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Abstract

In this paper condition of integrability of cosine trigonometric series with
coefficients of bounded variation of order p is obtained. The results generalize
some previous results of Telyakovskil.

1 Introduction

In the literature, there are many studies related to the trigonometric series, and par-
ticularly the cosine series. We refer to the excellent monograph by R. P. Boas, Jr.

[1].

The first results pertaining to the series

%J +;ak cos kx (1)

considered the case of monotone coeflicients. Later, some authors investigated the
series (1) with quasi-monotone coefficients (an1+1 < an(l + a/n), n > ng, a > 0).

Several papers have been written on the series (1) when the sequence {ai} is a
null-sequence and convex or quasi-convex, i.e. A2a; > 0 or

> (k4 1) A% < oo, (2)

k=1
where A%a, = A (Aay), Nag = ax — g1
Furthermore, when {a;} is a null-sequence of bounded variation, i.e.

oo

Z|Aak| < o0,

k=1

is also considered.
We shall consider the series (1) whose coefficients tend to zero and satisfy any
condition that provides the convergence of the series (1) on (0,7]. Let us denote its
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sum by f(z). If the coefficients aj are quasi-convex, it is well-known that f is an
integrable function on [0, 7] (see for example [2], page 264), and the following estimate
is valid

| 1r@lds < x>k + Djs%a)
0 k=1

In a similar direction, among others, Telyakovskil [2] obtained some estimates of
the integrals of the following form

/Ll
[ @l 1<t<m (EGme) 3)
m/(m+1)
expressed in terms of the coefficients ax, where he used null-sequences of bounded
variation of second order (Y -, |A%ay| < oc), instead of quasi-convex null-sequences.
It is obvious that the condition
> A%a] < oo (4)

k=1

is a weaker condition than the condition (2).
The following definition is introduced in [4]: A sequence {ay} is of bounded variation
of integer order p > 0 if

o0
Z |APay| < oo, (5)
k=1

where APqy, = A (Ap_lak) = AP~ Lla, — AP~ lap 1, and we agree with AYay, = ag.

In [4] an example is given to show that (5) is an effective generalization of the null
sequences of bounded variation. This fact motivates the author to consider the series
(1) with coefficients that satisfy the condition (5).

The main goal of the present note is to use (5), p > 2, instead of (4), to prove some
estimates of the form (3) that shall generalize some results of Telyakovskif in [2].

We write g(u) = O, (h(u)), u — 0, if there exists a positive constant A,, that
depends only on p, such that g(u) < Aph(u) in a neighborhood of the point u = 0.
The constant A, may be, in general, different in different estimates.

2 Main Results

We need the following notations

1
1
Bi(z) = §+cosx+~~~+coskx for k>1,
k
Bl(z) = ZBf_l(a;) for p=2,3,... and k>0,

and inequalities (see [3], page 20):
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(i) Bi(x) >0, w22 —m<z<m

(iii) BY(z) =0 (%), Vp > 1, 0<z<m.

THEOREM 1. If a, — 0 as k — oo and (5) is satisfied, then the series (1) converges
on (0, 7], uniformly on [e, 7], for every € > 0, and for p > 2, 1 < ¢ < m, the sum function
f(x) satisfies

™/t F1— 0 (k4 1)t
[ e = op<m Loty B DT gy

/(m+1) k=0

0, (i min(k +1—¢, m+1—0)(k+ 1)p2|A”ak|> .(6)

k=¢

PROOF. Applying Abel’s transformation p times we get that

n—p
3 +Zakc05kx—ZA”akBp +ZAJa,L JBJJrl ().
k=1 k=0

In view of the hypotheses of our Theorem and B (z) = O (%), 0 < & < m, it is obvious
that the series (1) converges uniformly on [, 7], € > 0, and the following representation
holds

oo
z) =Y APa;BY(z). (7)
k=0
Let 7 be a positive integer and z € (H_—l, 7] Using the equality

i—1 1—1

> APaBY(x) = APapBY N (w) — APl BY | (2),
k=0 k=0

from (7) we have

i—1 o
= Z AP~Ya, BV (@) + Z APay, [BE(z) — BY_,(2)] .
k=0 k=i

Since |BE ! ()] = O, ((k +1)P~!) and

Bi) ~ B0 =0, (7).

