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Abstract

Some oscillation criteria are established for second-order neutral impulsive
dynamic equation with or without forcing term.

1 Introduction

In this paper, we are interested in obtaining oscillation criteria for second-order impul-
sive dynamic equations on time scales. We consider the following systems

(z(t) 4+ pr(t — 7))22 + q(t)z(o(t)) =0, t € Jr :=[to, 00)NT, t #tg, k=1,2, ...,

z(th) = ax(ty), =2(t) =ba™(tx), k= 1,2, ..., (1)
and

xAA(t) + q(t)x(a(t)) e(t)7 te JT = [t()a OO) N T» t 7é tk, k= 1727 ceey

o(t)) = apx(te), z°(t)) = bz (), k=1,2, ..., (2)
where T is a unbounded-above time scale, with ¢, € T,0 < tg < t; < t3 < -+ <
b < ooy lim te = o0 and y(ty) = lm y(te +h), y2(6) = lim y= (6 + D),
which represent right limits of y(t), y**(t) at ¢t = t;, in the sense of time scales, and in
addition, if #4 is right scattered, then y(t) = y(tx), y= () = vy (tx). We can define
y(ty ), y>(t; ) similar to the above definitions.

We assume that 0 <p <1, 7> 0, q(t) € Cprqg(T,RT), a >0, b>0, a, >0, b, >
0, e(t) € Cpq(T,R), RT = {z|z > 0}.
DEFINITION 1. A function z is said to be a solution of (1), if it satisfies

((t) + pa(t — 7)22 + q(H)z(o (1) = 0

a.e. on Jr\{tx}, k£ =1,2,..., and for each k = 1,2, ..., = satisfies the impulsive condi-
tions x(t]) = ax(ty), z2(tf) = ba® ().
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34 Oscillation Criteria for Impulsive Dynamic Equations

We can define the solution of (2) similar to Definition 1.

Recently, many results have been obtained on the oscillation and nonoscillation
of dynamic equations on time scales, and we refer the reader to papers [3, 6, 7, §]
and references cited therein. Impulsive dynamic equations on time scales have been
investigated by Agarwal et al. [1], Benchohra et al. [4] and so forth. Benchohra et al.
[4] considered the existence of extremal solutions for a class of second order impulsive
dynamic equations on time scales.

The oscillation of impulsive differential equations and impulsive difference equations
has been investigated by many authors and good results were obtained (see [5, 10] etc.
and the references cited therein). But fewer papers are on the oscillation of impulsive
dynamic equations on time scales.

For example, Huang [9] considered the equation

yAA () + 6y () =0, telp :=[0, c0)NT, t £ty k=1,2,...,

y(th) = ge(y(tr), v () = he(y®(tr)), k=1,2,...,

y(t3) = y(to), y= &) =y (to).

Using Riccati transformation techniques, they obtain sufficient conditions for oscillation
of all solutions.

In the following, we always assume the solutions of (1)(or (2)) exist in Jy. To the
best of our knowledge, the question of the oscillation for second order neutral impulsive
dynamic equations on time scales has not been yet considered.

2 Main Results

We will briefly recall some basic definitions from the time scales calculus that we will
use in the sequel. For more details see [2].
On any time scale T, we define the forward and backward jump operators by

o(t)=inf{s € T,s > t}, p(t) =sup{s € T,s < t},

where inf @ = supT, sup@ = infT, and & denotes the empty set. A nonmaximal
element ¢t € T is called right-dense if o(¢t) = ¢ and right-scattered if o(¢t) > t. A
nonminimal element ¢t € T is said to be left-dense if p(t) = t and left-scattered if
p(t) < t. The graininess p of the time scale T is defined by u(t) = o(t) —t.

A function f : T — R is called rd-continuous provided it is continuous at right-
dense points in T and its left-sided limits exist(finite) at left-dense points in T. The
set of rd-continuous functions f : T — R will be denoted by C,.q(T,R).

LEMMA 1 ([12]). Assume that m € PC*[T,R] and
m?(t) < pt)m(t) + q(t), t € Jp :=[0,00)NT, t #tg, k=1,2,...,

m(th) < dpm(ty) +by, k=1,2,..,



Q. L. Li and L. N. Zhou 35

then for t > tg,

t

m(t) <m(to) [[ drep(t.to)+ Y. ( ] dient.te))bat | [ drep(t.os))als)As,

to<tp<t to<tp <t tp<t;<t to s<tp<t

where PC' = {y : J;T — R which is rd-continuous except at tx, k = 1,2, ..., for which
Yyt ) y(t)), y= (), y= (t) exist with y(t,) = y(te), y= () = y= ()}

We first consider the Equation (1). Let u(t) = x(t) + px(t — 7).

