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Abstract

In this note, we present new results on necessary and sufficient conditions for
norm-attainability for Hilbert space operators. Moreover, norm-attainability con-
ditions for elementary operators and generalized derivations are also established.
The main results shows that if we let S € B(H), 8 € Wo(S) and a > 0, then

there exists an operator Z € B(H) such that ||S| = ||Z]|, with ||S — Z]| < a.
Furthermore, there exists a vector n € H, ||n|| = 1 such that || Zn|| = ||Z]| with
(Zn,m) = B.

1 Introduction

Let H be an infinite dimensional complex Hilbert space and B(H) the algebra of
all bounded linear operators on H. Let both S and T belong B(H) and consider
T : B(H) — B(H). T is called an elementary operator if it is represented as 7 (X) =
Yo S XT;, V X € B(H), where S;, T; are fixed in B(H) or M(B(H)) where
M(B(H)) is the multiplier algebra of B(H). For S, T € B(H) we have the follow-
ing examples of elementary operators: (i) the left multiplication operator Lg(X) =
SX, (ii) the right multiplication operator Rp(X) = XT, (iii) the inner derivation
ds = SX — XS, (iv) the generalized derivation dgr = SX — XT, (v) the basic
elementary operator Mg r(X) = SXT, (vi) the Jordan elementary operator and
Us, 7(X) = SXT+TXS, VX € B(H). Stampfli [3] characterized the norm of the
generalized derivation by obtaining that ||ds 7| = infgec{||S — 8| +||T— 8|}, where C
is the complex plane. Other studies on derivations and elementary operators have also
been carried out with nice results obtained, see [1] and [2] and the references there in.

DEFINITION 1.1. An operator S € B(H) is said to be norm-attainable if there
exists a unit vector g € H such that ||Szol|| = ||5].

DEFINITION 1.2. For an operator S € B(H) we define a numerical range by
W(S) = {{(Sz,z) : « € H, ||z|]| = 1} and the maximal numerical range by Wy(S) =
{BeC: (Szy,x,) — B, where ||z,|| =1, |Sza|| — |IS||}-

The main result in the next section is Theorem 2.1 which deals with the necessary
and sufficient conditions for a Hilbert space operator to be norm-attainable.
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2 Main Results

The following is the main theorem.

THEOREM 2.1. Let S € B(H), f € Wy(S) and a > 0. There exists an operator
Z € B(H) such that ||S|| = || Z||, with ||S — Z|| < «. Furthermore, there exists a vector
n € H, |ln[| =1 such that [|Zn|| = |[Z]| with (Zn,7) = .

PROOF. Without loss of generality, we may assume that ||S|| = 1 and also that
0 <a<2 Let z, € H(n=1,2,..) be such that ||z,| = 1, ||Sz,|| — 1 and also
lim,, 0o (STp, ) = B. Let S = GL be the polar decomposition of S. Here G is a partial
isometry and we write L = fol BdEg, the spectral decomposition of L = (5*S)2. Since
L is a positive operator with norm 1, for any x € H we have that ||[Lz,|| — 1 as n
tends to co and lim, 00 (STp, Tpn) = limy,— 0o (GLTy, Tp) = limy,— 00 (Lay, G*2,). Now
for H = Ran(L)® KerL, we can choose z;,, such that z,, € Ran(L) for large n. Indeed,
let

Then we have that
Lz, = Lxgll) &) Largf) = La:gll)

and that
lim |2V =1, lim [|z{2] =0

since
lim |[Lz,| = 1.
n—oo

. . (1) .
Replacing x,, with ﬁ, we obtain

lim || L——a()| = Lol =1,

1 1
lim (S zD x;1)> =p.
Mo< =" e

Now assume that x,, € RanL. Since G is a partial isometry from RanL onto Ran.sS,
we have that |Gz, || = 1 and lim,, o (Lxy, G*x,) = 8. Since L is a positive operator,
IL|| = 1 and for any = € H,

(Lz,z) < (z,z) = [l«]*.
Replacing = with L3z, we get that (L%x,z) < (L, ), where L7 is the positive square
root of L. Therefore we have that |Lz||* = (Lz, Lz) < (Lz,z). It is obvious that

lim,, o || Lzy| = 1 and that

ILznl|* < (L, @n) < | Laa|* = 1.



