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Abstract

Based on the properties of the non-univalent conformal mapping ¢ = s a
causal connection has been established between the Laurent expansion theorem
and the Fourier trigonometric series expansion of functions. This connection
combined with two highly significant results proved in the form of lemmas is a
foundation stone of the theory. The main result is in the form of a theorem that
is a natural generalization of the Laurent expansion theorem. The paper ends
with a few examples that illustrate the theory.

1 Introduction

A trigonometric series is a series of the form

—+00
% + kz:; [ax cos (k() + by sin (k()] (1)

where the real coeflicients ag, a1, ..., b1, b2, ... are independent of the real variable (.
Applying Euler’s formulae to cos (k¢) and sin (k¢), we may write (1) in the complex
form

+oo )
Z cpet®e (2)

k=—o0

where 2¢;, = ap — ib; and for k € N (R is the set of natural numbers) and 2¢y = ag.
Here c_j, is conjugate to cx [8].

Let z = £+i¢ be a complex variable. Suppose that series (2) converges at all points
¢ of the interval (—m, ) to a real valued point function f (¢). If f(—iz) is integrable
on the interval ST = {z | { =0,(¢ € [—m, x|}, then the Fourier coefficients ¢ of f ({)
are determined uniquely as

cr i/ f(=iz)e *dz (k=0,£1,+£2,...). (3)

= omi

*Mathematics Subject Classifications: 15A15, 42A168,; 30B10, 30B50.
TFaculty of Sciences, University of Novi Sad. Trg Dositeja Obradovica 2, 21000 Novi Sad, Serbia;
College of Technical Engineering Professional Studies, Svetog Save 65, 32 000 Cacak, Serbia

36



B. Sarié 37

Similarly, if for £ = 0 a trigonometric series Z;:i‘ioo ¢ (%) converges in (—,7) to a
complex valued point function f (e*), which is integrable on S™_, then

1

ék = 5 -
211

/ f(e)e ™dz (k=0,+1,%2,...). (4)

As is well-known, progress in Fourier analysis has gone hand in hand with progress
in theories of integration. Perhaps this can be best exemplified by using the so-called
total value of the generalized Riemann integrals [5, 6]. This brand new theory of
integration, which takes the notion of residues of real valued functions into account,
gives us the opportunity to integrate real valued functions that was not integrable in
any of the known integration methods until now. All of this leads to the following very
important problem. Let C be a simple closed contour in the z-plane, which consists of
ST - and any regular curve T . connecting the endpoints of ™ _, inside and on which
a complex valued point function f (z) is analytic except for a finite number of isolated
singular points 21, 22, ..., 2, belonging to the interior (int) of 7 _. Chose p > 0 to be
small enough so that Q™ . and the semi-circumferences ;7 = {z | |z — 2,| = p, £ > 0}
and v, ={z | |z — 2| = p,€ <0} (v = 1,2,...,n) are disjoint. Having formed the
numbers ¢; by means of

Cr = L_vt/ f(z)e *dz

2w Jgr

Ye R dz

_ 1 : - —kz - qu(z

for k = 0,41,+£2,... where vt denotes the total value of an improper integral, [ =
[—im,z1 —ip|, I, = [z20 +ip, 241 —ip] (v =1,2,...,n—1) and [, = [z, + ip,irn|, we
may call the series Z;ﬁim ére’™S the Fourier series of f (z) on §™ . This means that
the numbers é; are connected with f (z) by the formula (5). Clearly, in this case, the
numbers ¢, which are the Fourier coefficients of f (z), are not determined uniquely

since on account of Cauchy’s residue theorem

()

vt wa f (Z) e_kzdz = o, f (Z) €_kzd2’ + { 2i ZZ:1 Res?:zy [f (Z) esz] (6)

whenever QT _ is in the left half plane of the z-plane. A question that arises is whether
this Fourier series of f(z) does in fact converge and if it does not whether it is
summable in any other sense and under what conditions is its sum equal to f(z)
in intST \{z1, 22, ..., 2, }. As we shall see, in what follows, the answer to this question
is closely related to the Laurent expansion theorem.

