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Abstract

The existence of positive solutions for singular boundary value problems in-
volving p-Laplacian operators are investigated. By applying the fixed point the-
orem of cone expansion and compression of norm type, sufficient conditions are
established for the existence of positive solutions.

1 Introduction

In this paper, we study the following singular boundary value problem (BVP) involving
p-Laplacian operators

Y
1+ 7,2'(0) =0, (1)
1

where 2t = z(t +0), 0 € [0,7], 0 < 7 < 1; ¢,(°) is the p-Laplacian operator; ¢, ¢ :
[1,1+ 7] — [0,400) are continuous, and ¢(1) = ¢(1) = 0.

For p-Laplacian equations, many results have been obtained, for example see papers
[1-4]. But most of them are concerned with ordinary differential equations. Recently,
the study of BVP of functional differential equations [5-6] is of significance since they
arise and have applications in variational problems of control theory and in other areas
of applied mathematics. In this paper, by constructing an integral equation which is
equivalent to BVP (1), we study the existence of positive solutions of nonlinear singular
BVP of the form (1).

Let C = C(]0,7], R) be a Banach space with a norm ||w||¢ = supg<g<, |w(8)| and

Ct={weC:w@®) >0,0¢c](0,7]}.

We assume the following:
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198 Positive Solutions for Singular Boundary Problems

(Hy) f,g:CT x CT — (0,+00) are continuous;
(Hz2) a,b:(0,1) — [0, +00) are continuous, and

0</ / t)dt < 400, 0</ / t)dt < 400,
/¢q(/0 a(r)dr)ds < +oo, O</¢q/b )dr)ds < +oo.

In this paper, we may choose a ¢ € (0,min{%, 57}) by (Hs) such that

l—-7—0o

l1-17—0
/ a(t)dt > 0 and / b(t)dt > 0.

Define C* = {w € C* : 0 < ol|w|lc < w(h),0 € [0,7]} and E = {t € [0,1] : 0 <
t+60 <1,0 <6 <7} =10,1-7]. Note that for ¢t € [0,1 — 7 — 0] C E, we have
h =y = 0.

DEFINITION 1. A function (z,y) € C1[0,1] x C1[0, 1] is called a positive solution
of BVP (1) if it satisfies the following:

1. (z,y) satisfies BVP(1);

2. z(t) > 0,y(t) > 0,t € (0,1); and

3. (¢p(2"),0,(y")) is absolutely continuous on [0, 1].

Suppose (z(t),y(t)) is a solution of BVP (1). Then

dw:{ﬂwﬁﬁdﬂﬂﬂwWM@,OgtgL
o(t), 1<t<1+r,

y(t) = {ft) oo br)g(a”,y")drlds, 0 <t <1,

1<t<1+7.

Suppose that (zo(t), yo(t)) is the solution of BVP (1) with f =0,¢g = 0. Then

() = 0, 0<t<l,
PO = o), 1<t<1+7,

a_ [0 o0<i<y, 3)
W= o), 1<t<1+r

If (z(t),y(t)) is the solution of BVP (1) and (u(t),v(t)) = (z(t) —zo(t), y(t) —yo(t)),
noting that (u(t),v(t)) = (z(t),y(t)) for 0 <t <1, we have from (2) that

u(t) ft f (r)f(u" + xf,v" +yi)drlds, 0<t<1,
1<t<1+m,

ft fo u” 4z, v" +yh)drlds, 0<t<1,
1<t<1+7.

Let K be a cone in Banach space X = C[0,1+ 7] x C[0,1 + 7| defined by

K = {(u,0) € X s u(t) = 0,0(t) = 0,u(t) +v(t) = g(®)ll(w, v)|],¢ € [0,1]},
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where [|(u, v)|| = [[ul| + [[v]], [[u]| = sup [u(t)],||v]| = sup |v(t)], and
te[0,b] te[0,b]
= 1—t, 0<t<l,
9(t) =1 . 1<t<1+47.

Define

1 s r T T
A(u,v)(t) = { ({t ¢q[f0 a(r)f(u JFIOaU +y(])dr}dS? (l)iii 17_'_7_

1 s
b(r)g(u” + i, v" +yg)drlds, 0<t<1,
B(u,v)(t) _{ (f)‘t ¢q[f0 (m)g( 0 Yo )dr] e itr

and
O (u,v)(t) = (A(u,v)(t), B(u,v)(t)), 0 <t <147, (5)

Under assumptions (H;) and (Hy), BVP (1) has a solution if and only if ® has a
fixed point (u,v), that is, ®(u,v) = (u,v).

The following lemma will play an important role in the proof of our results and can
be found in the book [7].