N. B. Okelo 3

Hence, lim,, oo (L, z,) = 1 = ||L||. Moreover, Since I — L > 0, we have lim,, o (I —
L)y, zn) = 0. thus lim, o ||(I — L)22,|| = 0. Indeed,

D [(I = Ly, || < tim [[(1 = L)3]- (I~ L)}z, = 0.

For a >0, let v =[0,1 — §] and let p = (1 — 5, 1]. We have

L = /udEu—i—/udE#
v p
= LE(y) ® LE(p).

Next we show that lim, . ||E(Y)2,| = 0. If there exists a subsequence x,,, (i =
1,2,...,) such that | E(y)x,,|| > €>0, (i =1,2,...,), then since lim;_, o0 ||Tn, — Ly, || =
0, it follows that

zlirgo |Zn, — ani||2 = LEIEO(HE(’Y)QCM — LE(7)zn, ”2 + |1E(p)zn, — LE(p)xni||2)
= 0.

Hence we have that lim; o [|[E(Y)Zn, — LE(y)xn,||? = 0. Now it is clear that

IE(V)xn, — LE(Y)zp, || = [E@)2n ]l = [LE@)|E()2n,
> (I = [[LEMINIEM)Zn,
> ge
= 3
> 0.

This is a contradiction. Therefore,

lim || B(7)z, | = 0.
n—oo
Since
lim (Lz,,z,) =1,

n—oo

we have that
lim (LE(p)x,, E(p)x,) =1

n—oo

and
lim (E(p)an, G*E(p)zn) = B

n—oo

It is easy to see that

' ) E(p)xn E(p)zy,

and

, E(p)zn . E(p)za \
A <L IE(p)znl’ ¢ IIE(p)xn||> =7
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Replacing = with %7 we can assume that x,, € E(p)H for each n and ||z,| = 1.
Let
J = /,udEH + /udE#
gl 2
= J1i8E(p).

Then it is evident that
[l = ISl = 1Ll = 1, Jzn, = Ty,

and ||J — L[| < §. If we can find a contraction V such that V —G < § and ||V, | =1
and (Va,, z,) = f, for alarge n then letting Z = VJ, we have that | Zz, || = ||V Jz,| =
1, and that

(Zan,xn) = (VIap, xp) = (Van, zn) =B,

Is—2z| = IGL-VJ]|
< ||GL-GJ||+||GJ -V J|
< G- IL =TI+ 1G =V -7
oo, a
- 2 2
= Q.

To finish the proof, we now construct the desired contraction V. Clearly,

lim (x,,G*x,) = B,

because lim,, oo (Lzy, G*x,) = B and

lim |z, — Lx,|| = 0.
n—oo

Let Gz, = ¢, %0 + ©,YUn, (YnlZn, ||yn]] = 1) then lim, . &,, = B, because

lim (Gz,, x,) = lim (z,,G*z,) =

n—oo n—oo

but |Gz, ||? = |¢,]2 + |¢,l? = 1, so we have that lim, . |¢,| = /1 — |B]?. Now for
without loss of generality, there exists an integer M such that |¢,, — 3| < §. Choose

¢4 such that [0, = /1 — B, ey — €| < §. We have that

Gxy = ¢yam +onym — Brm + Brm — Oym + e3ym
= (¢ —Bam + (oar — O%)ym + Baar + Xy

Let gur = B + 0%y,

Gry = (¢ — B)wns + (s — O0)Ym + aur-
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Suppose that y Lz, then
(Goar, Gy) = (0= B, Gy) + (oar — 9) (yar, Gy) + (aar, Gy)
= 0’

because G*G is a projection from H to RanlL. It follows that
«@
anr, Gy)| < léar = BL - llyll + loar — 3l - llyll < < llyll-

If we suppose that Gy = équr +4°, (y°Lqar,) then 0 is uniquely determined by y.
Hence we can define V' as follows

Vian —aqu, y— Y0, o+ oy — b + oy’

with both ¢, ¢ being complex numbers. V is a linear operator. We prove that V is a
contraction. Now,
IVanl® = llaa* = 18 = 1% ]* = 1,

IVyl? = Gyl* — |oy* < |Gyl < |ly|I*
It follows that

IVoll* = el IVaall® + e IVyll* < |6 + lo|* =1

for each x € H satisfying that © = ¢xpr + vy, ||2]| = 1, 2ar Ly, which is equivalent
to that V is a contraction. From the definition of V', we can show that

202 1,

|Goas = Vol = 16— B + lons — il < S = go®

If yLa, |lyll <1 then obtain

a
Gy = Vyll = 1lIVeall = Gy, Vau)| = o, Gy)| < 7
Hence for any x € H, © = ¢xp + oy, ||z]] =1,
|Gz = Va|* = [|¢(G—=V)za + (G~ V)yl?
= |¢\2||(G - V):L"MH2 +1el (G = V)yl?
< |¢\2 + | |
o @
8 )

which implies that
|

and hence |[(G = V)| < §. Let Z = V.J. Then Z is what we want and this completes
the proof.