2 Main Results

By the Laurent expansion theorem, a single-valued complex function f (s) of a complex
variable s, analytic in an arbitrary punctured disc {s |0 < |s| < R} of the s-plane,
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has a Laurent series expansion f (s) = E,:”:ioo ¢xs®. The Laurent coefficients ¢ are
determined uniquely as

1O

k= 5
2mi Jeo, skl

ds (k=0,41,42, ... (7)

where C, = {s: |s| = 7,0 < r < R} [3]. On the other hand, it is well-known that
the horizontal strip D = {z = £ +i( : £ € (—00,p),( € [—m, 7|} of the z-plane is
mapped onto the punctured disc D* = {s : 0 < |s| < e”} in the s-plane by the non-
univalent conformal mapping s = e*. Accordingly, if a single-valued complex function
f (s) is analytic in D* and p > 0, then, on account of the Laurent expansion theorem,
the Fourier series >.,°° __ ¢y, (¢*)" with the Fourier coefficients (4) converges in D to
f (e#). Furthermore, it follows from (7) that for any real number o < p
1 o+
Cr f(e*)e ™dz (k=0,+1,42, ...). (8)

2mi o—iT

Here a single-valued complex function f (s) is taken to be the function f (e*) of period
27 with respect to ¢ in the z-plane.

Generally, a complex valued point function f (2) is said to be integrable, of bounded
variation and the like, with respect to either & or (, in the strip D, if its real and
imaginary parts satisfy separately the aforementioned properties for all fixed values of
the second variable in D.

As is well known, the first theorem, chronologically, in the theory of Fourier trigono-
metric series, is as follows [8].

THEOREM 1. If a real valued point function f is of bounded variation, then the
Fourier series of f converges at every point ¢ to the value

S Jm [F(C+7)+ £ (C= 7). Q

If f is in addition continuous at every point on an interval I = [a,b], then the Fourier
series of f is uniformly convergent in I.

The result of the preceding theorem implies the following result.

THEOREM 2. If a single valued complex function f (s) is of bounded variation
with respect to args in a punctured disc D = {s : 0 < |s| < e”} of the s-plane, then
the Laurent series Z;ioo érs®, with the coefficients

17 f(s)

k=9 k1
2mi Je, s

ds (k=0,+1,42,...), (10)

where C¢ = {s: |s| = €5, & < p}, converges at every point s € C¢ to the value

D dim [ (sem) 4+ £ (s )] (11)

2 r—o+
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If f is in addition continuous on C¢, then the Laurent series of f is uniformly convergent
on Cg.

This result strongly suggests that single valued complex functions having isolated
singularities inside S7_ may be expanded in the Fourier trigonometric series, too.
Let’s show this works. Let w be a complex parameter independent of z = £ +i(. As is
well known, if a real valued point function f (¢) is of bounded variation in the interval

[—7, 7], then for € (—m, ) and Re(w) > 0 there exist finite limits, [3],

lim w/A eiw(i&*'z)f (—iz)dz =1 lim+ f(C—7)
T—0

ol =t JaE _
and )

lwllirrimw[jz e =) £ (i) dz = —i -,—ll,rng f(CH+7) (12)
where ¢ ={z=¢+iC:£=0,¢ € [-7, (]} and Sg ={z=¢(+4iC:£=0,C € [C, 7]}

Since the above conditions play a key role in the proof of Theorem 1 based on the
Cauchy calculus of residues, see [3], it follows that all functions that satisfy these
conditions have a Fourier series expansion

+oo

. fCHT)+f(C—T) A ik

g LEEDLICED e
k=—o00

with the Fourier coefficients (4). Furthermore, pursuing the matter in the proof of

Theorem 1, one easily comes to a conclusion that conditions (12) cannot be satisfied

for Re(w) > 0 but only for Re(w) > 0. This is an immediate consequence of the result

presented in the following form.

