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Abstract

For analytic functions f(z) normalized by f(0) =0 and f’(0) =1 in the open
unit disk U, a new subclass S, of f(z) concerning with spirallike functions in U
is introduced. The object of the present paper is to discuss an extremal function
for the class S, and coefficient estimates of functions f(z) belonging to the class
Sa.

1 Introduction

Let A be the class of functions f(z) of the form
f(Z) =z+ Z anz" (1)
n=2

which are analytic in the open unit disk U = {z € C; |z| < 1}. Let §*(a) denote the
subclass of A consisting of functions f(z) which satisfy

Re <z}‘é§)) >« (z€U)

for some real a (0 £ @ < 1). A function f(z) in the class S*(«) is said to be starlike
of order « in U. Further, if a function f(z) € A satisfies

Re (eiA Z;gi?) >0 (zel)

for some real A (|A| < ), then we say that f(z) is spirallike in U. We also note that a
spirallike function in U is univalent in U (cf. Duren [2]).
If f(z) € A satisfies the following inequality

1:f(2) .
Re(a 5 >>1 (z € 1) (2)
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190 Coefficient Estimates for Spirallike Functions

for some complex number « (Jo — 1| < 1), then we say that f(z) € S,. This class
S, was recently introduced by Hamai, Hayami and Owa [3]. If o = |a|e’?, then the
condition (2) is equivalent to

Re (e‘wszég)) >la)  (z€U).

Therefore, we note that a function f(z) € S, is spirallike in U which implies that f(2)
is univalent in U. Further, if 0 < a < 1, then f(z) € S, is starlike of order « (cf.
Robertson [4]).

Let P denote the class of functions p(z) of the form

p(z) =1+ ez (3)
k=1

which are analytic in U and satisfy
Rep(z) >0 (z €.

Then we say that p(z) € P is the Carathéodory function (cf. Caratéodory [1] or Duren
2])-
REMARK 1. Let us consider a function f(z) € A which satisfies
(2) 1 1

705l <za (€D (4)

for |a — 1| < 1. If we write that F(z) = Z}:ES), then the inequality (4) can be written
by
20— F(z)
—_— 1 U).
| F(2) < (2€D)
This implies that

aF(2) + aF(z) > 2|al? (z €U).

It follows that

(M) + (@) >2  (zeD).

« «

Therefore, the inequality (4) is equivalent to

Re(é Zﬂi’;)) > 1 (z € U).

2 Coeflicient Estimates

In this section, we discuss the coefficient estimates of a,, for f(z) € S,. To establish
our results, we need the following lemma due to Carathéodory [1].
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LEMMA 1. If a function p(2) = 14 > 2, cx2z" € P, then
el <2 (k=1,2,3,..)
with equality for

14z
T 1—z

p(2)
Now, we introduce the following theorem.

THEOREM 1. The extremal function f(z) for the class S, is defined by

f(z) =

z
(1 — 2)2a(Re(3)-1)"

PROOF. From the definition of the class S,, we have that

Re<; ZJ{;S) - 1> > 0.

“()

Then, if the function F(z) is defined by

Moreover, it is clear that

Fs) — éz}cé?) —1—im(3)
T R

we see that Re F/(2) > 0 and F(0) = 1, so that, F(z) € P. Therefore, if F(z) satisfies

Py < EFE -1 ImE) 14
Re(1) -1 1—2’

then F(z) satisfies the equality in Lemma 1. Thus, the function f(z) given by the
above is said to be the extremal function for the class S,. Note that

He - (e () 1)

Integrating both sides from 0 to z on ¢, we have that

[ (0 - Do (3) ) [ e

which implies that

fz) L

log = log 1 Z)204(Re(é)71) .
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Therefore, we obtain that

z
(1 _ z)Qa(Rc(é)—l) :

flz) =

This is the extremal function of the class S,.

Next, we discuss the coefficient estimates of f(z) belonging to the class S,.

THEOREM 2. If a function f(2) € Sy, then

n—1

lan| < ﬁ [] Clcos(arg(a) — lal) + (k= 1)) (n=2,3,4,..).
T k=1

Equality holds true for f(z) given by (5) with real o € (0, 1).

