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Abstract

Asymptotic expansions of iterates of five functions, namely, the logarithmic
function, the inverse tangent function, the inverse hyperbolic sine function, the
hyperbolic tangent function and the Fresnel integral are derived with explicit
parameters using a refinement of a 1994 method of Bencherif and Robin.

1 Introduction

As mentioned at the beginning of [2, Chapter 8], many problems in asymptotic analysis
can be stated as follows: let f(z): R — R and up € R be given. Define the sequence
(un)nZO by

up = f(ug), un = f(un-1) = fo(tn-2) = f(f(un—2)) =+ = fulug) (n>1).

The problem is to find an asymptotic expansion of u,, as n — oo. In [3, Problem 173],
the case of f(x) = sinz was considered. Writing u; = sinx and u,, := sin, z (n > 1),
the problem is to show that lim, . /n/3sin, x = 1. In the book [2, Section 8.6], de
Bruijn improved this result by showing that

2 3
s, 2 — 3{1_310gn_0(m)+alog n+ﬁ10gn+7+0(log n)} (n — o),

n 10 n 2n n? n3

where «, 3, v are explicit parameters depending on C(z), which in turn depends on z,
but is independent of n. In 1994, Bencherif and Robin, [1], generalized this result by
deriving an asymptotic expansion for iterates of a general continuous function f and
applied their result to the function f(z) = sinz (x € (0,7)) to obtain an even more
precise result.

In the present work, we refine Bencherif-Robin’s 1994 work to obtain as many ex-
plicit parameters as possible, and apply them to derive asymptotic expansions of the it-
erates of five important classical functions log(1+z), tan~' z, sinh ™' z, J cos (7rt2/2) dt
and tanhz.
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78 Asymptotic Expansions of Iterates of Classical Functions

2 Preliminaries

Our main tool is the following result of Bencherif and Robin, [1, Theorem 2].

PROPOSITION 1. For k > 2, let {aj,as,...,ar,t} be a set of real numbers with
a; <0, t>0,let A =—1/tay, and let by = (1 +t — 2ay/a?) /2t. Then there exists a
sequence of k + 1 polynomials (P, )o<m<k With coefficients in Q(a1, az, ..., @m+1,t)[X]
satisfying the differential-difference equation

’

Py =biP, + (tm+1)P, (0<m<k-—1)

m

with the following property: if (u,) is a real positive sequence converging to 0 and

satisfies
k

Upil = Uy + Z amuﬁt*'1 + O(uglkﬂ)t“) (n — o),

m=1

then it has an asymptotic expansion of the form

= <2>l/t{1+§jlpm (—1(bllogn—0)>7;n+0(nlk)} (n— o0), (1)

~t—n—bylogn), Pp=1,P =X, and

where C' = lim,, o (Au,,

P, € Q(ay, a9, ..., ax, t)[X].

Since our main objective is to derive asymptotic results with explicit parameters,
following Bencherif-Robin, consider v, = A/u!,. The sequence (v,,) was shown in [1] to
have the following properties.

I. As n — oo, we have

kilb‘ 1
Upg1 — U =1+ ;+o<k) (k > 2) 2)

g (2254 = S0 () (k> 2) Q

n j=1 Un n
k—1
- w_zz);JrO(vk) (1<i<k-2 k>3). (4
n+1 no =il 7 "

II. For k > 2, the limit lim,,_, (v, — 1 — b1 logn) = C' exists.

III. For k > 3, there is a unique family of real numbers

(Cm)lgmgkf% Cm € Q(blv b27 RN} bm+1)
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for which the function

c Cl—
W(y) =y~ (brlogy +C) + T+ 4 g 5)

is well-defined in the neighborhood of infinity, and the inverse function ¥~ exists
and satisfies
v, =T (n) + O (n = ) (k > 3). (6)