LEMMA 1. For w € C, let a single valued complex function f(w) be analytic
in the w-plane with the exception of an infinite but countable number of isolated
singularities wy (k = 1,2,...) on the half-straight lines {w = |w| e : |w| > 0,0 = §} and
{w = |w|e® : |w| > 0,0 = 740} by which the w-plane is divided into two open adjacent
regions R = {w = |w|e” : |w| > 0,—7 +0 < 0 < 0} and £ = {w = |w|e” : |w| > 0,
0<0<m+0). If lim|y|— oo wf (w) = Cr, whenever w € R and lim|,| oo wf (w) =
Cr, whenever w € L, then

CR+C£

ZResw w, f(w) = (13)

PROOF. By definition, the residue of f (w) at the point at infinity is equal to the
residue of the function — f (1/w) /w? at the point w = 0. In symbols,

Res\w\:+oo f (w) = —Resy—g f (l/w) /w2,
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Since — f (1/w) /w? has no singularity at infinity, it follows from

+oo
ZResw:w,c f(1/w) /w? = —Resy—o f (1/w) Jw?
k=1

that .
Z Resy—u, f(w) = —Res, _,  f(w). (14)
k=1

For 75 (w) = wf (w) — Cr and v, (w) = wf (w) — Cr let Mg = max{|yx (w)| |
w € R} and My = max{|y, (w)| | w € L}, respectively. By means of an arc length
parametrization for the circular arcs

_ _ i0 . _ 0 0
C = {w=wle?: |w| =p,—1+0+a(p) <O<0—alp)}

and
L_ (. 0. — o f )
Cy={w=|wle” :|w=p0+a(p)<0<7m+0-a(p)}

where « (p) is an angular function, which can be made as small as one desires, such
that lim, 1 o (p) = 0, we obtain

"ot [ f (w)dw

cx o

b—a(p) , , m+0—a(p) ,
i / A pel f (pew) do + / pel f (pe’e) do

—m+60+a(p) 6+a(p)

6—a(p) , m+0—a(p) ,
i {/ [Cr + % (pe®)] do + / (Cr+7, (pe'?)] dG}}

—n4-0+a(p) 04a(p)
= i —-2a(p)](Cr+Cr)+Gr+G¢

O—al(p) 7+0—a(p) i .
where Gr = i [~ bt TR (pe’e) df and G, = bra(p) E (pebg) df, that is,
|IGr| < [7 — 2a(p)|Mr and |G| < [7 — 2a(p )]M[; Therefore, the lemma condi-
tions: lim|y|— 4o wf (w) = Cr (w € R) and lim|y|— 4o wf (w) = Cr (w € L), lead us

to Gr — 0 and Gz — 0, as p — +oo. This implies that lim,_, 4 fg% f(w)dw =inCr

and lim,— o0 [z f(w)dw = irCy so that

O a )
! f(w)dwzi_ lim l f(w) dw + [ (w) dw :w
cx

21 Je, 2mi p—+oo ct

where Coo = {w | |w| = +00}. Since fé; J(w) dw = —2miRes| =400 f (w), it follows
from (14) that

Z Resy—u,, f(w CR + C£
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REMARK: Clearly, the circular arcs CZ2 and CpL form the circular path not until at
infinity. Thus, if the limit lim,_, 4o fcp [ (w) dw, where C, = {w : |w| = p} is a cir-
cumference that encloses the n singularities of f (w) in its interior, does not exist, then
it is more convenient to use the partial limits lim,_, | o fgj} f (w) dw and lim,_, 4 fg;

f (w) dw, as was done above.

So, if the limits (12) do not exist on the straight-line Re(w) = 0, but only strongly
in the open right half-plane Re(w) > 0, then the infinite sum of all residues of g(w, ¢ ) =
Jom emiw(iC==) ¢ (—iz) dz/(1—e~2™%) which is a meromorphic function with countably
inﬁI;ite set of isolated simple poles wy = ik (k = 0,4£1,£2,...) in the w-plane, does
exist in some sense more general than the Cauchy one. In symbols, for any 6 € (—m,m),
for which the conditions (12) are satisfied in the half plane Re(w) > 0,

400 R 2 _
k_z 217”[5" eFiC=2) f (—iz)dz = lim Fe+m)+£(C T). (15)

T—0t 2

Clearly, if f ({) satisfies the Riemann-Lebesgue lemma condition, more precisely if the
Fourier coefficients (3) for & — +oo tend to 0, the region of convergence of (12) extends
to Re(w) > 0. Now, to answer affirmatively the question from the introductory part
of the paper, it is sufficient to prove the result in the following form.

