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Abstract
The purpose of this paper is to discuss the relationship between the char-

acteristic function of an E-valued meromorphic function f and and that of its
derivative f ′. Consequently, for a finite order E-valued meromorphic function
f with maximal deficiency sum, we obtain that T (r, f ′) ∼ (2 − δ(∞̂, f))T (r, f)
as r → +∞. Results are obtained to extend the related results for meromorphic
scalar valued function of Weitsman Allen in [Weitsman, Allen. Meromorphic
functions with maximal deficiency sum and a conjecture of F. Nevanlinna. Acta
Math. 123(1969), 115—139].

1 Introduction of E-Valued Meromorphic Function

In 2006, Hu and Hu [4] introduced the fundamental notations and established the
Nevanlinna’s theorems for an E-valued meromorphic function from the complex plane
C to an infinite-dimensional Banach spaces E with a Schauder basis. In 2010, Xuan and
Wu [11] established the Nevanlinna’s theorems for an E-valued meromorphic function
from a generic domain D ⊆ C to E. In 2011, Hu [3] investigated the application of the
Nevanlinna theory of E-valued meromorphic functions in infinite-dimensional spaces.
Therefore, any results of the Nevanlinna theory of E-valued meromorphic functions has
potential application. In this paper, we shall continue to study the Nevanlinna theory
of E-valued meromorphic functions.
In 2012, Wu and Xuan [9] investigated the characteristic functions and Borel ex-

ceptional values of E-valued meromorphic functions, Wu and Xuan [10] discussed the
deficiency of E-valued meromorphic functions. In this paper, we shall discuss the re-
lation between the characteristic function and the deficiency of E-valued meromorphic
functions. In fact, we shall investigate the relationship between the characteristic func-
tion of an E-valued meromorphic function f and that of its derivative f ′ when f has
maximal deficiency sum.
The structure of this paper is as follows. In Section 1, we introduce the basic

notations and fundamental results of E-valued meromorphic function, see [1, 3, 4, 9,
10, 11]. In Section 2, we establish the main results of this paper and give their proof.
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Assume that (E, ‖ · ‖) is a complex Banach space with Schauder basis {ej} and
the norm ‖ · ‖. Then the elements of E are called vectors and are usually denoted by
letters from the alphabet: a, b, c, · · · . The symbol 0 denotes the zero vector of E. The
symbols ∞̂,∞ and +∞ denote the vector infinity, complex number infinity and the
norm infinity, respectively.
An E-valued meromorphic function f(z) defined in C can be written as f(z) =

(f1(z), f2(z), ..., fk(z), ...) ∈ E, where f1(z), f2(z), ..., fk(z), ..., are the component func-
tions of f(z). A point z0 ∈ C is called a pole of f(z) = (f1(z), f2(z), ..., fk(z), ...) if z0
is a pole of at least one of the component functions of f(z). A point z0 ∈ C is called
a zero of f(z) = (f1(z), f2(z), ..., fk(z), ...) if z0 is a common zero of all the component
functions of f(z). The j-th (j = 1, 2, ...) derivative of f(z) are defined by

f (j)(z) = (f
(j)
1 (z), f

(j)
2 (z), ..., f

(j)
k (z), ...),

and assume that f (0)(z) = f(z).
Suppose that f(z) is an E-valued meromorphic function in C and a ∈ E is a vector.

We define the volume function of f(z) by

V (r, ∞̂) = V (r, f) =
1

2π

∫
Cr

log

∣∣∣∣rξ
∣∣∣∣∆ log ‖f(ξ)‖dx ∧ dy, ξ = x+ iy

and

V (r, a) = V (r, f − a) =
1

2π

∫
Cr

log

∣∣∣∣rξ
∣∣∣∣∆ log ‖f(ξ)− a‖dx ∧ dy, ξ = x+ iy.

Let n(r, f) or n(r, ∞̂) denote the number of poles of f(z) in |z| ≤ r, and n(r, a) denote
the number of a-points of f(z) in |z| ≤ r, counting with multiplicities. We define the
counting function of finite or infinite a-points by

N(r, f) = n(0, f) log r +

∫ r

0

n(t, f)− n(0, f)

t
dt,

N(r, ∞̂) = n(0, ∞̂) log r +

∫ r

0

n(t, ∞̂)− n(0, ∞̂)

t
dt,

and

N(r, a) = n(0, a) log r +

∫ r

0

n(t, a)− n(0, a)

t
dt,

respectively. Next, we define

m(r, ∞̂) = m(r, f) =
1

2π

∫ 2π

0

log+
∥∥f(reiθ)

∥∥ dθ,
m(r, a) = m(r, a, f) =

1

2π

∫ 2π

0

log+
1

‖f(reiθ)− a‖dθ,

and
T (r, f) = m(r, f) +N(r, f),
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where T (r, f) is called the Nevanlinna characteristic function. The order and the lower
order of f(z) are defined by

λ(f) = lim sup
r→∞

log T (r, f)

log r
and µ(f) = lim inf

r→∞

log T (r, f)

log r
.

We call the E-valued meromorphic function f admissible if

lim sup
r→+∞

T (r, f)

log r
= +∞.

Let En be an n-dimensional projective space of E with the basis {ej}n1 . The projec-
tive operator Pn : E → En is a realization of En associated to the basis. An E-valued
meromorphic function f(z) in C is of compact projection, if for any given ε > 0,
‖Pn(f(z))− f(z)‖ < ε holds for suficiently large n in any fixed compact subset D ⊂ C.
Suppose that f(z) is an admissible E-valued meromorphic function of compact

projection in C and a ∈ E. It follows from [3] and [10], we define the number δ(a) =
δ(a, f) by putting

δ(a) = δ(a, f) = lim inf
r→+∞̂

m(r, a)

T (r, f)
= 1− lim sup

r→+∞

V (r, a) +N(r, a)

T (r, f)

and

δ(∞̂) = δ(∞̂, f) = lim inf
r→+∞

m(r, f)

T (r, f)
= 1− lim sup

r→+∞

N(r, f)

T (r, f)
.