To apply Proposition 1, consider a function f continuous in a neighborhood of the
origin and is of the form

k
flz) =2+ Z Amx™ £ O(z* DL (1 0)

m=1

with a; < 0 and ¢ > 0. For a given sufficiently small uy = ¢ € R, define u,41 =
f(u) (n>1). Thus,

k
s =t 3 a1 O(uHI) ™

m=1

With v, = A/ul, to derive asymptotic estimates for v,, Bencherif and Robin, [1,
Proposition 8], showed that if f is increasing over (0, 6], then the limiting function (in
the right hand expression of (1))

O(xO) = lim (/\fn(xo)it —n—>b IOg TL)
exists, is continuous over (0, ¢] and satisfies the asymptotic expansion
C(z) = Az™" = bilog Az ") +dia’ + - + dy_oa®™ D' + O(a* V") (2 — 0, k >3)

where d; = ¢; A" (i =1,...,k—2). The numbers ¢; defined in (5), satisfy ([1, Lemma
1])

j—1
D ajei=-b; (1<j<k-1) (8)
=0

where the parameters b; and a;; are defined via (2), (3) and (4). The next three lemmas

give explicit shapes of b; and a;;.

LEMMA A.For 1 <j<k—1(k>2), we have:

e R N T
Z j—i—l—s 'Z(kgﬂ (nl,ng,...,nk Gy g G 9)

where (=), := (=t)(—t — 1)+ (=t —r + 1), the sum }7 ;) is over nonnegative
integers ni,ns, ..., n such that n; 4+ 2ns 4+ --- + kng = 7+ 1 and
( j+l—s ) :{M if mydngdtng=j+1—s

N1, N, ey N 0 otherwise.
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PROOF. Using vn41 = A/ul,; and (7), we get

X —t
A
Upg1 = o <1 + ,,,2;1 amu™ + O (uff*l)t))
\ —t
= { (1 + mZ::l ami{”) +0 (u(k+1)t>
A (1), [ & :
_ A —Up nt (k+1)t
_uﬁ, {1+Z o (Zamuzl> —l—O(un )}
L p=1 m=1
k m-—1
A (—t)m—s m-—s t kt
= —<1+ —_— arul )" - (apult)"F
ul, { mZ:ls:o (m—s)! (k,m)(nl,ng,...,nk>*( 1) (@)

k —1
— v, {1+ > 7&:% m—$ gl g |
" =0 (m—s)' (k,m) ny,n2,...,Nk/ , e F Uy

The formula for b; follows at once by comparing with (2).

LEMMA B. For 1 <j <k—1 (k> 2), we have
j—1

(71)].7175 jiS nyn2 ins n

= j—s ni, N, ..
where the sums ;) and (, )= )* are similarly defined as in Lemma A.

n1,n2,...,Ng

PROOF. From (2), we obtain

k—1
Unt1 1 b —k—1
log<v )—log 1—|—U——|—§ —Ujil—i—O(vn )
n

j=1
P
k—1 k—1
(-prt 1 b; —k
= Z - ) + O (vn )
= P mooj=1n

—1)m-1i=s m—s 1
~ 7 1nipn2 L pTk _—
m— s Z(k,m) (nl,ng,...7nk>* ! kl) Y

n
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The formula for ag; follows at once by comparing with (3).

Explicitly, the first four ag;-terms are

ap1 =1, ags = by —1/2, aps :bg—b1+1/3 and a04:—b§/2+b3—b2+b1 —1/4.

LEMMA C. Let £k > 3. Fori+1<j <k —1, we have

j—i—1

o j’LS j—i—S nipn2pn3 PNk
0= T s () 1)

s=0

where the sum 3, ;) and (mjn;“snk)* are similarly defined as in Lemma A.

PROOF. Using (2), we get

k—1 -
1 1 b; 1
v, { A G +j:1 A " <v§+1>

k—1 -

1 1 b; 1
vi{1+ L=+ j+1> +O<vk+1>
n n j=1 " n

p
1) &S (=), [ 1 &R by 1
=u D o T O\
n p=1 b: n =1 Un n
k—1—i

i /m—1 .
(_Z)m*S m-—s na N N 1
— 1"107265° - - - bk —_
| ( (m—s)!z(k,m) n1,N2, -, NE /) L2 k=1 UZH_z

The formula for a;; follows by comparing with (4).

