Applied Mathematics E-Notes, 11(2011), 118-124 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

On The Defining Number For Vertex Colorings Of A
Family Of Graphs*

Sadegh Rahimi Sharebaff, Nader Jafari Rad!

Received 4 June 2010

Abstract

In a given graph G = (V, E) a set S of vertices with an assignment of colors
to them is called a defining set for vertex colorings of G if there exists a unique
extension of S to a ¢ > x(G) coloring of the vertices of G. A defining set with
minimum cardinality is called a minimum defining set, and its cardinality is the
defining number. In this paper, we study the defining number for vertex colorings
of graphs arising from applying Mycielski’s construction to Ladder graphs.

1 Introduction

A c-coloring of a graph G is an assignment of ¢ different colors to the vertices of G
such that adjacent vertices receive different colors. The (vertex) chromatic number of a
graph G, denoted by x(G), is the minimum number ¢ for which there exists a c-coloring
of G. A graph G with x(G) = c is called a c-chromatic graph, (see [7]).

For a graph G and a number ¢ > x(G), a subset of vertices S with an assignment
of colors to them is called a defining set for vertex colorings if there exists a unique
extension of the colors of S to a c-coloring of the vertices of G. A defining set with
minimum cardinality is called a minimum defining set and its cardinality is the defining
number, denoted by d(G, ¢).

The concept of defining sets has been studied to some extent, for block designs
and under another name, critical sets for Latin squares, and forcing sets for perfect
matchings in graphs, also in dominating sets, geodetic sets, and hull sets in graphs,
(see [1-6]).

The concept of defining set for vertex colorings is closely related to the concept of
list coloring. In a list coloring for each vertex v there is a given list of colors L(v)
available on that vertex. Any defining set S in a graph G naturally induces a list of
possible colors for the vertices of the induced subgraph (G — S). Furthermore, using
this list of colors, (G — S) is uniquely list colorable, (see [1,3]).

A graph G with n vertices is called a uniquely 2-list colorable graph if there exists a
list L(v) of at least two colors for each v € V(G) such that G has a unique list coloring
with respect to these lists.
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Mahdian et al. in [3] obtained the following characterization.

Theorem A ([3]). A connected graph is uniquely 2-list colorable if and only if at
least one of its blocks is not a cycle, a complete graph or a complete bipartite graph.

For a simple graph G, by graph M(G) we mean the graph arising from applying
Muycielski’s construction to G. Mycielski’s construction produces a simple graph M (G)
containing G as follows. If V(G) = {v1,v2,...,v,}, then V(M(G)) = {v1,v2,...,0,}U
{ur,ug,y ..., up,w}, where V(G) N {uy,us,...,uy, w} =0 and

EM(GQ)) = E(G)U{uv]|v € Ng(v;), 1 <i<ntU{uw]|1l<i<n}

Theorem B ([7]). If G is a c-chromatic triangle-free graph, then M(G) is a (¢ + 1)-
chromatic triangle-free graph.

The cartesian product of two graphs G and H written G x H, is the graph with
vertex set V(G) x V(H) specified by putting (u,v) adjacent to (v',v’) if and only if
either (1) u =u' and vv' € E(H), or (2) v =’ and uv’ € E(G).

Mojdeh et al. in [6] obtained the defining number for vertex colorings in graphs
obtained from paths, cycles, complete graphs and complete bipartite graphs applying
Myecielski’s construction. For n > 2, we refer Ky x P, as the Ladder graph of order
2n. Here we investigate the defining number for vertex colorings of the graph G arising
from applying Mycielski’s construction to the Ladder graph Ky x P, for any integer
n > 2. In this paper for a vertex v, ¢(v) denotes the color of v.

