xn—&-l)) = ¢(G(T$n—17 T.Z‘n, TJ?”))
w(G(xnfla Tn, xn)) - @(G($n717 Tn, xn))
+Lm(zp—1,Tn, Ty),

IN

where m(zp—1, Tn, xy) = 0 so that

"L/J(G(l’n, Tn+1, $n+1)) < w(G(mn—l) T, mn)) - (P(G(xn—la Ly xn)) (5)
By using the property of ¢, we have
w(G(Z’n, Tn+1, xn—i—l)) < w(G(mn—ly T, zn)) for n = 17 27 e (6)

Now, by applying the nondecreasing property of 1, it follows that
G(xna Tn+1, Jjn-{-l) < G(l'n_l, Tn, xn) for n = 1a 2a e

Therefore {G(zy, Tnt1,Tnr1)} is a monotone decreasing sequence of nonnegative reals
and hence there exists r > 0 such that G(2,, Zp41,Tnt1) — 7 as n — oo. Now, on
letting n — oo in the inequality (5), we have ¢¥(r) < ¥(r) — ¢(r) so that ¢(r) < 0.
Since ¢(r) > 0, it follows that ¢(r) = 0 so that r = 0.

ie, G(Tn, Tnt1,Tn+1) — 0 as n — oo. (7)
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We now prove that the sequence {z,} is Cauchy.
On the contrary, if {z,,} is not Cauchy, then there exists an € > 0 for which we can
find subsequences {zn, }, {Zm, } of {x,} with ny > my > k such that

G(Tny, Ty Tmy ) = € (8)

Corresponding to each my, we can choose ny such that it is the smallest integer with
ng > my, and satisfying (8). Then, we have

G(Tny Ty s Tmy) = € and G(Tny -1, Ty s Tmy) < €. (9)
We now prove the following three identities:
(i) limp—oo G(Tny, Ty s Ty, ) = €.
(i) limp—oo G(Tpy—1; Timyp—1, Tmy—1) = €.
(ifi) limp—oo G(Tnys Toy—15 Tomy—1) = €.

From (9), we have G(Zp, , Tm, , Tm, ) > € so that

e < lim inf G(zp,, Tm,, Tm,)- (10)
k—oco )
Also,
G(xnk s Ty, £ka) < G(xnk y Tng—1, £anfl) + G(mnkflv Ty, » xmk)
< G(xnk,l'nk_l,$nk_1) +€a
and hence

klim Sup G(Tn,, Ty > Tmy ) < €. (11)
From (10) and (11), we have

e < lim inf G(zp,, Tmy, Tm,) < klim Sup G(zn, , Ty, Tmy,) < €

k—oo —00
so that limg 00 G(Zn,,, Ty, Tm,, ) €xists and

e= lim inf G(zp,, Tm,, Tm,) < lim sup G(zn,, Tm,, Tm,) = €.
k—oo k—oo

Hence
lim G(n,, Tmy, Tmy) = € (12)

k—o0

Therefore (i) holds. Also,

G(Jjnk—la Ty, xnbk) + G(xmk sy Tmy—1, xmk—l)
G(x’ﬂkfla xnk b xnk) + G(:an; mmk ) xmk)

+G(xmk y Ty —1s xmkfl)'

G('rnk—h Ty —1, x'mk—l)

IAIA



Babu et al. it

On taking limit superior as k — oo and using (7) and (12), we get

kli_)nolosqu(xnk_l,xmk_l,xmk_l) <e. (13)
Now,

G(xnkvxmkammk) S G(xnkaxnk—lymnk—l) +G(xnk—17mmk—lvxmk—l)

+G($mk717 xmk Y mmk)
Hence, we have that

G(ﬂ?nk—lafﬂmk—l,xmk—l) > G(wnk7xmk’xmk) 7G(z"k’xnk_17xnk_l)
_G(xmk—la LTmy, s x"bk)'

Now on taking limit inferior both sides, and using (7) and (12), we get

€< klim inf G(Zn,—1, Ty —15 Tmg—1)- (14)

Thus from (13) and (14), we have

e < lim inf Gz, —1,Tmy -1, Tmy—1) < klim SUPp G(ZTny—1, Trng—15 Trnp—1) < €.
— 00

k—o0

Hence it follows that
lm G(Tp,—1,Tmp—1;Tm,—1) = €. (15)

ko0
Therefore (ii) holds. Let us now prove (iii). From (8), we have
€ < G(Xnys Ty Ty, ) < Gy Tong—15 Tmp—1) + G( @iy —1, T s Ty, )-
This implies that
G(Tnys Tmp—1,Tmp—1) = € — G(Tmp—1, Tmy,s Tmy,)
and

lim inf G(n,, Tmy—1, Tmyp—1) > €. (16)

k—o0
Now,
G(xnk s Tmy—1, xmkfl) S G(-'L‘nk y Tng—1, xnkfl) + G(.’L‘nk,h Tmy—1, xmkfl)
and hence using (7) and (ii), we get

klim SUp G(Tny, Tmp—1,Tmy—1) < €. (17)
Now, from (16) and (17), we have
€< klim inf G(zn,, Tme—1,Tmp—1) < klim SUp G(Tny, Tmp—15 Tmp—1) < €

so that G(Zn,, Tmy—1;Tm,—1) — € as k — oo. Therefore (iii) holds.
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Now