LEMMA 1. Assume that X is a Banach space and K C X is a cone in X; €y, {2s
are open subsets of X, and 0 € O C Qs. Furthermore, let ® : K((Q2 \ 1) — K be
a completely continuous operator satisfying one of the following conditions:

(i) [[@(2)]] < [zf], ¥ 2 € KNO; [|(@)|] = |lz]], ¥z € K08
(i) [[@@@)|] < [[=[|, V & € K(00Q; [|®(x)]| = |||, V2 € K]0

Then there is a fixed point of ® in K [(Q2 \ Q1).
LEMMA 2. The map ® : X — X in (5) is completely continuous and ®(K) C K.
The proof of Lemma 2 can be found in [5-6].

2 Main Results

In the sequel, we let

fo = lim flwy,ws) o
(lws e +walle)—0 (|lwille + Jwallc)P~
o= lim flwr,ws) —;

w1,w2 €0, ([Jwi e+ walle)—0 ([|lwi]le + |lwa]|c)P

foo = 1 f(w17w2) .

P (lalletiwalle)—oo ([lwille + [|wallc)P~1
. flwi,ws
fo= .o

lim
w1,w2€0% (||wi et walle)—oo ([lwille + [|wallc)P~Y
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go = lim f(wlan)
= (lerlleHwslle)—0 (Jwille + [lwallo)P—1
% f(w1,w2)
9o = lim s
wiw2€C*,(||lwr e+ walle)—0 (|lwi]|e + [|wallc)P~
Joo 1= lim 9(wr,w2) :
T lwrlletHiwzlle)—oo (|lwille + [lwallc)P~
and ( )
g\wi, w2
gho 1= lim —

w1,w2 €0, (|willc+walle)—oo ([|wi|e + [|wal|c)P

THEOREM 1. Assume (H;) and (Hz) hold. Then BVP (1) has at least one positive
solution if one of the following conditions is satisfied:

(Hz) fo =0, fi =400, 90 =0, ¢(t) = ¢(t) =0, t € [1,147]; or

(Hs) fo = +00, foo =0, goo =0.

PROOF. Suppose that (Hs) is satisfied. By ¢(t) = 0,¢(t) = 0,¢ € [1,1 + 7], we
know zf = yb = 0,t € [0,1 + 7]. Since fo = 0, for ¢ > 0 (we choose ¢ satisfying
sfol ¢4l fy a(r)drlds < 3), there is a p; > 0 such that

Flwi,wz) < (e(lwille + [lwalle)P ™0 < Jlwille + llwalle < pr-

Define
Q1 ={(u,v) € Xt ||(u,v)|| < py }-

For (u,v) € 01 N K, we deduce that |[u”||c + ||v"||c < p; for r € [0,1] and thus

ol = [ o[ atrysroaas

1 s
gté%%mmmwumdeMs
sdwummé%%ammw
< Sl +1iel).

Similarly, we have B(u,v) < 1(||u|| 4 [[v]|). This implies
1@ (u, v)[| = [[A(w, 0)[| + [|B(w, 0)|| < [|(u, )], (u,v) € I N K.

On the other hand, since f% = +4oo0, for M > 0 we can choose M satisfying
Mo fal_T_U ¢ [ a(r)dr]ds > 1, there exists a p, > p; such that

fwi,wz) > (M(llwille + [lwalle))’ ™, wi,wz € C7, [lwille + |lw2lle = p,-

Define
Qo = {(u,v) € X+ |[(u,v)|| < pa}-
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For (u,v) € 9Qs N K, we deduce
allu’lle < oflul| < g(®)l|ull <u(t), t €[o,1—0], rel0,1],
allv"lle < olfoll < g@)|[v]] < v(t), t € [o,1—a], r€[0,1],
which implies that u",v” € C* for r € [0,1 — 7 — o] and
lu"lle = ollull = opa, |[v"[lc = ollv]] = opy, 7€ 0,1 =7 —0].

Thus, for (u,v) € 9Qs N K, we have

[|A(u, 0)]

/01 % [/OS a(r) f(u",v")dr]ds

> [ e[ )il + 1) arlds
> Mo(ull + ol | Y / " a(r)drlds

> ] + Il

= [l o)l

That is,
1@ (uw, v)|| = [|(u, v)]], (u,v) € 00 N K.

201

According to the first part of Lemma 1, it follows that ® has a fixed point(u,v) €

K N(Q2\ Q).

Now, suppose that (Hy) is satisfied. Since f§ = +oo, for M > 0 (choose M satisfying

Mo fol_T_J ¢, [; a(r)drlds > 1), there exists a p; > 0 such that

Flwr,wa) 2 (M(Jlwnlle + llwalle)P ™ w1, w2 € C*llwille + [lwelle < py.