2 Main Results

It follows from Theorem B that for any positive integer n, x(M (K3 x P,)) = 3. In this
section, we present our main results. We investigate d(M (K3 x P,,),3) for any positive
integer n. For this purpose we denote the vertex set of the Ladder graph G = K> x P,
by

V =V(GQ) = {ao1,a02, ..., Gon, @11, @12, ..., A1 |,

where a;; is adjacent to a;(;_1), @i(j41), a(iy1); for all 1 < j <n,and i+1is calculated
in modulo 2. Then V(M (G)) =V UU U {w}, where

U = {b017 b027 sy b0n7b117 b127 sy bl’n}7

and Nyr(q)(bij) = Ng(ai;) U{w} for all i € {0,1} and 1 < j < n. Figure 1 shows the
graph M (K> x Ps) in which all of non-filled circles refer to the vertex w.
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Figure 1. M (K3 x P3).

It follows from Theorem A that any defining set for vertex coloring of M (K3 x P,,)
intersects both {ap1,a11,b01,b11} and {aon, a1n,bon, b1n}t- So we have the following
lemma.

LEMMA 1. If S is a minimum defining set for vertex coloring of M (K9 x P,) for
some positive integer n, then SN {ag1,a11,bo1,b11} # 0 and SN {aon, a1n, bon, b1n }# 0.
We next obtain the exact value of the defining number for 2 < n < 6.
3 2<n<H
4 n==6
PROOF. It follows from Lemma 1 that d(M (K3 x P,),x) > 2, for n = 2,3,4,5,6.
If S is a set of two vertices with colors in M (K x P,) such that

THEOREM 2. d(M(K5 x P,),x) = {

|Sm {aOIaa117b01ab11}| - |S N {a0n7a1nab0n7b1n}| = la

then by a case-checking we can examine all possibilities for S and notice that S is
not a defining set for a 3-coloring of M (K3 x P,). In each possibility for the vertices
of S we notice that either there was no extension of S to a 3-coloring of M(G), or
there were two different colorings containing S. So, d(M (K2 x B,),x) > 3 for n =
2,3,4,5,6. Furthermore, no three vertices with colors uniquely determine a 3-coloring
of M(K2 x Ps). So d(M(Kz x Ps),x) > 4. Now we define the defining set S,, for
2 < n <6 as follows.
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e Forn = 2 we define So = {w, ap1, a12}, where c(w) = 1, c(ap1) = 2 and ¢(a12) = 1.

e For n = 3 we define S3 = {bo1,bos,a13}, where c(bp1) = 2, c(bpz) = 3 and

C(G,lg) = 2.
e For n = 4 we define Sy = {bo1,bos,a14}, where c(bg1) = 2, c(bp3) = 3 and
c(a1q) = 1.

e For n = 5 we define S5 = {bos, b11,a13}, where c(bps) = 2, ¢(b11) = 3 and
c(a13) = 2.

e For n = 6 we define SG = {b05,b11,a13,b16}, where C(b05) = 2, C(bll) = 3,
c(a1z) = 2 and c(bg) = 3.

Then S, is a defining set for a 3-coloring of M (K3 x P,) for each n = 2,3,4,5,6.
The proof is complete.

We proceed with the following lemma. For a set of vertices X = {v1,va, ..., v;} and
a coloring ¢ we denote ¢(X) = {c(v1), ¢(v2), ..., c(vr) }. Also if X’ = {v], v, ..., v, }, then
c(X) = c(X') if and only if ¢(v;) = c(v}) for all 4 = 1,2, ..., k.

LEMMA 3. If S is a minimum defining set for coloring of M (K5 x P,) for n > 6,
then SN {ao(i+j)7a1(i+j), bO(i+j)7 b1(2+j) :0 S] < 3} 7é @ for each 1 = ]., 27 ey — 3.

