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Abstract

In this paper, we use results due to Dedieu et al. within the framework of the
approximate ged problem. We obtain explicit and simple formulas for certifying
the convergence of Newton-Gauss’ method.

1 Introduction

Approximate ged is a difficult problem of symbolic-numeric computation. It has been
widely studied in the recent years, leading to many theoretical results and algorithms.
We refer the reader to [5, 1, 7, 9, 10, 2, 6, 8] for an example of such algorithms and
references. The common idea of many algorithms is to guess an approximate solution
of the problem, and then to improve the accuracy and precision of the solution. In
this paper, we propose to study the second point. One way to improve the accuracy
of an approximate solution is indeed to use the Newton-Gauss method initialized with
this solution. The Newton-Gauss algorithm converges as soon as the first guess is
close enough to an attractor. The point is then to bound the distance between the
approximate and exact solutions, and to numerically measure it.

Smale’s a-theory answers these questions in the case of Newton’s method. In our
framework, the convergence for Newton-Gauss’ method has been proved by Dedieu-
Shub [3] and Dedieu-Kim [4].

In this paper, we use the main results of [3] and [4] within the framework of the
approximate gcd problem. We obtain explicit and simple formulas for certifying the
convergence of Newton-Gauss’ method.

2 Newton-Gauss Operator and Dedieu’s Theorem

In this section we recall the main results of [3] and [4].
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DEFINITION 1. Let E and F be two Hilbert spaces, and ¢ : E — F an analytic
map. We suppose that Im(Dep(z)) is closed in F. We define the Newton-Gauss operator
by

Ny(w) = 2 — Do) ()

where Dy(x)! denotes the Moore-Penrose pseudo inverse of Dy(z).

DEFINITION 2. Let ¢ be an analytic map between two Hilbert spaces E and F,
such that the image of Dp(x) is closed in F. Let z € B, we set:

o Bl 2) = 1Dp(@)!| [(@)]
o +(p.) = sy (102 | | 2202 ) 7,

o a(p,x) = B(p, ) V(e 2),
o p(N) =1 — 4\ +2)\%

THEOREM 1. Let z and ¢ € E such that Do(¢)To(¢) = 0, Dp(¢) injective, and

o=l = clae0) <1- 22
If
(0.0) < ——
al\p, 2\/§a

then Newton-Gauss’ sequence satisfies
s, = €Il < Al = ¢
where
v+ V2(2 —v) Q)
P(v)
This theorem certifies the convergence of Newton-Gauss’ algorithm inside a disk

of given radius. The following result gives a sufficient condition for convergence of
Newton-Gauss’ method.

THEOREM 2. Let z € B such that Dp(z) is injective. We set

k= [[Do(a)|| [|1De() I,

\ = < 1.

1
A= ———
8k + 16’
11—\ 1 A
—4 ( /\).
oo \Tor 32 1A "
We have 0 < A < 1.
We suppose that
1
< _
alp:®) < 15759

then



246 Approximate GCD

1. there exists a unique ¢ € E such that Dp(¢)Tp(¢) = 0 and

A
H<_95||<m7

2. Newton-Gauss’ sequence xj = N£ () converges towards ¢ and

lzr, = ¢l < A¥fjz = ]l.

3 Application to GCD Problem

Let f and g be two unitary polynomials in C[X]. We assume that an algorithm for
computing the approximate ged returned p, f1, g1 such that

et = |If = pfill3 + llg — poul3,

is small, and deg(p.f1) < deg(f) and deg(p.¢g1) < deg(g). We also assume that p is of
maximum degree, i.e. there does not exist any polynomials P, F}, and G; such that
deg P > degp and |[f — P[5+ lg — PG13 < |[f = phill5 + llg — par[3.

Usually, one first sets f; and gi, and solves a linear least square problem in order to
obtain a better solution for p. Then one sets p, and solves a linear least square problem
in order to improve f; and g;. This process is then iteratively repeated.

We now propose a way to improve simultaneously p, f; and g; with a Newton-Gauss
method. We define the following function:

o, fr,91) = (f = p-f1:9 — p-g1).

Our goal is to give a certified condition on p, f; and g; for Newton-Gauss’ convergence.
As we have

ep+p i+ fgi+a) = (f-pfi—pfi— fid—p.fi
g—p-91—p-g1 — 910 — p-91),

then

D@(Pa flvgl)(ﬁv flvgl) = ( - Sle(p, fl)(ﬁv fl)? —Sylv(p, gl)(ﬁa gl))? where Sylv(pv fl)
is the Sylvester matrix associated to p and f1, see [11, Chapter 6]. We set

V= {(pa fl7gl) | det Syl’U(p, fl) =0 and det Syl’U(p, gl) = O} .

V is a closed Zariski set, thus a set with measure zero for the Lebesgue measure. Thus
we can assume that in numerical experiments (p, f1, g1) does not belong to this variety
V. Then we now assume Do(p, f1,91) to be injective.

1 - -
On the other side, §D2<p(p, f1,91)®, f1,91) = (—=p.f1,—p.g1). Moreover, we have
the following result:

PROPOSITION 1. Let Cip = \/2-2degf 4 2-2degg and
1
Coup = V/(deg f +1)3 + (deg g + 1)3. Then Ciup, > SID%e(p, fi91)llz = Cing-
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PROOF. We have the following bounds (corollary 6.33 in [11]):

Vdeg F +deg G + 1| F.Gllo > [|[F.G|2 > 2779795 | F 3| G 2.

We apply this formulae with F' = p and G = fi (resp. G = §1), assuming that Ipll2 <1,
[fill2 <1 and [|g1][2 < 1.

For the upper bound, ||.f s = maxy Dtk pifi;| < deg(p.fi) +1 < degf+1,

as |pi| <1and |f; ;] <1 for all i, .
Then, we take the supremum over all 5 and fi of norm smaller than 1, and the
lower bound becomes 2~ degp—deg fi > g—degf

We denote by D Dedieu’s constant:

D:= H (Sylv(p, f1); Sylo(p, 91))TH :

We have then the following bounds for the ged:
THEOREM 3. With the previous notations we have:

B(pvflagl) :D87
CsupD > 7(p7 flagl) > C’L’ﬂfD?
a(paflagl) S CsupD2€>'

In conclusion, we get an easy test to check the convergence of Newton-Gauss’
method for the approximate ged problem.

4 Numerical Example

In this section, we compute the corresponding bounds on a toy example. We set
f=(@—-1)(x—-2)(z—-3)=2>—62%+11 -6,
g = (z —1.00001)(z + 3)(x + 2) = 2 + 3.9999922 + 0.99995x — 6.00006.
An approximate ged is given by
p =z — 1.000005,
fi=(z—2)(z —3)+107° = 2% — 5z + 6.000001,
g1 = (x+3)(z+2)+107% = 22 + 5z + 6.000001.
Then D = 1.298105, ¢ = 5.660389 x 107, Coup = 11.31371. Theorem 3 gives the
following bound on «(p, f1,91):
Csup D? e = 1.079122 x 1073,

The bound given in theorem 2 is

1

— =3.779289 x 1073,
16r + 32 %
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Then, as the bound of Theorem 3 is smaller than the bound of Theorem 2, we can
certify the convergence of Newton-Gauss’ method in this case.
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