LEMMAZ2. For z = £ 4 iC let a single valued complex function f (z) be analytic in
the z-plane with the exception of a finite number of isolated poles z1, 23, ..., z,, inside
ST .. If ¢ € intS™ . is not a singular point of f (z), then for Re(w) > 0 there holds

¢
—7

lw‘linimw lvt/A ei“’(ié_z)f(z) dz} = if(iC)

where 3¢ = {z:¢=0,¢ € [-,{]}.

PROOF. Suppose, without loss of generality, that 6 > 0 and all poles 2y, ...,2,
of f(z) lie in the interval (—im,i¢). Chose p > 0 to be small enough so that the
endpoints of $° . and the semi-circumferences v = {z : |z —2,| = p,£ > 0} and
v, ={z:]z—z] = p,& <0} (v =1,2,..,n) are disjoint. If we apply the rule
for integration by parts to the integrals [, e"(C=2)df (), where ly = [—im, 21 — ip],
L, = [z +ip,zu41 —ip] (v = 1,2,....n— 1) and [, = [z, + ip, zé], as well as to the
integrals f,;i e (C=2)df (2) and f,ﬁ e (C=2)df (z), then (5) yields

. n 2 e n ~ iw(i&—z)df (Z)
iw(i(—z) f b e .
plirng [; /l,, e df (z) + Z{ le =) gf (2) 1

v=1 Y

= [f(id) — e f(—im)] + iw

vt/A eiw(i&_z)f(z) dz} . (16)

X6
\)‘77‘_
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It is easy to prove, by the complex mean value theorem [1], that

n A .
lim Z/ =2 df (2) = 0
—o/0

|w]|—+oc0
-
whenever Re(w) > 0, and

f’:; eiw(i&—z)df (Z)

lim Ve oo =0
|w|—~+o00 y— { f'yj ezw(zC—Z)df (Z)

in the region of w-plane in which Re(w) # 0 and

cosf| < 0.

Reliw(i¢ — pe'?)] = —Re(w) [(é — psinf) — p;n;((g))

In view of the fact that é > p > 0 there exists a positive real number k such that
¢ = (1 + k) p. Hence, the previous condition reduces to the condition

Re(w)[(1 —sinf) + k — tan p cos ] > 0

where tanp = Im (w)/Re (w). As |sinf| < 1 and |cos | < 1, then Re(w)[(1 — sinf) +
k — tan@cosd] > 0, whenever ¢ € (—m/2,arctank). Since k tends to +oo (arctank
tends to 7/2) as p tends to 07, it follows finally that both sums of integrals converge
to zero in the region Re(w) > 0 of the w-plane. This last result combined with (16)
implies that for Re(w) > 0 there holds

|w\1i—>H—l&-oow |f)t L& eiw(iz_z)f(z) dz} = if(iC).

By using the results of Lemmas 1 and 2 we are now able to extend an existing class
of functions which can be represented by a Fourier series, as follows.

THEOREM 3. For z € C, let a single valued complex function f (z) be analytic
in the strip D = {z = £+ i(: £ € (—o0,+0),( € [—m, 7]} of the z-plane, with the
exception of a finite number of isolated poles inside 7 . If { € int3I™  is not a singular

point of f(z), then its Fourier series Zii_”_oo ékeiké, with the coefficients

E+inm —kz p
1 1 s z) e **dz for any £ < 0
b = ot / fyetedz = 24 Jein 1) ve (17)
2w Jgr 2mi F i f(2) e **dz for any & > 0
for kK = 0,+1,4£2,..., is summable and has a sum equal to the function value at the

point 6 . In symbols,
“+o0

S ae™ = (),

k=—oc0
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Furthermore, this still holds for all points & € intD on either the right or the left
of 7, in addition to the fact that if { lies to the right of ™, then

Etim .
G = [ f (2 e *dz (k=0,4£1,+£2,...) for any £ > 0, (18)
§

—im

and if 6 lies to the left of I, then

Etim .
Cp = / f(z)e *dz (k=0,+1,+2,...) for any £ < 0. (19)
3

—T

The theorem proof, see [4], is omitted because it is an immediate consequence of
Lemmas 1 and 2 as well as a formula for the expansion of functions into an infinite
series derived from the Cauchy calculus of residues, see [3]. In view of the non-univalent
conformal mapping e® = s the result of the preceding theorem implies the result in the
form of the following theorem representing the extended Laurent expansion theorem.