LEMMA 2. Suppose that x(t) > 0, t > T > ¢, is a solution of (1), tg4+1 — tp = 7.

If -
[ L aeeme ®

7o ti<tp<s

holds for some ¢; > T, then uA(tZ) >0, u”(t) > 0 for t € (tg, tgr1]r, Where t5, >
T k=1,2,...
PROOF. From u(t) = z(t) + pz(t — 7), we get

uth) = x(t)) + pr(t) — 1) = au(ty),
u®(th) = 22 () + pr (tf — 1) = bu® ().

) =
We first prove that u®(t;) > 0, t, > T,k = 1,2,... . If not, then there exists a
j € N such that u”(t;) <0, t; > T, u”(t]) = bu(t;) < 0. For t € (tji1, tj4ilr,
1=1,2,..., we get

So u®(tjr1) < u(t]) = bu(t;), u®(tjr2) < u(t]
By induction, we obtain

= bUA(tj+1) < b2uA(tj) < 0.

ut(t) S uB(tf 1) VUl (t) £ (=) <0, t€ (tjrn-1s titnlr:

So

Applying Lemma 1, we obtain for ¢ > ¢;,

t
u(t) < u(tj) H a— 6/ H a H bAs
ty<tp<t b s<ti<t t;<t;<s
t b
= H a u(tj')fﬁ/ H gAs
ti<tp<t Uty <tp<s
We get a contradiction as ¢t — co. Therefore, u”(tx) > 0,k = 1,2,---. From u~*(t) <

0, u(t)) = bu®(tg) > 0, we have u®(t) > 0. The proof of Lemma 2 is complete.
THEOREM 1. Suppose that (3) holds, ty+1 —tx =7, a > 1, and

/too H %q(t)At = 0. (4)

0 to<tp<t
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Then Eq.(1) is oscillatory.
PROOF. Suppose that Eq.(1) has a nonoscillatory solution z, without loss of gen-
erality, we assume that x > 0, t > 7. From Lemma 2, we have

utB(t) 4+ q(t)z(o(t) =0, telr, t#ty, k=1,2,..,

u(th) = au(ty), u(t) = (), k=1,2, .., (5)

and u® () >0, u®(t) >0, t € (tg,thr1)r, tr > T,k =1,2,... . Further we know

WAL () + g(t)(1 — pulo(t) <0, t € Jp, t £ty k=1,2,....

< —qt)Q —p),t €, t £ tr, k=1,2,...,

Applying Lemma 1, we get

t

w) < wie) [ 2-0-n [ T a)as
= ]I zlw(to)—(l—p)/t 11 Zq(S)AS]-

In view of (4), we get a contradiction as ¢ — co. The proof is complete.

Next, we discuss the Eq.(2). For Eq.(2), we assume that there exists a function z(t),
2(t) is 2-times A-differentiable, 222 (t) = e(t), a.e., there exist two constants pi, pa
and two sequences {t;}, {t; }, lim ¢, = lim ¢, = oo such that z(¢;,) = p1 < 2(t) <

1— 00 1— 00
p2 = z(t; ).

If Eq.(2) has an eventually positive solution z(t), let y(t) = z(t) — 2(t) + p1, by
Eq.(2), we have

yAA ) + qty(o() <0, t € Tp, t £ty k=1,2, ...,

y(td) = ary(tr) + ok, y= (1) = bey™ (te) +ex, k=1,2,..., (6)
where ¢, = (ar — 1)(2(tx) — p1), er = (bp — 1)2°(tg).

If Eq.(2) has an eventually negative solution x(t), let y(¢t) = x(t) — 2(¢) + p2, by
Eq.(2), we have

Y22 () +q(t)y(o(t) >0, t € Jr, t#ty, k=1,2,...,

y(tz) = aky(tk) + dkv yA(thr) = bkyA(tk) + ek, k= ]-7 27 ceey (7)
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where dj, = (ap — 1)(2(tx) — p2), ex = (b — 1)z (tg).
LEMMA 3. Suppose x(t) is an eventually positive solution of Eq.(2). If there exists
a constant kg, such that 22 (tx) = 0, k > ko, and

by biby - - by,

H1 t1 —1 —(tg — 1t oo ————(tha1 — tn <e- = 00,
(H1) (ta 0)+a1(2 1) + +a1a2"'an( +1 ) + o)
gyl el el
ay a1a2 aiaz - - - ap

then for Eq.(6), y©(t{) >0, y>(t) > 0, t € (tg, trs1lr, th > T1 > ty,.