Then the set {a ∈ E ∪ {∞̂}, δ(a) > 0} is at most countable and summing over all such
points we have ∑

a

δ(a) ≤ 2.

If
∑
a
δ(a) = 2, then we say that f(z) has maximum deficiency sum or maximal defect.

2 Main Results

Let f(z) be a meromorphic scalar valued function in the Gaussian complex plane C.
The characteristic function of the derivative of f(z) with maximum defect has been
studied by Shan, Singh, Kulkarni, Edrei and Weitsman. For example, Shan and Singh
[5, 6] have proved

THEOREM A. Let f(z) be a transcendental meromorphic function of finite order
and assume

∑
a∈C

δ(a) = 2. Then

T (r, f ′) ∼ 2T (r, f), r → +∞.

Edrei [2] and Weitsman [7] have proved
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THEOREM B. Let f(z) be a transcendental meromorphic scalar valued function
of finite order and assume

∑
a
δ(a) = 2. Then

lim
r→+∞

T (r, f ′)

T (r, f)
= 2− δ(∞) and lim

r→+∞

N
(
r, 1f ′

)
T (r, f ′)

= 0.

It is natural to consider whether there exists a similar results, if meromorphic
scalar valued function f(z) is replaced by E-valued meromorphic function f(z). In this
paper, the main contribution is to extend the above theorem to E-valued meromorphic
function by referring the method of [4], [7—10].

THEOREM 1. Let f(z) be an admissible E-valued meromorphic function of com-
pact projection in C of finite order and assume

∑
a
δ(a) = 2. Then

lim
r→+∞

T (r, f ′)

T (r, f)
= 2− δ(∞̂)

and

lim
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
= 0.

Consequently,

δ(0, f ′) = 1.

PROOF. Let {a[j]} be a sequence of distinct vectors in E containing all the vectors
of δ

(
a[j]
)
> 0. Given ε > 0, we choose q ≥ 2 suffi ciently large so that

q∑
j=1

δ
(
a[j]
)

+ δ(∞̂) > 2− ε. (1)

It follows from [10] that

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
+
T (r, f)

T (r, f ′)


q∑

µ=1
m(r, a[µ])

T (r, f)
− o(1)

 ≤ 1, r → +∞, (2)

and

lim sup
r→+∞

T (r, f ′)

T (r, f)
≤ 2− δ(∞̂). (3)
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Therefore, we can derive the following inequality from (1)-(3),

1 ≥ lim sup
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
+
T (r, f)

T (r, f ′)


q∑

µ=1
m(r, a[µ])

T (r, f)
− o(1)




≥ lim sup
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
+ lim inf

r→+∞

T (r, f)

T (r, f ′)


q∑

µ=1
m(r, a[µ])

T (r, f)
− o(1)



≥ lim sup
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
+ lim inf

r→+∞

T (r, f)

T (r, f ′)
lim inf
r→+∞

q∑
µ=1

m(r, a[µ])

T (r, f)

≥ lim sup
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
+

2− δ(∞̂, f)− ε
2− δ(∞̂, f)

.

Thus, we deduce

lim sup
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
≤ ε

2− δ(∞̂, f)
.

Since ε > 0 is arbitrary, we have

lim sup
r→+∞

N (r, 0, f ′) + V (r, 0, f ′)

T (r, f ′)
= 0.

So
δ(0, f ′) = 1.

On the other hand, by (2), we have

1 ≥ lim sup
r→+∞

T (r, f)

T (r, f ′)


q∑

µ=1
m(r, a[µ])

T (r, f)
− o(1)



≥ lim sup
r→+∞

T (r, f)

T (r, f ′)
lim inf
r→+∞


q∑

µ=1
m(r, a[µ])

T (r, f)
− o(1)



≥ lim sup
r→+∞

T (r, f)

T (r, f ′)
lim inf
r→+∞

q∑
µ=1

m(r, a[µ])

T (r, f)

≥ lim sup
r→+∞

T (r, f)

T (r, f ′)
[2− δ(∞̂, f)− ε].
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Thus

lim sup
r→+∞

T (r, f)

T (r, f ′)
≤ 1

2− δ(∞̂, f)− ε .

Therefore, by (3) we can get

2− δ(∞̂, f)− ε ≤ lim inf
r→+∞

T (r, f ′)

T (r, f)
≤ lim sup

r→+∞

T (r, f ′)

T (r, f)
≤ 2− δ(∞̂).

Since ε > 0 were arbitrary, we have

lim
r→+∞

T (r, f ′)

T (r, f)
= 2− δ(∞̂).

From Theorem 1, we have

COROLLARY 1. Let f(z) be an admissible E-valued meromorphic function of
compact projection in C of finite order and assume

∑
a 6=∞̂

δ(a) = 2. Then

T (r, f ′) ∼ 2T (r, f), r → +∞.

COROLLARY 2. Let f(z) be an admissible E-valued meromorphic function of
compact projection in C of finite order and assume

∑
a 6=∞̂

δ(a) = η ≥ 1 and δ(∞̂) = 2−η.

Then
T (r, f ′) ∼ ηT (r, f), r → +∞,

and

lim
r→+∞

N (r, 0, f ′)

T (r, f ′)
= 0.
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