THEOREM 4. Suppose that a single valued complex function f (s) is analytic in the
s-plane with the exception of a finite number of isolated poles on the unit circumference
Ci. Then f(s) has a Laurent series expansion

“+oo
f(S) = Z ékskv

k=—oc0

at all regular points of f (s) lying on the unit circumference with the coefficients

=— k=0,£1,+2,...) (20
2mi Jo, sFt1 2mi ( L £2,.) (20)

© O f(s)
! 1 ds for any R > 1
Crp = — vt f(s) s — cg S;(_Zl S I0or any

fcr srrrds for any r <1

where C, and Cg are circumferences with center at the origin and radius r and R,
respectively.

Furthermore, this still holds for all points s inside and outside the unit circle, in
addition to the fact that if s lies inside C;, then

L [ f(s)

k= 5
21 Jo. skt

r

ds (k=0,%£1,42,...) for any r < 1, (21)

and if s lies outside Cq, then

L _ 1 [T
Ch =5 L, S ds (k=0,%£1,42,...) for any R > 1. (22)
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3 Examples

We consider an expansion of sin(/ (1 — cos() in a Fourier trigonometric series on the
interval [—m,x].

As f(() = sin¢/ (1 —cos() is an odd function, the Cauchy principal value of
f_ )cos (kC) d¢ is equal to 0, for each k € Ry, where Xy is the set of natural
numbers plus the number zero.

In addition, since [ [sin[(k + 1/2)¢]/sin ((/2)]d¢ = 7 and [7_cos (k()d( = 0, as
well as lim, o 2f (2) cos (kz) = 2, for each k € Vg, it follows that

a0 = vt [ rQac= S-tp | J©Qdc+ ;plggg{ f“j: i :{ E
and
w = ot [ Qo (kC)dC

s N d i
o [ 1 @m0y g {0 2

for k € N where vT and 7~ are semi-circumferences centered at the origin and of a
small enough radius p in the right and the left half plane of the z-plane, respectively,
as well as that

b= Lot /” sin¢sin (kQ) - _ %/ﬁ cot (g) sin(kC)d¢ =2 (keX).  (25)

0 _. l—cos( e

Accordingly, a Fourier trigonometric series of f () can be expressed by the following
functional form

. —+oo
sin .
m =2 kE:1 S1n (kc) +1

+oo
1+2 Z cos (kg)]

k=1
for every ¢ € [—m,m] and ¢ # 0. Separating the real and imaginary parts in the
preceding equation, we finally obtain that for every ¢ € [—m, 7] and ¢ # 0

sin ¢

m—225m k¢) and Z cos (k¢) = 0. (26)

k=—o0
In the complex form, for every ¢ € [—m, 7] and ¢ # 0,

14232 ek e 41 @)
—1 230 ek T eic 17

At the endpoints of [, 7] there holds °7°° __ cos (k) = 0. This implies that

+oo

S (-1)F =172
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The complex form (27) points out the fact that we may use the Laurent expansion
of the single valued complex function f(s) = (s+1)/(s —1) to get the same result.
Namely, since

g,ﬁk<0
1 ©s+1 ds 1
B e if k=
o /C1 s—1gkt+1 -1 0! 0
0o .
s ifk>0

where C; is the unit circumference in the s-plane, it follows from Theorem 4 that for
every |s|=1and s # 1

123 s ™k s+1
—1-23 sk T s

Clearly, this is the same as (27). Furthermore, 345 s = 1/ (s — 1) for |s| > 1 and
S0 sk =5/ (1—s) for |s]| < 1.

An expansion of 1/ (1 —cos() in a Fourier trigonometric series on the interval
[—m, 7).

