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Abstract

The purpose of this paper is to discuss the deficiency and the relative deficiency
of an E-valued meromorphic function f. Some inequalities on the deficiency and
the relative deficiency of E-valued meromorphic functions are obtained. Results
obtained extend some recent results by Wu and Xuan.

1 FE-Valued Meromorphic Function

In this section, we shall introduce some fundamental definitions and notations of E-
valued meromorphic functions (see e.g. [1, 2, 6, 7, 8]) which will be used in this paper.

Let (E,||-||) be a complex Banach space with Schauder basis {e;} and the norm ||-||.
Then an E-valued function f(z) defined in Cr = {|2| < R},0 < R < 4+00,C4oc = C
can be written as f(z) = (f1(2), f2(2), ..., fx(2), ...) € E, where

f1(2), f2(2), ooy fr(2), ...

are the component functions of f(z). An FE-valued function is called holomorphic
(meromorphic) if all f;(z) are holomorphic (some of f;(z) are meromorphic). The j-th
derivative of f(z), where j = 1,2, ..., is defined by

f9@) = (1) 1), e 12D, ).

We assume that £ (z) = f(2).

In this paper, we use the letters from the alphabet a, b, c, ... to denote the elements
of E which are called vectors. The symbol 0 denotes the zero vector of E. We denote
vector infinity, complex number infinity, and the norm infinity by o0, 00, and -+oo,
respectively.

Let f(z) be an E-valued meromorphic function in Cg (0 < R < +00). A point
20 € Cr = {|z| < r} is called a pole of f(z) = (f1(2), f2(2), ..., fx(2),...) if zo is a pole
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of at least one of the component functions fi(z) (k = 1,2, ...). We denote || f(2)|| = +oo
when zg is a pole. A point zp € Cg is called a zero of f(z) = (f1(2), f2(2), ..., fx(2),...)
if zo is a zero of all the component functions fi(z) (k = 1,2,...). For any vector a € E,
A point zy € Ck is called an a-point of f(z) if and only if 2y a zero of f(z) — a.

Let n(r, f) denote the number of poles of f(z) in |z| < r, and n(r,a) denote the
number of a-points of f(z) in |z| < 7, counting with multiplicities. We define the
volume function of f(z) by

V(r,f) =V f) = — / log

» Alog || £(€)llda A dy, € = +iy,

‘

V(r,a) =V(r.a, f) = 10g Alog|[f(§) — alldz Ady, &=z + iy,

d

and the counting function of ﬁmte or infinite a-points by

N(’ﬁf) :n(o,f)logr+Ar Mdt

and

N(r,a) =n(0,a)logr + / nt,e) = n(0.0) ,,

O t

respectively. Next, we define

=~ Lo + i0
mir.f) = m(r. %) = 5= [ log* | e as

2m
m(r,a) = m(r,a, f) = 171'/0 log™ ﬁd@

ret?) — all

and
T(T7f) Zm(’f’,f) +N(Taf)7

where T'(r, f) is called the Nevanlinna characteristic function. Let 72(r, f) denote the
number of poles of f(z) in |z| < 7, and 72(r, a) denote the number of a-points of f(z) in
|z| < r, ignoring multiplicities. Similarly, we can define the counting function N (r, f)
and N(r,a) of 7i(r, f) and n(r, a).

Let f(z) be an E-valued meromorphic function in the whole complex plane. For any
vector a € E, we define the Nevanlinna deficiency 6(a) = d(a, f) and ©(a) = O(a, f)
as following

6(a) = é(a, f) = lim inf m(r, a) =1 — limsup V(r,a)+ N(r,a)

r—+00 T(’I“7 f) r—+o00 T(Tv f) ’
H2) = 8(3.) = b {755 =1~ s

ot Vi) + Nra)
Oa) = 6la, /) = 1 ~limsup =775
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and

_ _ : N(r, f)
O(c0) = O(o0, f) =1 — limsup .
(%) = O, f) = 1~ limsup 7 )
If §(a) > 0, we call a is a deficient vector of f.
If f(2) is an E-valued meromorphic function in the whole complex plane, then the
order and the lower order of f(z) are defined by
logT logT
A(f) = limsupL(r’f) and p(f) = liminf L(T’f).

r—oo  logr r—oo  logr

We call the E-valued meromorphic function f admissible if

2 Lemmas

In this section, we shall introduce some fundamental results which will be used in
the proof of the main results of this paper. For convenience, we give the following
definitions.

DEFINITION 2.1 ([2]). For an E-valued meromorphic function f(z), we denote by
S(r, f) any quantity such that

S(r, f) = OQUogT(r, f) +logr), r — 400

S(r, f) = o(T(r, f)), r — +00

without restriction if f(z) is of finite order and otherwise except possibly for a set of
values of 7 of finite linear measure.