The first four a;;-terms are

. i 1 .
i1 = = Gigy2 =5 + (5 = b1 |4,

it by 1\ 3 b% 3b1 11\ b% 1\ .
CL7;71+4—24+<—2+4)Z +(2+b2—2+24>2 +<—b3+2+b2—b1+4)2.
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Using (9), (10) and (11), we solve for ¢; from the system (8) to get

1—1
1
Co = 71)1 and C; = — <bi+1 + Zat7i+1ct> (1 S ) S k— 2, k Z 3) (12)
1
t=0
LEMMA D. We have, for k > 3,
k—2 1
V) =yt T Y 0 () e ) (13)
m=1

and
A\ — 1 1/t mes
= —_ 1 -
w=(3) X w G
m=1 s=0
m— S nigmna | nkl 1
X Z(k—l,m,) <n17n27...,TLk1>*T1 T2 T } O (nk+1/t) (14)

for n — oo, where 77 = X, Ty = 1 X — ¢y,
T3 = b1 X%/2+ (b2 + ¢1)X — bicy — ca,
X =blogy+C,
C:=Xx"t—blog ()\:c*t) T N L SRR A Sl P e L O(x(kfl)t)
and, in general, for m > 2
m—1 s

(_1)m—1— m-—s nyn N—1
Tmi1=D> - T2 —Cm
+ ! m— S Z(ktflﬂrﬂ N1,MN2, -y Nk—1/ L2 k=1 ¢

~ (_e)d d M1 ma Mk -1
B Ce d! Z Clme LT Ty
g = ! (k—1,m—e)\my1,Mo,..., M1/,

with the two sums and the special multinomial symbols being similarly defined as in
Lemma A.

PROOF. Using (5) and ¥~! (¥(n)) = n, we get

L\ <n—(bllogn+0)+%+'--+;k_z):n,

which yields

k—2
_ T _
Uiy =y+Ti+ > y,,fl+0(y M)y — o0).

m=1
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To determine T, (1 <m <k —2), we use ¥ (¥~*(y)) =y and (5) to get

- - 1
y=y+T —blogy — C+Z y“—bllog<1+z mﬁ+0< >>

m=1 m=0 y

(1+ > vo(%)

m+1 1 o
<1+Z m+1+0<y )) . (15)

Substituting

_ k—1 (:nnlo(l)mlsz ( m—Ss ) T1111T27L2T]?_kll> i
i\ Mm—s (k=1,m)\ni,ng,...,Mk—1/, ym
ofs
and
L3 Eiee()
- Sp(eEE) o)
- _ _ s
- (E zsz:i) o)

m—1 m—e

_ +z{cm+zlcez .
d - mea |1 1
Xz(k:—l,m—e) <m1, e ,mk_l) *Tl e l}ym o (yk_1> 7
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into (15) we get

1
y:y+(Tl_bIIOgy_C)+<T2_b1T1+Cl)§

The shape of T, follows from comparing the coefficient of 1/y™ on both sides. Next,
using (6) and (13), we get

WW (o)

2 1/t
1 +> m“) +0(n7%)

nm+1
m=0

m=0

m— 1

Y ey T ) ey
n (k=1Lm)\ni,...,ng_1/,

m=1 s=0

1+

+0(n” }

As a useful by-product of the explicit forms so derived above, we use them to derive
combinatorial identities which seems difficult to prove by other means.