(G=Vyall <5, lle| =1,
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3 Norm Attainability for Elementary Operators

In this section we consider norm-attainability for inner derivation, generalized deriva-
tions and general elementary operators. We utilize the technique and the conditions
in Theorem 2.1 in our work in this section. We start with the inner derivation in the
lemma below.

LEMMA 3.1. Let S € B(H). dg is norm-attainable if there exists a vector ( € H
such that [[¢]| =1, [[SCIl = [IS]l, {(S¢,¢) =0.

PROOF. For any z satisfying that 1 {¢, S(}, define X as follows
X:¢(—¢ S¢C— -5 x—0.
Since X is a bounded operator on H and || X(|| = || X] =1,
15X ¢ = XSC|| = [[S¢ = (=50 = 2/[5¢]| = 2[|5]]-

It follows that ||0g| = 2||S| via the result in [3, Theorem 1], because (S¢,{) = 0 €
Wo(S). Hence we have that ||SX — XS|| = 2||S|| = ||ds||- Therefore, dg is norm-
attainable.

THEOREM 3.2. Let S,T € B(H) If there exists vectors (,7 € H such that
¢ = linll =1, ISCH = IS, I1Tall = |71 and ky(S¢, Q) = — gk (T, ), then 8,z is
norm-attainable.

PROOF. By linear dependence of vectors, if n and Tn are linearly dependent,
ie,Tn = ¢||T||n, then it is true that |¢| = 1 and [(Tn,n)| = ||T||. It follows that

[{S¢,¢)| = S]] which implies that S¢ = ¢||S||¢ and |p| = 1. Hence <HSTC|\’C> =p=

_<%’n> = —¢. Defining X as X : p — ¢, {n}+ — 0, we have | X| = 1 and
(SX — XT)n = ¢(|S|| + ITI)¢, which implies that ||SX — XT|| = ||(SX — XT)n| =
S|l + [|T]]- By [3], it follows that

1SX = XT|| =[S + Tl = llos,7l-

That is 0 g7 is norm-attainable. If n and T’y are linearly independent, then

T
<\|T\|v’7>‘ <
1, which implies that ’<%,( >’ < 1. Hence ¢ and S¢ are also linearly independent.

Let us redefine X as follows: X : n — (, HTTUH — —%, x — 0, where z € {n, Tn}*.

We show that X is a partial isometry. Let

Tn <T77 >
= = n)yn+T1h, ||h|| =1, hln.
(Al (Al

Since n and T'n are linearly independent, 7 # 0. So we have that

Tn < Tn > < S¢
X— ={ =L ) NXn+7Xh=-{(2,¢)C+7Xh,
17| 17| ISl
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which implies that <X”%"” g> - <”ST<” ¢> +r(Xh,¢) = — <HSTCH c> Tt follows then
that (Xh,¢) =01ie., XhLl{({ = Xn). Hence we have that

H<||S|| > 2 ‘<TTU||”>

which implies that || Xh| = 1. Now it is evident that X a partial isometry and ||(SX —
XTY|| = |1SX — XT|| = ||S|| + |T||, which is equivalent to |[ds7(X)| = ||S| + || T]-
By Lemma 3.1 and [3], ||6s,7|| = ||S]| + ||T||- Hence dg7 is norm-attainable.

THEOREM 3.3. Let S,T € B(H) If both S and T are norm-attainable then the
basic elementary operator Mg, 1 is also norm-attainable.

PROOF. For any pair (S,T) it is known that ||Msr| = ||S||||T||. We can assume
that ||S]| = ||T|| = 1. If both S and T are norm-attainable, then there exists unit vectors
¢ and n with ||SC|| = ||Tn|| = 1. We can therefore define an operator X by X = (-, Tn)(.
Clearly, | X| = 1. Therefore, we have |SXT| > ||SXTn| = ||[|Tn||>S¢|| = 1. Hence,
| Msr(X)|| = |ISXT| =1, that is Mg 7 is also norm-attainable.

2
+IrfF =1

+ |7 Xh|? = HX

17|
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