DEFINITION 2.2 ([2]) Let E,, be an n-dimensional projective space of E with a
basis {e;}7. The projective operator P, : E — E, is a realization of E,, associated to
the basis. An E-valued meromorphic function f(z) in Cr(0 < R < 4+00) is of compact
projection, if for any given € > 0, || P,(f(2)) — f(2)|| < € has sufficiently large n in any
fixed compact subset D C Ckg.

LEMMA 2.3 ([2]). Let f(z) be a nonconstant E-valued meromorphic function in
Cgr. Thenfor 0 <r < R,a € E, f(z) # a,

T(r,f) =V(r,a) + N(r,a) + m(r,a) +log" lc,(a) | +&(r,a).
Here ¢(r,a) is a function such that
le(r,a)| < log™ ||la|| +log2,&(r,0) = 0

and cq(a) € E is the coefficient of the first term in the Laurent series at the point a.
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LEMMA 2.4 (]2]). Let f(z) be a nonconstant E-valued meromorphic function of
compact projection in C and a*l € E (k = 1,2,...,q) be ¢ > 3 distinct points. Then
for 0 <r <R,

(q=2T(r, f) + G(r, £) < Y _[V(r,al) + N(r,al")] + S(r, f)
and
(q—DT(r, f)+G(r, /) < Y _[V( N(r, )]+ N(r, f) + S(r, f)

k=1

where

6rf)= [ gmtt [ Mloglf©ldr ndy. €= iy

LEMMA 2.5 ([6]). If an E-valued meromorphic function f(z) in C is of compact
projection, then for a positive integer k, we have

S(r, f*) = S(r, f)
and .
L2 e

log

. =~ __1do =S .
o Jy 1FGre] . )

3 Deficiency of EF-Valued Meromorphic Function

In 1992, Lahiri [3] proved the following theorem on vector valued transcendental integral
function connecting the deficiencies of the function with its derivative.

THEOREM A. Let f(z) = (f1(2), f2(2), ..., fn(2)) be a vector-valued transcendental
integral function of finite order. Then

> d(a) < 6(0, ).

acCn

Extending Theorem A recently, Wu and Xuan [6] prove the following result.

THEOREM B. Let f(z) be a finite order admissible E-valued meromorphic function
of compact projection in C and assume 6(c5) = 1. Then

> d(a) < 5(0, f).

acE

We extend the above result to the higher derivatives as follows.
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THEOREM 3.1. Let f(z) be a finite order admissible E-valued meromorphic func-
tion of compact projection in C and assume 6(o0) = 1. Then for any positive integer

k, we have
> d(a) < 80, f™).
ack

PROOF. For any ¢ > 2 vectors {al*} in E, put

We can get

2 2m
s, o FOe0 < (10, 70) + o [ g e e pan. (1)

By Wu and Xuan [6], we have

2

q
log™ F(re®)do > Z m(r,al®) —log™ @ (2)
=1

o 5

So that by (1) and (2), we can get
- 1l O+ L ot (e [ £ 29
> mrabd) <m (r,0,5%) + = [ log* {Fre?)||f® (re?) 16 + log* =L,
p=1 TJo
Thus by Lemma 2.5, we have
q
Z ) <m (r,0,79) + S(r, ). (3)

It follows from Lemma 2.3 that

m (7,0, /) + N (r,0,19) 4V (1,0, f®) = T(r, f¥) + O(1). (4)

Thus from (3) and (4), we deduce

q
) (k) (k)
;mra“ +N(7’0f )+V<T’O’fk)ST(T,fk)—FS(r,f)_
Therefore, we have

(1]
N (r,0, f®) +V (r,0, f®)  T(r f) szzlm(r,a#)

T(r, f*) T(r, f#) T(r,f) -
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Now, basic estimates in E-valued Nevanlinna theory yield

T(r, f®) = m(r, f®)+ N(r, f¥)
I LFH (et |
= m(r, f) + N(r, <k>+7/ log™ —__1dp
(D ENE T 5 Jy 8 e
= 1o LF® (e’ |
< m(r,f)+N(r,f)+ EN(r, f —I——/ logm = —— 146
IV N IRV Dy 28 Tirrem]
1 LF (re’®) |
< T(r,f)+kN(r, f +—/ logt H———_~146.
(r J) RN L) 5 ) e
Thus we can get from the above inequality and Lemma 2.5 that
. T(r, f)) _—
limsup ————= < (k+1) — k§(0). 6
msup = (k+1) — kd(9) (6)
Hence from (5) and (6), we can get
(1]
U s ey | YOS £V 005) 16 (&M
1m —
= mew T(r, ) T f®) | 10 °
3 (]
N A L) R W) S (N = S
1m 1m in —
= LA T(r, J) imind e oy | ey
(K]
NGO Vo) rey )
= T(r, f) TR T, ) e T(r, )
§ (alv]
. N (r,0, f®) +V (r,0, f®) J; (o)
= oy T(r, f) (E+1)— k()