Define
Q1 ={(u,v) € Xt ||(u,v)|| < py }-

For (u,v) € 00 N K, we deduce
allu’llo < oflull < g(®)l[ul] <u(®),t € 0,1 -0a],r€[0,1],
allv"|le < ool < g(®[vll < v(t),t € 0,1 = al,r € [0, 1],
which implies that u",v" € C* for r € [0,1 — 7 — o] and

[u"lle = ollull = apy, [[v"]lc = ollv]| = opy, 7 €01 -7 —a].
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For r € [0.1 — 7 — o], we have zf; = y{ = 0. Thus, for (u,v) € 9Qs N K, we have

ol = [ o[ atrysrnaas

l—-7—0 s
= / %[/ a(r)(M(||u"||c + HUTHC))pfldT]ds
> Mo(lull+ ol [ ¢yl [ atr)aras
> [ful] +[Jo
= i@l

which implies ||®(u, v)|| > ||(u, v)]|], V(u,v) € 9Q; N K.
On the other hand, since foo =0, for V e > 0, IN > p; such that

flwi,w2) < (e(lwnlle + llwelle)? ™, llwille + [lwzlle > N.

Choose a positive constant p, such that

1
py > 14max{ 4™ (w1, wa) : 0 < ||wi|lo+||wsle < N+|\Uo|l+|lvo\|}¢q[/0 (a(r)—+b(r))dr].
Define
Q2 = {(u,v) € X :[|(u,v)]] < po}-

For (u,v) € 0Q2 N K, we have from the facts: zo(t) > 0,u(t) > 0,yo(t) > 0,v(t) >
0,t € [0,1+ 7], that for r € [0, 1],

[[u” + zglle +[[v" +yollo > [|[u"[lc + [[v"]|le > N, for [[u"[|c + [|[v"|lc > N,
and

lu” + zplle + [[0" + wolle lu"lle + llzolle + [lv"lle + llvolle

<
< N+ ol + lyoll,
for ||u"||c + ||v"|lc < N. Let

a = max{f1 (wi,w2) : 0 < [Jwi]le + [lwalle < N + ||zol| + [lyol[}-
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Thus, for ¢ satisfying 0 < e(1 + ||zo|| + Hyo||)<bq[f01 a(r)dr] < i, we have

1 S
1A, v)]| = / o] / a(r)f(u" + 0" + y)dr]ds

1 1
< [Cel[ asr o parids
0 0
_ ¢q[/ a(r)f(u” + a0 + o) dr
o+l llo>N
—|—/ a(r)f(u" + zg,v" + y§)dr]
o<lfurllo-+lvrlle<N
1
< maX{5(|\uT+$6||C+|\vr+y3|\c),a}¢q[/ a(r)dr]
0
1
< maX{6(|\u+$o||+||U+yo|\)704}¢q[/ a(r)dr]
0
<

wax(([ull + 1]} + .09, | alr)ar]}

1
< gl + vl

1
= 5/’2-

Similarly, we have B(u,v) < 1(||u|| + [[v]]). This implies
1@ (u, v)[| = [[A(w, 0)[| + [|B(w, 0)|| < [|(u, )], (u,v) € 9 N K.

According to the second part of Lemma 1, it follows that ® has a fixed point(u,v) €
K22\ ). _

Suppose that (u(t),v(t)) is the fixed point of ® in K (22 \ 21), then (x(t),y(t)) =
(u(t) + xo(t), v(t) + yo(t)) is a positive solution of BVP (1). This completes the proof.

Similarly, we have the next theorem.

THEOREM 2. Assume (H;) and (Hz) hold. Then BVP (1) has at least a positive
solution if one of the following conditions is satisfied:

(H5) fo=0; g5 = +00; go =05 ¢(t) = ¢(t) =0, t € [L,14 7], or

(HY) foo = 0; goo =05 g5 = +o0.

In what follows, we shall consider the existence of multiple positive solutions for
BVP (1).