PROOF. Let n > 6 and let S be a minimum defining set for a 3-coloring of M (K5 x
Pn) Assume to the contrary that SN {ao(i+j), al(i_,_j), bO(i-‘y—j)a b1(7,+_]) : 0 S ] S 3} = @
for some integer ¢ € {1,2,...,n — 3}. Without loss of generality we may assume that
c¢(w) =1 in this 3-coloring. We checked all of the different colors for the vertices of

X = {ao(i-1), bo(i—1)> @1(i—1) D1(i=1)> Qo(i+4) Do(i+4), @1 (i+4)> D1(i+4) }

and noticed that in each case either there was no extension of S to a 3-coloring of
M (K5 x P,) or there were at least two different 3-colorings containing S. We leave
giving all cases and only present two samples. The other cases are similarly verified.

e If the coloring of X was given by c(agi—1)) = 1, c(boi-1)) = 2, c(aii-1)) = 3,
C(bl(i—l)) = 2, C(ao(i+4)) = ]., C(bO(i+4)) = 3, c(al(i+4)) = 2, C(bl(i+4)) = 37 then
there were two colorings for the vertices of A = {ao(i+j)7a1(i+j), bo(i+j)s b1(its)
0 < j < 3} as follows:

(1) claoi) = 3, c(boi) = 2, clagi+ny) = 1, clbogi+1)) = 2, clagit2)) = 3,
c(bo(ita)) = 3, clao(irs)) = 2, c(boiys)) = 27 C(alz) =1, c(bii) = 2, clarsn)) = 3,
c(bii41)) = 3, clai(ita)) = 2, c(bii+2)) = 2, claiits)) = 1, C(b1(1+3)) =3, and

(2) claoi) = 3, c(boi) = 3, clao(it1)) = 1, c(bogir1)) = 2, claoirz)) = 3,

c(bogir2)) = 3, C(a0(1+3)) =2, C(b0(1+3)) = 2, c(a“) =1, c(bii) = 2, clarign)) = 3,
c(bi(iv1)) =3, clar(ira) =2, c(biir2)) = 2, c(arys)) =1, C(b1(1+3)) =3.

e If the coloring of X was given by c(agi—1)) = 1, c(boi—1)) = 2, c(aii-1)) = 3,

C(bl(i—l)) = 2, C(ao(i+4)) = 1, C(bO(i+4)) = 3, c(al(i+4)) = 2, C(bl(i+4)) = 3, then
bi(i+3) Was a non-colorable vertex.



122 Defining Number for Colorings of Graphs

This contradiction completes the proof.

In the following we determine the exact value for d(M (K2 x P,),x) when n =
2 or 3 (mod 4).

THEOREM 4. For each n > 6 with n = 2 or 3 (mod 4), d(M (K3 x P,),x) =
24252
PROOF. Let n > 6 and n =2 or 3 (mod 4). It follows from Lemmas 1 and 3 that

d(M(K2 x P,),x) > 2+ | 22| . Now it is sufficient to define a defining set of required
cardinality.

e For n =2 ( mod 8) we define S = {a11,bo(si+3),b1(sj—1),@0on : @ > 0,5 > 1},
where c(a11) = 2, c(bosk+3)) = 2, c(b1(sk—1)) = 3 and c(ag,) = 1.

e For n =0,1 (mod 8) we define S = {a11,bosi+3), b1(sj—1),a1n = 1 > 0,5 > 1},
where c(a11) = 2, c(bosk+3)) = 2, c(b1(sk—1)) = 3 and c(a1,) = 1.

Then S is a defining set of cardinality 2 + [252|. Hence d(M (K3 x P,),x) <
2+ {"T_QJ . Hence the the proof is complete.

Henceforth we let n > 8 and n =0or 1 (mod 4).

THEOREM 5. For n € {8,9}, d(M (K, x P,), x) = 4.

PROOF. It follows from Lemmas 1 and 3 that d(M (K2 x P,), x) > 3 for n € {8,9}.
Also it follows from Lemma 1 that for any defining set 5,

SN {a01a aii, bOla bll} 7é 07 SN {GO'IL?alna bO'rLy bln} 7é @
If S is a defining set for M (K2 x P3) and |S| = 3, then
|S N {aoa, a4, bos, bra, aps, ais, bos, bis}| = 1.