Since ¢ > 0 was arbitrary and §(c0) = 1, we have

> 6(a) <60, F ).

acl

From Theorem 3.1, we have

COROLLARY 3.2. Let f(z) be a finite order admissible E-valued meromorphic
function of compact projection in C and assume 6(c0) = 1. If f(z) has at least one
deficient vector a € F, then for any positive integer k, the vector 0 is the deficient
vector of f(),



106 Deficiency of E-Valued Meromorphic Functions

COROLLARY 3.3. Let f(z) be a finite order admissible E-valued meromorphic

function of compact projection in C and assume Y d(a) =1 and §(c5) = 1. Then for
acE

any positive integer k, §(0, f(*)) =1
EXAMPLE 3.4. Put f(z) = (e*,€%,...,€%,...). Then

fO(2) = (e, €7, ...,e%,..), j=1,2,...

For any non-zero vector a € E, we have d(a) = 0, §(33) = 1,6(0) = 1 and §(0, f*)) =
holds for any positive integer k. Thus

> " 8(a) <60, f™).

acE

4 Relative Deficiency

The concept of the relative Nevanlinna defect of meromorphic function was due to Mil-
loux [4] and Xiong Qinglai (also Hiong Qinglai [5]). Lahiri [3] extended this concept to
meromorphic vector valued function in 1990. Most recently, Wu and Xuan [6] consid-
ered the relative deficiency of E-valued meromorphic function and gave the following
definition and theorem.

DEFINITION 4.1. If k is a positive integer then the number

. V(r,a, f*) + N(r,a, f®)
0¥ (a, f) =1 — limsu
( f) 7’4’4’05) T(Tv f)

is called the relative deficiency of the value a € E with respect to distinct zeros.

THEOREM C. Let f(z) be an admissible E-valued meromorphic function of com-
pact projection in C and let al® (u =1,2,---,p) and BN (A =1,2,--- ,q), ¢ > 2, be
elements of F, distinct within each set. Then for all positive integers k:,

P

q
Z@ N )+ (g—2 Z (al¥,

A=1 p=1

In this section, we continue to study the relative deficiency of E-valued meromorphic
function and prove the following theorems.

THEOREM 4.2. Let f(z) be a finite order admissible E-valued meromorphic func-
tion of compact projection in C and let a,b,c be three distinct elements in E U {oc}
with a # 0. Then

S(a, f) +OW (b, f) + 0W(c, f) < 2.
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PROOF. By Lemma 2.5, we get that

1 [ (F) (rei® 1
N T N N
2m Jo [ (re??) —all | f*) (rei)||

27 E) (100
(k) + Hf( (re”)|l
< 0, [+ [ log"
= m(r,0,fM) +5(r,f).
Now by Lemma 2.3-2.5, we can get
T f) < T )= (N0, /®) + V(r,0, /M)
+(N(ra, /) +V(r,a, ) + S(r, f)
(N(ra, £) + V(r,a, ) = (N0, 79) + V (1,0, £9))

+ (N0, 1)+ V (5,0, %) + (N(r,b, £9) + Vb, £))
+ (N0 f9) + Ve, %)) + 500, )
(N(ra, ) + V(r,a, ) + (Mo, fO) + V(b £4))

+ (NG %) + Ve, £9)) + S0, ).

m(r,a, f)

IA

IA

Dividing both sides of the above inequality by T'(r, f) and taking limit superior we
have

N(r,a, f) +V(r.a, f) N(r,b, f™) +V(r,b f)

1 < limsup 4+ lim sup
r—-+400 T(ﬁ f) r—+00 (T‘, f)
: N(rye, f*) + V(e f®) S(r, f)
+lim su + lim su ,
o T(r, f) ot T(r, f)

1< (1=6(a,f))+ (1 —0W (b, £)) + (1 —0W (b, £)) +0

8(a, )+ 0% (b, )+ 0% (¢, f) < 2.

THEOREM 4.3. Let a # 0 be any vector in £ and f be a finite order admissible
E-valued meromorphic function of compact projection in C. Then

0(0, f) + O(a, f) + OF (53, f) < 2

PROOF. By Lemma 2.4, we have

T(r, f) (N(r,0, )+ V(r,0,f)) + (N(r,a, f) + V(r,a, f))
(N(r,0, f) +V(r,0,)) + (N(r,a, f) + V(r,a, f))

IN A
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Dividing both sides of the above inequality by T'(r, f) and taking limit superior we
have

N(r,0,f)+V(r,0,f) N(rya, f)+V(r,a, f)

1 < limsup + lim sup

r—+00 T(T, f) r—~+00 T(Ta f)
) W(r,f(k)) . S(r, f)
Hlimsup = A msup 720
1. €.
1< (1-0(0, )+ (1-0(a, ) + (1 - 6M(, 1)) +0,
or

0(0, f) + O(a, f) + ©F) (33, f) < 2.
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