PROOF. By using the same method given in the proof of Theorem 1, if we set F(z)
that

1z2f'(z) 1 _ im (1)
) =y (6)

then it is clear that F'(z) € P. Letting
Fz)=1+ciz+ce2®+ -,

Lemma 1 gives us that
lem] <2 (m=1,2,3,...).

Now, from (6),

(Re (;) - 1)F(z) = izﬂz) —1—4Im (i) .

Let Re(+) —1 = s and 1 +iIm(=) = A. This implies that

1 1
a a

(asF(2) + aA)f(z) = 2f'(2).
Then, the coefficients of z" in both sides lead to
na, = (as + aA)a, + as(ap—1¢1 + ap_oca + -+ ascpn_o + cp_1).

Therefore, we see that

as
ap = ————(ap_1€1 + An_2C2 + - - + @2Cn_2 + Cp_1).
n—as—ad

This shows that
l(Re(2) — 1)

1
a

|n — a(Re(é) - 1) - a(l + ZIm(é))\

lan| |an—101 + @p_2co + -+ azcp_o + cp_1]
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_ cos(ars(f)l) - \a| |an—101 TGy 9Cy 4+ A2Cy_2 JrCn_1|

cos(arg(@)) — |af

< S (an-ller] + lan—sllea] + -+ + lasllen—a| + ea-1])
cos(arg(a)) — |a
2(cos(ar o
- e "Zlal (jar] = D).
To prove that
n—1
janl < .H cos(ara(a)) — laf) + (k — 1),

we need to show that

11 (2lcos(arg(a) - ) + (6~ 1)
(n—1)! '

lan| <

2(cos(arg — lal) z_:l )
k=1

Now, we use the mathematical induction for the proof. When n = 2, we see that
|az| < 2(cos(arg(a) — |a) |a1| = 2(cos(arg(e) — |al).

Therefore, the assertion is holds true for n = 2. Next, we assume that the proposition
is true for n = 2,3,4,...,m — 1. For n = m, we obtain that

2(cos(arg — |a]) &= !
lam| < > Jax]
k=1
2
_ 2(c05(arg —|a|) (m x| + |a, 1)
k=1
m—2
. om— 22(cos(arg — |al) (cos(arg(a)) — |a)
~ m-1 2l m—1 o
k=1
m—2
< !H (cos(arg(a)) — |a|) + & — 1)

m—

2(cos(arg(a)) — |al) B
—1 (=) H (cos(arg(a)) — |a]) + k — 1)

= — { H cos(arg(a)) — |af|) + k — 1)} (m — 2+ 2 (cos (arg(a)) — |al)))
- 1:1
= 7| (cos(arg(a)) — |a]) + k — 1).

=
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Thus the inequality (7) is true for n = m. By the mathematical induction, we prove
that

H (cos(arg(a)) — |a]) + (K — 1)) (n=2,3,4,...).

lan| <
For the equality, we consider the extremal function f(z) given by Theorem 1. Since

z
1(z) = (1 — z)2a(Re(3)-1)’

if we let

then f(z) becomes that

f(Z)ZZ(l—Z)_jz,z(Z(_nj)( ) +ij+1n]1)+n_2)zn.

n=0

_11)! :1:[1(204 (Re (i) — 1) +k—1).

Re(é) - 1‘ = 2(cos(arg(a)) — |a]).

Furthermore, for n > 3, we have that

From the above, we obtain

For n =2,

|as| = 2|af

lan] =

(n—1)! I1 (QOZ(Re(é) D) +k—1)

= ] H|20z(Re(é) — 1)+ k-1

< (2(cos(arg(a)) —la)) +k—1).

Equality holds true for some real o (0 < o < 1). This completes the proof of Theorem
2.

EXAMPLE 1. Let o = 1 + %4 in (5). Then we have that

z
)=

(1—2)0

~
—
N

This function f(z) satisfies

(o) e ()
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8 6 . 8 3
SN (R G
5+5Re(1z)>5 5

Thus we see that f(z) € S1,1;. This function f(%) maps the unit disk U onto the
following domain:

T

This function f(z) satisfies
Lzf'(2)\ 96 — 364 (184 + 699)z
(o) = et ety )

96 46 z 96 23
— + —Re 1> > =

Thus we see that f(z) € Sz 4 1;. This function f(2) maps the unit disk U onto the
following domain: ‘
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