But we examined all possibilities for S and noticed that either there were two colorings
containing S, or there was a non-colorable vertex in M (K> x Pg). This implies that
d(M (K2 x Pg), x) > 4. Similarly d(M (K3 x Py), x) > 4. On the other hand we consider
the following defining sets.

e For n = 8 we define S = {ay1, bos, b17, bos }, where c(a11) = 2, ¢(bos) = 2, ¢(b17) =
3 and c(bgg) = 3.

e For n = 9 we define S/ = {all,b03,b17,&09}, where C(a11) = 2, C(b03) = 2,
¢(b17) = 3 and c(agg) = 3.

Then S is a defining set for a 3-coloring of M (K x Pg) and S’ is a defining set for
a 3-coloring of M (Ky x Py). Hence, the the proof is complete.

LEMMA 6. Let n > 12 and n = 0 or 1 (mod 4) and let S be a defining set for color-
ing of M(Ks X P,,),x). If there is an integer k > 1 such that |S N {aok, a1k, bok, b1k} =

|5 N {ao(etay, @164 bo(k+a), breray | = 1 and SN {ag;, arj, boj, bis}| = 0 for any j
where k < j < k + 4, then either {box,b1(x14)} € S where c(bor) # c(b1(r+4)) OF
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{1k, bo(eta)} € S where c(bix) # ¢(bo(k+4)). Furthermore in the unique coloring con-
taining S, (c(bok), c(aok)) = (c(@1(k+4)), c(b1(rt4))) and (c(bir), clair)) = (c(ao(+a)),
c(bo(k+1)))-

PROOF. Let n > 12 and n = 0 or 1 (mod 4), and let S be a defining set for coloring
of M(Ks x P,),x). Let k > 1 be a positive integer and

S N {aok, a1k bok, bik ) = |S N {ao(k+a)s @1 (hta)s Bokrays D1etay | = 1,

and |S N {ao;,a1j,boj, b1;}| = 0 for any j where k < j < k+4. We consider the induced
subgraph

G = G[{aij7bij,w k—1<73<k+50<:< 1}]
Without loss of generality assume that {w,a;;,b;; : 0 <i¢<1,5 € {k—1,k+5}} has
been colored and ¢(w) = 1. We consider the following cases.

o {bok,bieray} € S and {bix,bo(rya)} € S
o {bog, bl(k+4)} C S and c(box) = C(bl(k+4)).
o {biy, bO(k+4)} C S and c(bg) = C(bo(k+4)).

In each case we checked all possibilities for S N V(G’) and noticed that in each
possibility either there were two colorings of G’ containing

(SQV(G/))U{w,aij7bijIOSZ'S 1,j€{k-1,k+5}}

or there was a non-colorable vertex in G'. So either {bog, b1(x14)} € S where c(bor) #
C(bl(k+4)), or {blk;bo(k+4)} C S where ¢(byg) # C(bo(k+4)). Also if {bgg, bl(k+4)} C S, or
{b1k, bo(kta)} € S, then (c(bok), c(aor)) = (c(ai(kta))s c(br(kray)) and (c(bix), c(aix)) =
(c(ao(k+4)), c(bo(r+a))). Hence, the the proof is complete.

THEOREM 7. For each n > 8 with n = 0 or 1 (mod 4), d(M (K3 X P,),x) =
2+ [272].

PROOF. Let n > 8 and n =0 or 1 (mod 4). It follows from Lemmas 1 and 3 that
d(M(K> x P,),x) > 2+ |22]. Let S be a defining set for coloring of M(K> x P,)
and let ¢(w) =1 in the unique coloring ¢ containing S. We proceed with Claim 1.

CLAIM 1. [S] > 2 + [2].