Qﬁ(G(.’L‘nk,l‘mk,fﬂmk)) = Z[J(G(TxnkfluTxmk,thxmkfl))
< Q/J(G(xnkfla xmkfl,wmkfl)) - w(G(xnk*hxmk*h :Emkfl))

+L m(:z:nk_l, Tmy—15 mmk—l)-
On letting k — oo and using (i)—(iii) and (7), we get

P(e) < h(e) — p(e) <9le),

which is a contradiction. Therefore {x,,} is a G-Cauchy sequence. Since X is complete,
there exists p € X such that {z,} is G-convergent to p. We now consider

< w(G(xnflﬂpvp)) - QD(G(I’n,l,p,p)) + Lm(xn,l,p,p).

On letting n — oo, we have o(G(p,Tp,Tp)) < 0 so that we must have Tp = p.
Therefore p is a fixed point of T in X.

Uniqueness: Suppose T has two fixed points p and ¢ in X with p # ¢. Now, we
consider

U(G(p,q,9)) = »(G(Tp,Tq,Tq))
Y(G(p,q,9) — ¢(G(p,q,q)) + Lm(p,q,q)
Y(G(p,q,9) — ¢(G(p,q,q)) < V(G(p,q,9)),

which is a contradiction. Therefore ¢¥(G((p,q,q)) = 0 so that G(p, q,q) = 0 and hence
that p = ¢. Thus, p is the unique fixed point of T in X. Hence the theorem follows.

IN

We now prove a common fixed point theorem for a pair of weakly compatible maps.
THEOREM 5. Let (X,G) be a complete G-metric space and let T" and S be two

selfmaps on (X,G). Assume that T(X) C S(X), S is continuous, and there exist
¥, € ¥ and L > 0 such that
P(G(Tx, Ty, Tz)) < p(M(z,y,2)) — (M (z,y, 2)) + Lm(z,y, 2), (18)
where
M(z,y, z) = max{G(Sz, Sy, Sz),G(Sz, Tz, Tx), G(Sy, Ty, Ty), G(Sz,Tz,Tz)}
and

m(z,y, z) = min{G(Tx, Sz, Sz), G(Tz, Sy, Sy), G(Tx, Sz, Sz), G(Txz, Sy, Sz)}

for z,y,z € X. Then T and S have a unique common fixed point in X provided T and
S are weakly compatible maps.
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PROOF. Let g € X be arbitrary. Since T'(X) C S(X), we can choose {z,} C X
such that T'(z,) = S(Tnt+1) = yn (say), n =0,1,2,.... Let n > 1 be an integer. Then
by using the inequality (18) we have

w(G(ynvyn+1ayn+l)) ¢(G(Tmexn+1vTxn+1))

S 1/)(M($namn+1axn+l)) *@(M(xnazn—&-lamn-l—l))
+Lm($n7 x’n-{-l) xn-‘rl))
where
M(-Tna LTn+1, xn—i—l) = maX{G(ana an—i—lv an—&-l): G(anv Tzy, Tl‘n),
G(S$n+17 Tanrla Tanrl)a G(S$n+1u T$n+17 T:I;nJrl)}
= G(an, an+17 Sl’n+1)
and

m(xna Tn41, anrl)
= min{G(Tzy, Sxn, Sty), G(Txy, STpi1, STpi1),
G(T$n, S-Tn-l-la an—i—l)v G(T$n, S-Tn-l-la Smn—i—l)}

mln{G(yru Yn—1, yn71)7 G(yna Yn, yn)a G(yn7 Yn, yn)a G(yn7 Yn, yn)}
= 0

since G(Yn, Yn,yn) = 0. This implies that

V(G (Yns Ynt15Ynt1)) < V(G (Yn—1,Yn,Yn)) — (G (Yn—1,Yn, Yn))- (19)

Hence, from the inequality (18), if y,, = Ym+1 for some m, then it follows that y,, = y,,
for all n > m so that {y,} is Cauchy. Therefore, without loss of generality, we assume
that y, # yn41 for alln =0,1,2,.... Now, from (18), we have

’(/}(G(yna Yn+1, yn+1)> < 'L/}(G(ynfla Yn, y’ﬂ))
Hence by the nondecreasing nature of v, it follows that
G(y'm yn+17yn+1) S G(ynflayna yn) fOI‘ all n = 17 2a e

Therefore {G(Yn, Yn+1,Yn+1)} is @ monotone decreasing sequence of nonnegative reals.
So, there exists r > 0 such that G(Yn,Yn+1,Yn+1) — 7 as n — o0o. Now, from the
inequality (19), we have

7/’(G(ymyn+1a yn+1)) < w(G(yn—la ynvyn)) - @(G(yn—lyymyn))'

On letting n — oo, we have (r) < 9(r) — ¢(r) so that ¢(r) < 0. Since ¢(r) > 0, it
follows that ¢(r) = 0 so that r = 0.