THEOREM 3. Assume (H;), (Hz) hold and the following conditions are satisfied:

(Hs) f§ = +o0;5 5, = +00;

(Hg) 3 a p1 > 0 such that for V 0 < ||w1||c + ||w2]lc < p1 + po, one has

flwi,wz) < (ipr)P~" and g(wi,wa) < (ip1)P ™",

where po = | max {6(0), ¢()}, b = {2 Jy @,y a(r)drlds} ™.
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Then BVP (1) has at least two positive solutions.
PROOF. By (Hs), there exists a p; : 0 < p; < p; such that

flwr,wa) > (M(||wille + [lwalle)?™!, [lwille +[lwelle < py, wi,ws € C,
where M satisfies Mo fll—a' ¢q[f;7770 a(r)dr]ds > 1. Define
Q1 =A{(u,v) € X : [[(u,0)]] < py}-
For (u,v) € 00 N K, similar to (6) one has u",v" € C* and
p1 2 |[Wlle +l[v"lle = o(llull + [[ol]) = opy, 7 € [0,1 =7 —0].
Hence, we obtain an analogous inequality:
1@ (w, )| = [[A(w, v)[| + || B(w, v)|| = [[(u, v)]], (u,v) € 0% N K.
Similarly, there exists a p; > p; such that
fwi,wa) > (M(||wille + [lwalle)P™!, [lwille +llwalle 2> ops, wi,ws € C*,
M is chosen as above. Define
Qs ={(u,v) € X : [[(u,0)]] < p3}-
For (u,v) € 903 N K, one has u",v" € C* and
lu"lle + (v lle = o(ljull +[[v]]) = ops, 7 €0, 1 =7 = 0].
Furthermore, we have
1@ (w, v)|| = [[A(w, v)[| + || B(w, v)|| = [[(u, v)]], (u,v) € 003 N K.

By (H6)7 let P2 = P1, define QQ = {(’LL,U) €X: H(U,’U)H < pZ} For (u7v) € aQQ va
one has

1 s
men:lé%%aMﬂwa%w+wmw

< [ o[ atryarias

1

= 5291

1

= 5,02

1
= Lol
Similarly, we have B(u,v) < 1(||u|| 4 [[v]]). This implies

12w, v)[| = [[A(w, 0)[| + [|B(w, 0)|| < [|(w, )], (u,v) € 902 N K.
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According to Lemma 1, it follows that ® has two fixed points, that is to say, BVP (1)
has at least two positive solutions. This completes the proof.

From above, the following theorems are obvious.

THEOREM 4. Assume (H;) and (Hz) hold and the following conditions are satis-
fied:

(H7) fo=0, fc =0, g0 =0, gooc =0, &(t) = (t) = 0.
(Hg) 3 a p2 > 0 such that for V opy < ||wi]|c + ||w2]lc < p2, one has
flwr,wz) > (lap2)" ™,

1
where [y = { L= 7 fo r)dr] dt}
Then BVP (1) has at least two positive solutions.

THEOREM 5. Assume (H;) and (Hz) hold and the following conditions are satis-
fied:
(HG) 3 p1 > O such that for V0 < ||lwillc + |lwzllc < p1 + po, one has

flwi,wz) < (Lipr)P~" and g(wi,wa) < (Lip1)P ™",
1

where pg = max {¢(t),o(t)} and I; = {2 fo b,y alr )dr]ds}

1<t<itr
Then BVP (1) has at least two positive solutions.

THEOREM 6. Assume (H;) and (Hz) hold and the following conditions are satis-
fied:

(Hr) fo =05 foo =05 go=0; goo = 0; (t) = (t) = 0.
(Hg) 3 a p2 > 0 such that for V ops < ||wi1]|c + ||w2]lc < p2, one has
g(wi,wa) > (lap2)? ',
1—7— o’ L
where lp = { [} 777 ¢, [y b(r)drlat }
Then BVP (1) has at least two positive solutions.

3 Examples

We have several examples.
EXAMPLE 1. Consider BVP

(6, ()3t + 1) +yi(t+3) =0, 0<t <1,
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As ||lw1lle + |lw2]lc — 0, we have

-

fwy,wr) _ W%(%)‘*‘WQ%(%)

(lenlle +llwalle)= (Jlwillo + [lwalle)®

1 1
[l llé + [lwallé
1
(llwille + [lwalle)®
1
< ([lnllo +lwallo)®

— 0

and

-

1 1
g(wr,w1) wi(3)+ws(3)

(llwrlle + llwalle)P=t (lorlle + [lwelle)

1 1
[l llé + [lwall&
1
(llwille + [lwalle)®
1
< ([lenlle +lwallo)®

— 0,

that is to say fo =0 and go = 0 hold.
On the other hand, suppose wy,ws € C*. Then wy(0) > ol|lwil|c,w2(0) > ol|wa||c-
As wy,wy € C* w1l + ||lwzllc — o0, we get

1 1
flwi,wi) _ wi (3)+wi(3)
([lwrlle + [lw2llc)P~! (llwille + llwallo)®
(ollwillc)? + (ollwzllc)s
1
([lwille + llwz|lc)®
1 1
> o3 ([|lwille + [[wzllc)®

—  +00,

which means that fj = 400 holds. According to Theorem 1, it follows that BVP (7)
has at least one positive solution.
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