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Abstract

Non-classical symmetry V = 9y + &0, + Y ., ¢; admitted by a system of
hyperbolic partial differential equations uy + M - u; = 0 is considered. Non-
classical symmetry is divided into two classes: the first is the case in which £ is
an eigenvalue of the matrix M. We understand the first case well. The latter is
the case in which £ is not an eigenvalue. In this paper, we focus on the latter case
and present a simple method for constructing an infinitesimal generator for the
symmetry and, incidentally, produce its invariant.

1 Introduction

A hyperbolic system of partial differential equations plays an important role in the
mathematical physics of wave phenomena. Wave phenomena in compressible, non-
viscous fluids are governed by a hyperbolic system which consists of mass and momen-
tum conservation under the adiabatic assumption. The characteristic curve method and
the associative invariant, called the Riemann invariant, provide a simple mathemati-
cal framework for understanding wave propagation. Generally, the Riemann invariant
exists only in the two-component system [1, 2, 3]. Consequently, the framework can-
not be applied to multi-component systems. The purpose of the study is to seek an
alternative method for constructing an invariant for the hyperbolic system.

Recently, the relationship between the Riemann invariant and non-classical symme-
try analysis for the hyperbolic system in a conservation form have been reported [4, 5].
The concept of non-classical symmetry was originally proposed by Blumann and Cole
to enlarge the class of Lie point symmetries [6, 7, 8]. The infinitesimal generator charac-
terizes non-classical symmetry; it is determined by solving the determining equations.
It is difficult to find the infinitesimal generator because the determining equations are
nonlinear. However, looking from the viewpoint of symmetry may enable us to gener-
alize the characteristic curve method for application to the multi-component system.
The determining equations can be obtained by a systematic procedure regardless of
the number of components.

For a system written in the conservation form (u; + M(u) - u, = 0) and an infini-
tesimal generator (V = 0; + £0, + X¢;0y, ), the class of non-classical symmetry can be
classified into:
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Case 1: The coefficient ¢ is an eigenvalue of the matrix M and the coeflicients ¢, = 0.
Case 2: The coefficient £ is not an eigenvalue of the matrix M.

Non-classical symmetry analysis naturally comprises the characteristic curve method
and leads the Riemann invariant (i.e. the case 1). On the other hand, case 2 indicates
an alternative approach of the characteristic curve method and its invariant. In this
paper, we focus on the latter case and provide a proof of a theorem which provides a
simple method for constructing an infinitesimal generator by matrix calculation.

2 Nonclassical Symmetry of a Hyperbolic System

Let us consider a one-dimensional hyperbolic system in the conservation form:
u; + M(u) -u, =0, (1)

where u = (uy,...,u,)?” and M is an n x n regular matrix whose elements depend on
the variables uq, ..., Un,.
Non-classical symmetry is characterized by the following infinitesimal generator:

V=04 £t w0+ 3 6yt 00, (2)

=1

and the constraints of Eq.(1) are imposed by an invariant condition which is associated
with generator (2)
u; +&u, —w =0, (3)

where w denotes a column vector w = (¢q,...,¢,)T. As the coefficient ¢ is not an
eigenvalue of the matrix M, the vector w is not a zero vector [5] and the matrix
M — €E is regular, where the matrix E denotes the unit matrix.

Substituting Eq.(3) into Eq.(1), we obtain

u, +N-w=0, (4)
or, for a-th component,
Uz T+ Z Naﬁd)ﬁ =0, (5)
B=1

where the matrix N is the inverse matrix of one of M — ¢E, and N,z is its («, )
component.

As the determining equations of Eq.(3) are satisfied automatically, we only consider
those of Eq.(5)

D.L¢()4+(D‘I'g)ZNaﬁqu_‘_V(ZNdﬁqéﬁ) =0. (6)
p=1 p=1

Here, we note that the compatibility condition of Eq.(3) and Eq.(4) are satisfied, due
to Eq.(6).
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To simplify Eq.(6), we introduce a vector & defined as

Ba =Y _ Napos. (7)
B=1

The vector @ is not a zero vector because w # 0. We assume that

o _, 09 _

% — Y% % 07 (8)

then Eq.(6) becomes

L (00, - OEN -
;wﬁ (a”ug +wa8u5> = V(wa>~ (9)

Let us split Eq.(9) into two equations

" (0¢, . O¢
> i (auﬂ +““8uﬁ) =0, (10)

B=1
V<wa> =0. (11)

We assume that w is an eigenvector of the matrix N:

and

©o=N-w=)\w, (12)

where A is an eigenvalue of the matrix N. Substituting Eq.(11) into Eq.(10), we get
- o0 (1
)\2 | — = 0. ].
> %%%B(/\Jr&) 0 (13)
B=1

Consequently, it is easy to see the following theorem.

THEOREM. Let us consider the infinitesimal generator
- 1 i
V=0 -0 + Z}@(t,u)aui, (14)
The vector & is an invariant, then V is non-classical symmetry admitted by Eq.(1).

3 Example of the Two Component System
Let us consider the two-component system to illustrate our approach

ut-i-M-uz:O, (15)
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where
U p
u=(puw?, M= f(p) u |. (16)

The conventional characteristic curve is V.= 0y + (u £ /pf)0s.
We seek non-classical symmetry based on the theorem

V =0, + €0, + 6(t,0)d, + 1)(t, 1)d,. (17)

The simplest case is that the vector @ is a constant vector, and then non-classical
symmetry is given as
1

V:AQ@—m+q@+@m) (18)

where & = (c1,c2)”. The eigenvalue A of the matrix N is

1
S uEVpf

Consequently, another characteristic curve and its invariant are V given by (18)
and ¢; (i = 1,2); respectively.

A (19)

4 Summary

In this paper, we provide a simple theorem to seek an invariant of non-classical sym-
metry admitted by Eq.(1). The theorem simply requires calculation of an eigenvalue
and the associated eigenvector of the matrix IN. Therefore, it is not necessary to
calculate the determining equations when constructing an invariant. As an example,
non-classical symmetry of the two-component hyperbolic system and its invariant are
provided based on the theorem.
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