On the one hand,

P Ut/”L
0 - _. 1—cos(
o dg I e R S
_ li Yo (1—cos z) /
pi»r{)l+[/ﬂ 1—cos§+{ f& dz + p l—cosC]

- Yo (1—cos z)
]=0 (28)

. sin p 2sin p sin p
= lim [ -
p—0t 1 —cosp 1—cosp 1—cosp

where 7§ = {z = |z| € : |2| = p and 0 € [-7,0]} and 75 = {z = |z]€? : |z| = p and
6 € [0, 7]} are circular arcs bypassing the second order pole at the point z = 0 as a
singularity of f (z) =1/ (1 — cos z).

On the other hand, for each k € N the function f(s) = s¥/(s—1) is a mero-
morphic function having at the point s = 1 a simple pole as singularity. Since
limg—1 (s — 1) f (s) = 1, it follows from the Jordan lemmas that for any k € R

2 O s 2 T et
—,vp/ ds = —,vp/ ——df
m o Jo, s—1 i . 1—e

1 —

B lvp[/Tr cos (k6) d@—/ﬂ cos[(k—l—l)@]de]

T = 1 —cosf 1 —cos6
2

—T

where C; is a unit circumference in the s-plane. Similarly, as the functions z cos (kz)
and zsin (kz)sinz/ (1 — cos z) tend to 0 as z — 0, then for any k € R

A cos(kz)—cos[(k+1)z] A sin(kz) sin z
L im e e de 1 i Jog leos (k) — =055 1dz .
2mi poor || [ SR E e 2mi pmon |1 feos (h2) — THERTRE]da
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From the preceding two results it follows further that

%vt[/ﬂ (:05[(/6—&-1)9]0{9_/7r cos (k6) a6 = —2.

_x 1l—cosf _x 1 —cosf
Since . i ; X —
cos
- 7 g =-2+— L E—
wvt/_ﬂlfcosé)de +7rvt/_ﬂ17cose ,
we obtain finally that
1 ™ cos (kC)
ak—;vt/ PR dC = 2k (k). (29)

As sin (k¢) / (1 — cos() is an odd function, the Cauchy principal value (vp) of the
improper integral [ [sin (k¢) / (1 — cos¢)]dt vanishes, so that for each k € R,

T A sin(kz)
Ut/ Sln(k;C) C— lim { fVo 1— coazdz

1 —cos( p—0+ fv_ fm((:];fl dz

Since lim,_gsin (kz) / (1 — cos z) = k for each k € X, it follows finally that

1 Tosin(kC) . [ ik

Therefore, a Fourier trigonometric series expansion of 1/ (1 — cos () on the segment
[, 7] (¢ #0) is as follows

1

T cost Qchos k¢) iszsm kQ) . (31)

k=1

Separating the real and imaginary parts in the preceding equation, we finally obtain
that for each ¢ € [—m, 7] and ( # 0

1

wag 2chos (k¢) and Z ksin (k¢) = 0. (32)

k=—o0
In the complex form, for each ¢ € [—m, 7] and { # 0,

¢

+o0 e
k Fik( _ , )
L T

At the endpoints of [—m, 7] there holds Z;“i kcos (kw) = —1/4. Therefore,

iok (—1)F = 1/4.
k=1
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As in the previous examples, the Laurent expansion of the single valued complex func-
tion s/ (1 — s)* comes to the same result. Namely, since

g,ﬁk<0
1 © 1 d
7_“/ = 2 Vo ifk=0 |
271 e (1—38)"s 0

{k Jifk>0

where C; is the unit circumference in the s-plane, it follows from Theorem 4 that for
every |s| =1and s # 1

—+oo
stij = ” 2"
Pt (1—13s)

Furthermore, 3% ks™" = s/(1—s)” for |s| > 1 and ™ ks? = s/ (1 —s)° for
|s] < 1.