Le., G(yn,yn+17yn+1) — 0 asn — oo. (20)
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We now prove that the sequence {y,} is Cauchy. If we suppose that {y,} is not
Cauchy, then there exists an € > 0 and there exist subsequences {yn, }, {ym,} of {yn}
with ng > my > k such that

G (Yny> Yma» Ymy) = € (21)

Corresponding to each my, we can choose ny such that it is the smallest integer with
ng > my, and satisfying (21). Then, we have

G Yy Ymir Ymy) 2 € and G (Yny—1, Yy, Ymy) < € (22)
Now the following identities follow as in the proof of Theorem 4.
(i) Himp—oo G(Ynys Yy Ymy) = €
(i) imp—oo G(Ynp—15 Ymp—1, Ymp—1) = €.
(iii) limg—oo G(Yny, Ymy—1, Ymi—1) = €.

‘We now consider

’(/}(M(xnk s Ty s xmk)) - W(M(mnk » Lmy, mmk))
+Lm($nk I x’m.k- ) xmk)’

IN

where

M(xnk ) xmk ) xmk) = maX{G(Smnk ) S:I;mk ) Sxmk )7 G(ank ? Txnk ) Txnk)’
G(STmy, TTimy s Ty, )y G(STmy, TTimy, Ty, ) }
= G(ank; Sm'mkasxmk) = G(ynk—lv Ymy—1, y'mk—l)
and
M(Tnys Ty Tmy) = MIn{G(Txy,, ST, , STn, ), G(TTn, STm,, STm, )
G(Txn,, STmy, STm, ), G(TXn,,, STy, ST, ) }-
Therefore,
V(G (Yny» Yy Y )
< w(G(ynk—laymk—laymk—l)) - @(G(ynk—hymk—hymk—l))

+L min {G(ynk y Ynp—1, ynk71)7 G(ynk y Ymy—1, ymkfl)a
G(ynk s Ymyp—1, ymkfl)a G(ynk s Ymp—1, ymkfl)}

On letting k — oo and using (i)—(iii) and (20), we get
P(e) < 1h(e) —p(e) <(e),

which is a contradiction. Therefore {y,} is a G-Cauchy sequence. Since X is complete,
there exists z € X such that lim, ey = lim,_ oo Tz, = limy, 0o STpy1 = 2. We
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now prove that z is a common fixed point of T" and S. Since S is continuous, we have
lim, o STz, = lim,_, SSx, = Sz. Further, since S and T are weakly compatible,
we have lim,, o, G(T'Sxy,, STxy, STx,) = 0, which implies lim,, o, T'Sz,, = Sz. Now,
from (18), we have

V(G(T Sy, Ty, Tx,)) < W(M(Sxp,xn,x,)) — @(M(Szp, zp, Tp))

+Lm(Sxy, Tn,xn), (23)
where
M(SZp,xn, ) = max{G(SSzy, Sz, Sx,), G(SSzn, TSz, TSTy),
G(Szy, Txn, Txy), G(Sxy, Tay, Ta,)}
= G(SSz,, Sy, Sxy,)
and

m(STp, Tn, Tn) = min{G(TSzy,, Sz, SSx,), G(TSxy, STpn, Sty),
G(TSxyp, Sxy, Szy,), G(T Sz, Sy, Sxy)}
Therefore, from (23), we have
V(G(TSTp, Tan, Txy)) < W(G(SSxy, STy, Sty)) — @(G(SSxy, STy, Sty))
+Lmin{G(T Sz, SSxy, SSxy), G(T STy, STy, Sty),
G(TSxyp, Sxy, Szy), G(T ST, Sy, Sxy)}
On letting n — oo, we get
P(G(5z,2,2)) < P(G(Sz,2,2)) — 9(G(52, 2, 2)),
which implies that ¢(G(Sz, z, z)) < 0 so that we must have Sz = z. Now, we consider
V(G (T, Tz,T2)) < Y(M(xp,2,2)) — p(M(zy, 2, 2)) + Lm(zy, 2, 2), (24)
where
M(zy, z,z) = max{G(Sz,, Sz,52), G(Sxn, Txyn, Txy,),G(S2,T2,T2),G(Sz,Tz,Tz)}
and
m(zy, 2z, 2) = min{G(Txy, Sy, Sxy), G(T2y, Sz,52), G(Txy, Sz,52), G(Txy, Sz, Sz)}.
Also, we have

lim M(zy,z,2) =G(2,Tz,Tz) and lim m(z,,z,z) =0, (25)

n—oo n—oo

since lim, .o, G(T'Sxy, SSx,, SSx,) = 0. Now, on letting n — oo in (24) and using
(25), we get