W{Hki 1/t <§:Zii>p+0(n_k)}
1/t{ Z

PROPOSITION 2. Let s, k (> 2) € N. Then, for j =1,2,...,k — 1, we have

J .
j+1—s
—1 S =0
Z( ) Z(k’j+1) (nlanQa s 7”/@)* 7

s=0

- . . _
X (=1) ! Z < J—=S > 1mQn2 ... Q" = (71)J+1
j (k) \n1,n2,...,M%/ J

and

j—i—1 . .
Z j i—s Z J—t=5s 1mign2 ... Q" = (_Z)]’*i.
— ]—z—s' kj—i) \n1, M2, ..., MK/, (=)
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PROOF. Consider a rational function of the form
f(@)

=7 =2— A’ + A%+ + (A2 40 (M) (A>0, 2€(0,1)).
1+ Az
By direct computation, its iterates are ug = zo € (0,1), u; = f(ug) = JT?%,

T 1 1 (—1)*

— )= - ) —k=2 > 2).
tn = f(tn-1) 1+nAzy nA (nA)2x0+ +(nA)k+1xlg+O(n ) (n,k22)

Referring to the notation of (7) and Lemma A, from
k
Upt1 = f(un) = up + Z (_A)mu?th +0 (U'I:LJFQ) (n — o0),
m=1

we have t = 1, a; = (—A)7 (1<j<k), A=1/A. Since
1 1 1( 1 1)_1<1+(n—|—1)Aa:0 1+nAx0)_l

To Zo

Aupi1 Au, A

A

Un41—Unp = u u
n+1 n

comparing with (2), we get b; =0 (1 < j < k —1). Putting these values of b; into (9),
the first identity follows. Next, using

() s 2) “E ot

J
n =1 J Un

and comparing with (3), we get ag; = (—1)’*'/j (1 <j <k —1). Substituting these
values of ag; into (10), we get the second identity. Since

—i k-1
! = L ! (—1)j-i 1 -
Upt1 Un  Up <( * vn> > > G—i) ol +0 (v,"),

j=it+1

comparing with (4), we get
a;;j = (—1)j—/(F—9)! (1<i<k—-2,i+1<j<k-1).

Putting these values of a;; into (11), we get the third identity.

3 Asymptotic Formulas
Our asymptotic expansions of the five classical functions are:

THEOREM 1. Let k€ N, k > 3.
I. For f(z) =log(l+ ) (x € (0,1)), we have

fulz) = 2{1 + rlz[ (;lognJr C’(z)) + % (;log2n+ (?)’C(x) - 3) logn

n

O a) + 203(9”) + ;] 10 <1°izn> } (n — o) (16)
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with

2 1 2 x  191z? (log) (T\F~2
=21 210e( 2 Lo og) (¥ =1y
Of) = =+ 5 log <x> t 36 T g0 T T () +oEr

II. For f(z) = arctanz (z € (0,1)), we have

_ /3 3logn  C(z)\ 1 27logn 9 9
fnlz) = 2n{1+< 10 > ) n T\ 300 ~50¢® ~ g00 ) losm

3C%(z)  3C(x) 47 \ 1 log®n
— 10 17
TR T a0 Theo0) w2 TO\ Tl (n = oo) (a7)
with
3 3 3 4722 2t (aretan) 222\ "7
C T | - v
(z) 222 T p 8 <2x2) 2200 T 12000 T G2 < 3 >
_|_O(l,2(k71))'

IIL. For f(z) =sinh 'z (x € (0,1)), we have

fo() = 3{1+ <3logn - C(m)) %Jr ((27logn _9C(x) 9> logn

n 10 2 200 20 50
3C%(x) 3C(x) 79\ 1 log®n
+78 + 10 +700>n2+0( n3 )} (n%oo)
with
3 3 3\ 7942 11567a (arcsinhy (22"
= 2 4 2= — ooy olares o
Cl) Z 58 <x2> 050 Tase T G2 < 3 >
+0 (22D,

IV. For f(z) = [ cos (nt?/2) dt (x € (0,1)), we have

./ 10 X 1 5X2 55X 127\ 1 log®n
w(@) =\ 5=q1—— = - — +0 :
In(@) =\ 22 { in’ ( 32 432 T2992) m2 " n3 (n = o)

551
where X = 22587 + C(x),

Clz) = ﬂ _ ﬁ og < 10 ) 1277224 n 4167428
w2zt 108 w2t 7480 228500
2 4N\ k—2
NI CECFEESHCI) (ﬂ'lg ) + O($4(k_1))-