To see the proof of our claim, we employ induction on n. For n = 8,9 the result
follows from Theorem 5. So assume that the result holds for any positive integer less
than n. Let n > 12. It follows from Lemmas 1, 3 and 6 that there is a positive integer
k > 1 such that

1S 0 {aok, a1k, bok, bikt =[S N {@o(kra)s @1(kra)s bogerays O1kta) }]

|5 N {aots) @16+8)> bok+8) b1(k+8) }|
1

and |S N {aoj,a1;,b05,01;}| =0forany j € {k+1,k+2,...,k+7}\{k+4}. By Lemma
6 we may assume that {box, b1(k44),bo(k+s)} € S. But then

(c(bok), claok)) = (c(ar(ra))s c(br(rra))) = (c(bo(rts))s c(ao(rts)))
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and
(clak), c(bik)) = (c(bo(k+4)): c(ao(rray)) = (c(@i(k+8))s c(bi(rrs)))-
We delete the subgraph of G induced by {a;j,b;; : 0 < i < 1,k < j < k+ 8} and
also delete all edges joining w to {b;; : 0 < ¢ < 1,k < j < k+ 8}. Then we join
bO(k—l) to A0(k+8)s A0(k—1) to bO(k+8)7 A1 (k—1) to bl(k+8) and bl(k—l) to A1(k+8) to obtain
M (K> x P,_s). Now by the hypothesis of induction |S| — 2 > 2 + [2=8=2] which
implies that S| > 2+ [22].
So d(M(Ks x P,),x) > 2+ [2:2] . Now it is sufficient to define a defining set of
required cardinality.
e n=0 (mod 4).
For n = 0 (mod 8) we define S = {a11, bo(si+3), b1(8j—1), bon : 7 > 0,5 > 1}, where
cla1r) = 2, c(bosk+3)) = 2, c(bigk—1)) = 3 and c(bon) = 3.
For n # 0 (mod 8) we define S = {a11, bosi+3), b1(sj—1), b1n : 7 > 0,5 > 1}, where
c(a11) = 2, c(boge+3)) = 2, c(bisp—1)) = 3 and c(b1,) = 2.
e n=1 (mod4).
For n =1 (mod 8) we define S = {a11, by(si+3), b1(sj—1)> @on : > 0,5 > 1}, where
c(a1r) = 2, c(bogr+3)) = 2, c(bigr—1)) = 3 and c(apn) = 3.
For n # 1 (mod 8) we define S = {a11, by(si+3), b1(sj—1), @1n : > 0,5 > 1}, where
C(CLU) = 2, C(b0(8k+3)) = 2, C(bl(Sk—l)) = 3 and c(aln) =2.
Then S is a defining set of the required cardinality in each case. Hence, d(M (K2 x
P,),x)=2+ {%1 . Hence, the the proof is complete.

References

[1] D. Donovan, E. S. Mahmoodian, C. Ramsay and A. P. Street, Defining sets in
combinatorics: a survey, in surveys in combinatorics, London Math. Soc. Lecture

Note, Ser. 307, Cambridge Univ. Press, Cambridge, (2003), 115-174.

[2] A. D. Keedwell, Critical sets for latin squares, graphs and block designs: a survey,
Congr. Numer. 113 (1996), 231-245.

[3] M. Mahdian and E. S. Mahmoodian, A characterization of uniquely 2-list colorable
graphs, Ars Combinatoria 51 (1999), 295-305.

[4] M. Mahdian, E. S. Mahmoodian, R. Naserasr and F. Harary, On defining sets for
vertex coloring, in proceedings of the 26th Annual Iranian Mathematics Conference,
Iranian Mathematical Society, University of Kerman, Kerman (1995), 215-218.

[5] E. S. Mahmoodian, R. Naserasr and M. Zaker, Defining sets for vertex colorings of
graphs and in latin rectangles, Discrete Math. 167/168 (1997), 451-460.

[6] D. A. Mojdeh, N. Jafari Rad and A. Khodkar, The defining numbers for vertex
colorings of certain graphs, Austral. J. Combinatorics 35 (2006), 17-30.

[7] D.B. West, Introduction to Graph Theory, (2nd edition), Prentice-Hall, USA, 2001.