xP

we have

i—1

W/i o (k1) : p—2 S P
/Tr |f(2)|dz = O, (ZlAP ak|(i(—;+)1)+(l+1) Z‘A ak> .

/(i+1) = o
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Thus
7/l m i—1 k—l—l m oo
/ @z =0, (33 |ar1a +ZZ (k+ 1)P~%| APay|
™/ (m+1) i=t k=0 i=C k=i
(8)
For the first term in the parentheses of the right-hand side of (8) we have
m i—1
Z |Ap 1 k+1)
i=0 k=0 +1)
m £—1 m
k+1 k+1)
— AP~ 1 ( AP~ 1
S D S S g
=0 k=0 i=0+1 k=¢
-1 1
ST |()
m+1
k=0
m—1 1 1
E+ 1)t APt _
+k§( U “k|<k+1 m+1)
£—1 m 0o
m+1—€ (k+1)p71 1 . _92
< By Bt S GA (9)
k=0 k=t j=k
Finally, the last term in (9) can be written as
SNk rara) = 3D (k+1)7” 2|Apak|+z Z (k4 1)P72| APqy|
i=f k=1 i=f k=1 i=f k=m+1
— Z(k +1—0)(k+ 1)P72|APay|
k=¢
oo
Hm+1-0) > (k+1)P72|APayl. (10)
k=m+1

The proof of theorem follows from (8), (9) and (10).

Now we estimate the integral in (6) only in terms of p-th order difference of the
sequence {ay}.

COROLLARY 1. If the coefficients of the series (1) satisfy conditions of the Theo-
rem 1, then

/L ¢ =
/ f(@)ldz = O, (W S min ((’“ ’ D° kst 1,m) (+ 1>P—2|mak|> ,

7/(m+1) k=0

holds, where 1 < ¢ <m, p > 2.
PROOF. To deduce from (6) the required relation, we use the identity

o0

AP gy = Z(Apai).

i=k
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We have
-1
k+1)P-1
ﬁgj;zlgngxpflak
k=0
-1 00
(k 1 p=l
<y ZW"“‘
k=0
—1 i oo £—1
(k+ ) ]i?-f—l
S5 SLEL VNS 3) it
i=0 k=0 =t k=0
Sty S
< D Iral+ e Y ATy
i—0 =0
=1 . ©
12
< (H—g ) (i + 1772 APas| + £) (i + 1)P 2| Aay]. (11)
i=0 =t

If k < m, then we can estimate the second term in (6) by means of the fact that

kE+1 -/
kel f<he1l—2tt T Lg .
m m
From the above and (11) along with (6) we obtain the required estimate.

The following Corollaries 2 and 3 are immediate from Theorem 1 and Corollary 1,
respectively.

COROLLARY 2. ([2]) If ar — 0 as k — oo and (4) holds, then the series (1)
converges on (0, 7], uniformly on [e, 7], for every € > 0, and for 1 < ¢ < m, f satisfies

/¢ m+1l—0k + 1
[ @i = ( Aa
w/(m+1) k=0

+0 (Z min(k+1—-¢m+1— €)|A2ak|> .

COROLLARY 3. ([2]) If the coefficient sequence of the series (1) tends to zero and
satisfies condition (4), then the following estimate

7/l oo 2
+1-/ . k+1
/ﬂ |f(2)|dz = O <mm§ :mln(( ; ) ,k—i—l,m) |A2ak|> :

/(m+1) b—0

holds, 1 < /¢ <m.
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