V. For f(z) =tanhz (z € (0,7/2)), we have

/3 by logn + C(x) 3logn  logn 1Y,
o) = \f g (1= IR (B 15 g

3C(x)logn C(z) 1 by  3C%(x)\ 1 log®n
+( PRSI LS UL IR eI (n = o),
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where
3 3 1 5 b1 3 o b1
C(l‘) 2x2b110g<23?2>+2< b+2+b2>$ +4<Qb 7() +§*4b1b2
(tanh) 22 2 k
+2by + 2b3) Tt 4 - ) <3> + O(a2*=1),
g\ i+l I a1 i1
b= (= 5 ni L, ok
= (2) S S e )
and

22(j+1) (22(j+1) — 1) Boji1)
2G + 1)

with Bj being Bernoulli numbers.

a; = (1<j<k-1)

PROOF. 1. Here,

@)=l +2) = Y CVT e 0.,

m+1
m>0 +

choose zo sufficiently small in (0,0) with 0 < ¢ < 1, and define uy = =g, u, =
f(up—1) (n>1). Since 0 < log(1l + z¢) < zo, by induction, we see that 0 < u,, <1

and uy; > ug > ---. Thus, lim,, ., u, =0, and
Unp1 = log(1 4+ up) = uy, + Z —D)"un™ + O (uft?).
= m-+1 "

Comparing with (7), we have here
aj=(-1)/(j+1) (1<j<k), t=1
and so A = 2. By Lemma A, the first four explicit b;-terms are
by = —1/3,ba =1/3,b3 = 3/10,bs = 3/5.
By Lemma B, the first four ag;-terms are
ap1 =1, age = =5/6, aps =1, aps = —121/180.

By Lemma C, we have

. 7
Qi i+l = — Q42 = 3 +

and
i 2(=i) (=i 1) n (—i)(—i —1)(—i—2)
@iits = 3T T 3 21 30 '
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Using (12), we get
co=1/3, 1 = 1/18, ¢c» = 191/540.

From Lemma D, with k >3, Ty = X, Tp = —X/3—-1/18, T3 = X?/6+ X/6—181/540,
we have

X —X/3-1/18 X?/6+ X/6—181/540
n n n
T2 —k+1
=
with
1
X = - O§n+c($0)7
2 1 2 xo 19122 To\ k-2 E—1
C = —+ =1 — — o= 0] .
(z0) 0+3og<x0)+36+2160+ +ck2(2) +O(zEY)

The shape of u,, = f,,(z) as stated in (16) follows from (14) in Lemma D.
Since the remaining four asymptotic expansions are derived via similar arguments
as in Case I, we simply list their explicit expressions for records.

II. For
f(x) = arctanx = Z (—1)mz*™ ) (2m + 1),
m>0
we have
t=2 A=3/2,
k
—1)ym 2m-+1 .
Up41 = arctan u, = u, + z::l (;miu_'fl +0 (UikJrS) y
aj =(-1)7/(2j+1) 1<j<k),
by = —3/20, by = 4/35, by = —19/175, by = 222/1925,
apl = 1, apg = —13/20, aps = 251/420, apq4 = —3551/5600,
. 10i2 + 13i 3 13i2 2514
Aijit1 = — Qii4+2 = 90 Qi i+3 = 6 20 420’
co =3/20, ¢ =47/2800, cy = 3/16000,
3X 47 3X2 11X 261
TN =X, Ty=—"C 2 =
! 2 50  2800° ° = 40 T 280 T 112000°
3 3 3 4722 xd 22\ "2
C = 4+ =] - 0 0 P (it}
(o) 222 20 % (%3) 200 T 12000 T T ( 3
+O0(zg* V),
31
X =— ogn + C(xo)

20
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and

W) = X (3X 4T 3X2+11X+ 261 \ 1
ny=n n 20 2800 ) n? 40 T 280 T 112000 ) n?