4 Remark

Fourier expansions of real-valued functions

byif 7o <(<m

sin ¢ < < X
r={ CEg i == wmago =4 o i < ,
i 7o a,if —1< (< -1

where 7o > 0, satisfying Dirichlet’s conditions in the closed interval [—m, 7], are as
follows. For every [¢| € (70, 7),

=9 Z / sin 7 . sin (k7) dr] sin (k¢)

1—cosT

g(Q) = ;ﬁ(/:oad7+/T bd7>+z {[/_Toasin(lm')d’r

T —To T

—|—/ bsin (k7) dT] sin (k¢) + [/ acos (kT)dr + / bcos (kT) dT:| cos (k()} .
T0 - To

Using of the fundamental trigonometric identities we obtain the following recurrent

formula for the Fourier coefficients of f (¢)

1 /7T sin¢sin [(k + 1) (] 1 /” sin(sin [(k — 1) ] 2sin (kTo)

km

1—cos( m -
_sin[(k+1)7o] sin[(k—1)70]
(k+ 1)~ (k—1)=

dc = =
i ¢ 1—cos(

(ken).
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Since )
1 (™ (si I i
7/ (SIHC) dC:*/ (1+C0S§)dC:17ﬂfslnTo
T Jry 1 —cosC T Jro m T
and
1 7 sin (2¢)si 2 (7 i in (2
7/ sin ( C)smCdC:i/ (1+COS<)COSCdC:I—E—2SIHTO _ sin(27)
T Jr, 1—cosC T Jro 0 s 2w

it follows finally that for every |C| € (7o, 7)

+oo
=2y
k=1

1+ 20— gz Sin (<o Si“,g’”())] sin (k)

T
and
_a+b a+b|l XX sin (k7o)
90 = 513 Z:j pre cos (KOITo
b—a <X k| sin (k¢)
+— > “leos (kro) — (—1) ] . (33)
k=1
Based on the expansion of g (¢) if a = b, then for every [(| € (7o, 7) and 79 > 0
+
n (k7o) cos k() 1
——. 4
2:: kTO 2 (3 )
Thus, for every ¢ € (19, 7) and 79 > 0
o0 -
S feos (ko) — (~1)7) ) _ T (35)
k 2
k=1
This implies that for every ¢ € (1o, )
+oo .
sin(k¢) =© ¢
Zcos (kTo) =93 5 (36)

since S4°% (=1)" sin (kC) /k = —(/2 for every ¢ € (—m, 7). In view of the fact that

T 2 sin (kT9)  sin(kTo)
lim |14 — -2 LU 21 =0,
kHH+noo + m Z KT km

it follows finally that for every 7¢ € (0, )

+oo .
sin(kto) ™ To
I; =5t (37)
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Since 19 € (0,7), it would be natural to ask whether functional expressions (34), (35)
and (36), hold in the limit as 79 — 077 In other words, is the limit of a sum equal to a
sum of the limit, as 79 — 0". Based on the results of the previous examples, as well as
on the well-known result of the series theory 7/4 = 3, sin [(2k — 1) ¢] / (2k — 1) for
¢ € (0,7), we may give an affirmative answer to the former questions. However, the
problem of generalization of the preceding conclusion stays open and can be a subject
of a separate analysis.

Similarly, if we already know that d[sin¢/ (1 —cos()]/d{ = —1/(1 —cos() and
dIn (1 —cos() /d¢ = sin¢/ (1 —cos() for |¢| € (0,7), then closely related to results
(26) and (32) of the paper, as well as to the well-known result of the series theory
—In(1 —cos¢) /2 = 327 cos (kC) /k for |¢] € (0,27) [7], is the following question,
is the derivative of a sum of Fourier series equal to a sum of the derivative of series
members, separately. This question also stays open for a separate analysis.

Some of the paper results have been predictable. So, the alternative numerical series

it (=1)" has a sum, more precisely it is (C, 1) summable and its sum is equal to 1/2
[2], just as it has been assumed yet by Fuler and Leibniz. By using this assumption they
obtained absolutely exact results. It is nothing other to be left than to prove the validity
of this assumption. As for result (32) from Ezample 2, one can say that it is causality
related to result (26) from Fzample 1. Namely, since Zzﬁol ksin (k¢) = 0for ¢ =7/2, it

follows from 3772 (2k + 1) (=1)" = 0 that 23720 k (=1)" = = 320 (=1)" = —1/2.
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