V(G (2,T2,T2)) <P(G(2,T2,Tz)) — p(G(2,Tz,Tz)).
Then ¢(G(z,Tz,Tz)) < 0. Therefore, o(G(z,Tz,Tz)) = 0 so that G(z,Tz,Tz) = 0.
Therefore, Tz = z. Thus z is a common fixed point of T" and S. Uniqueness of common

fixed point of T" and S follows from the inequality (18). This completes the proof of
the theorem.
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3 Corollaries and Examples

In this section, we draw some corollaries from the main results of Section 2 and provide
examples in support of our results. The following is an example in support of Theorem
4.

EXAMPLE 6. Let X = [0,1]. We define G : X3 — R, by

0, fe=y==z
max{z,y, 2z}, otherwise.

6o = {
Then (X, G) is a complete G-metric space. We define T': X — X by
ifx =0,

if0<a< 3,
if 1 <z<1.

T(z) =

= N o=
8

We define 9 and ¢ on Ry by 9(t) = % and ¢(t) = % Then, it is easy to verify that
T satisfies the inequality (4) with L = 1. i.e., T is a (¢, ¢)-almost weakly contractive
map. Thus T satisfies all the hypothesis of Theorem 4 and 1 is the unique fixed point
of T. Here we observe that T is not a continuous map.

Further, we observe that T is not a weakly contractive map. For, let us choose z =
and y =2z =0. Then G(Tz,Ty,Tz) = 2, G(z,y,2) = + and ¢(G(z,y,2)) = ¢(3).

1 2
3 37

Hence,
2 1 1
= = G(Tw,Ty,T2) £ G(w,p,2) — 9(G(w,9,2)) = 5 — p(3) for any g € 0.
Hence T does not satisfy the inequality (2) for any ¢ € ¥ so that T is not a weakly
contractive map in G-metric space. Thus Theorem 2 is not applicable.
Further, this example suggests that the class of (1, p)-almost weakly contractive
maps is larger than the class of weakly contractive maps in G-metric spaces.
REMARK 1. Theorem 2 follows as a corollary to Theorem 4 by choosing v as the
identity map and L = 0. Hence Example 6 suggests that Theorem 4 is a generalization
of Theorem 2.

COROLLARY 1. Let (X,G) be a complete G-metric space and let T' and S be
two selfmaps on (X, G). Assume that T'(X) C S(X), S is continuous, and there exist
1, € ¥ such that

where
M(z,y, z) = max{G(Sz, Sy, Sz),G(Sz, Tz, Tx),G(Sy, Ty, Ty), G(Sz,Tz,Tz)}

for z,y,z € X. Then T and S have a unique common fixed point in X provided T and
S are weakly compatible maps.

PROOF. Follows from Theorem 5 by choosing L = 0.
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The following is an example in support of Corollary 1.

EXAMPLE 7. Let X = [0,1]. We define G : X® — R, by

. O, ]f xr = y = 2:7
Gla,y,2) = { max{z,y,z}, otherwise.
Then (X, G) is a complete G-metric space. We define T, S : X — X and ¢, ¢ on R by
z2 T 4¢2 t2
T(z) = > S(z) = 1(5 —x), YP(t) = 3 and p(t) = 3

forall z € X and t € Ry. Then clearly T'(X) C S(X).Without loss of generality, we
assume that x > y > z. Then

2,2 .2 2
G(Tx, Ty, Tz) = max{Tx, Ty, Tz} = max{m—, y—, Z—} ——
2°2°2 2
Also
T y z x
G(Sz, Sy, Sz) = max{Sz, Sy, Sz} = max{1(5 — ), 1(5 —9), 1(5 —z2)} = Z(E) — ).

Now, we consider

4

N

W(G(T2, Ty, T2)) = T < To(5—2)" = [G(S, Sy, S2))°
< (M52 = 5[M(p 2 - M w,,2)

= w(M(xvy’ Z)) - (,O(M(;C,y, Z))

Therefore,
V(G(Tz, Ty, Tz)) < (M(z,y, 2)) — (M (z,y,2))

so that the inequality (26) of Corollary 1 holds. Thus, T" and S satisfy all the hypotheses
of Corollary 1 and 0 is the unique common fixed point of 7" and S.

REMARK 2. We observe that the ¢ that is used in Theorem 5 is different from ¢
that is used in Theorem 3.
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