Ths 1
tr2t0 <nk—1> } :

III. For
& (CymEm) et
f(z) =sinh™ z = mzzzo ()2 2m 1
we have
t=2, A=3,

k
. o (_1)m(2m)! u%m-&-l
Ung1 = sinh ™"y = up + Y mim)? 2m+1 T O (wn*?),
m=1 '

—1)7(25)!
o= W@
229 (59)%(25 + 1)
by = —3/5, by = 31/35, by = —6317/55, by = —34101/205,

<k),

apl = ]., ap2 = —11/10, aps = 191/105, apg = —8641/74,

i ~104% + 220 W _ 8 11 191
i,0+1 — ) 1,142 — 20 ) 1,143 — 6 10 105 )
co = 3/5, ¢1 =79/350, ca = —11567/51,

3 19 _3X% 41X 7489

T =X, Ty—=— 2
! » 2 5 3500 % 10 70 33

3 3
oo = g+ e

+O(z2*F 1),

B, 79 1s67af o (ad ko2
1050 459 =2\ 3

I
x = - 28 o)

5
and
win) = pfrp X (L3X o TO) L (3X7 X TS9N 1
a n 5 350 ) n2 10 " 70 "33 ) us
Ty—2 1
IV. For 2
(_l)m (g) x4m+1

flz)= /xcos (gﬂ) dt = Z

0 = 2m)!(4m + 1)
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we have
A=10/7% t =4,
)m (*)QW 4m+1 0 4k+5
un+1—un+z 4m+ )n + (un )’
. 2]
(=17 (3) .
0 = ———t— (1<j<k),
IS e+ )
by = 55/108, by = 245/1404, bs = 89/12747,
apr = 1, ap2 = 1/108, aps = —1/702, apq = —411/10835,
T,0+1 — ) 1,142 — 9 1087 i,i+3 — 6 108 70
co = —55/108, ¢; = 127/748, ¢y = 416/2285,
55X 127 55X2 657X Tl4
=X, Tp= S Ty = -
27108 748 P 916 ' 1531 2659’

10 55 10 127224 4167428 T AN

C _ _ 22 0 0, .. B 0
() w223 108 8 <7r2x3> 780 T 2ass00 T2\ g
+O0(zy V),
55logn
X =
Tos T ¢(0)

and

) = n 1+§+ 55X 127 1+ BBX? 657X TN 1
B 108 748 216 ' 1531 2659 n3

Tkg 1
Tz o (L))

V. For 2(m+1) ( 2(m+1) ) 2m+1
>, 22(m+l) (92(m+1) _q Bo(myn)® mt
z) =tanhx = )
f(z) n;o (2(m +1))!
we have
t=2, \=3/2,
kE  92(m+1) (92(m+1) _ 2m+1
2 (2 1) BQ(m+1) 2k+3
un+1:tanhun:un+ +O(un+ )a
—= (2(m+ 1)
22(3+1) (92(3+1) _ 1) B, .
aj — ( . ) 2(.7+1) (1 SJ S k)7
20+ D)

+ 67582, by = — + 1134B,Bg — 1350083,

126 Bg 153Bs
5 4
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1023 Big N 11907B2 = 6885B,Bs

3 = 350 5w "1 — 3402083 Bg + 25312584,

apl = 1, a02261 —1/2, aps :bQ—b1+l/3,

7

2 1
Qjit1 = —1% Qii42 = = + ( - bl) 1,

2 2
i3 1 1
it = —— I by — b2 — - | 14,
Qi,i+3 6+<1 2>Z +<1 2 3>l
2 by 3 2 by
co=—b1, c :—b1+5+b2, 622251—b1+§—4b152+252+2b3,

TIZX, TQZle_Cl,

3 3 1 9 b1 5 1 3 5 b
C(xg) = 222 —b110g<2x3) +§ (—b1+2+b2) $0+Z 2by _b1+§
922\ F 2
—4byby + 2b + 2b3) TG + -+ + Cp_o < 30) + O(xg(kfl)),

X =

126 B¢
(— E; 6 +675BZ> logn + C(zo)

and

B X b 1 Ty 1
1\ 1(n)—n{1+n+<b1sz+b? 21>n2+'“+nk_§+0<nk_1)}-
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