The proof is similar to Lemma 2, so we omit it.

LEMMA 4. Suppose z(t) is an eventually positive solution of Eq.(2). If the con-
ditions (H1), (H2) hold, and there exists a ko, such that ax > 1, 2°(tx) = 0, k > ko,
then for Eq.(6), y(t) > 0, t > T1 > tk,.

PROOF. Without loss of generality, we assume that z(t) > 0, t > ¢,.

(I) If there exists a t; > tj, such that y(tj) = a;y(t;) + ¢; > 0, by Lemma 3, we
have y(t) > 0, t € (t;, tj+1]r. So

y(tj+1) > y(t]) =0, y(ti,1) = ajry(tisn) + ¢ = ajry(tjcn).

By induction, there exists a T} > tx,, such that y(¢t) >0, t > T3.

(IT) If all t; > ty, we have y(tj ) =a;y(t;)+c¢; <0, ie, y(t;) = vt ) “ < 0. Since

y(t) is monotonically increasing in t € (¢;, tj+1]’]1‘, y(t) < y(tj+1) < 0 On the other
hand, in (g, tes1l, te > thy, we take a point ¢, then z(t,) = y(t,) + 2(t,) — p1 =
y(t,) < 0, this contradicts (t) > 0.

Summing up the above consideration, we have y(t) > 0, ¢ > T;. The proof is
complete.

For x(t) which is an eventually negative solution of Eq.(2), we have similar results,
we omit them.

THEOREM 2. Suppose (H1) and (H2) hold, and there exists a constant kg such
that ap > 1,2%(tx) = 0, k > ko, and

2 ts tm1
/ ()At+—/ (t)At+~~+M/ qt)At + - = o0,
t b2 b2b3 o 'bm tm

then Eq.(2) is oscillatory.

PROOF. Let z(t) be a nonoscillatory solution of Eq.(2). Without loss of generality,
we assume z(¢) > 0. By Lemma 3 and Lemma 4, we get

y(t) >0, y2(t) > 0, y22(t) <0, t>1T) > ty,.

Let v(t) = y;(g) Then

UA(t) < _Q(t)a tEJT, t#tk, k:]-v?a“'a (8)
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bry® (i) bi

+\
U(tk) - aky(tk)+ck ar (tk)
Integrating (8), we have
12
v(ty) < v(t{f)—/ q(t)At,
t1
t3
o) < o)) - [ o
ta
by ts
< Zo) - [ awat
a9 to
b2 + t2 a9 ta
< 20eh- [ awot-3 [ aws,
2 t1 2 Jit,

Applying induction, for any natural number m,

i) € 2 ()= [ oo [ anar— - [T gwa,

asas - t 2 Jt, bab3 -+ by,

m

Let m — oo, by the conditions of Theorem 2, we get a contradiction. The proof is
complete.
THEOREM 3. If the conditions (H1),(H2) hold, and there exists a constant ko such
that ap > 1, 22(tx) =0, k > ko, and
t
lim

t—o0 t
1t <tp<s

then the Eq.(2) is oscillatory.

PROOF. Let z(t) be a positive solution of Eq.(2), similar to the proof of Theorem
2, we get

By Lemma 1, we get

b
) < H L / q(s)As].
tr<tr<t t1 t1<tk<a

We get a contradiction as ¢ — oco. The proof is complete.
EXAMPLE 1. Consider the system

(z(t) + 1gc(z: —1)22 4+t (o(t) =0, te T=P

1
L t#EF k42, k=0,1,2, ...
2 57 # +37 bt ) )

)

[

1 1
z((k + §)+) = az(k + g), k=0,1,2,..,
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1 1
2k + =)F) = 202 (k + 3 k=012,

3
where a > 1, P%,% = Uk k+ %], trr1 — tr = 1. Tt is easy to show
k=0
oo 2 o0
/ H —aAs> As = 0,
bty <tp<s t
0o a A % 1 A % tZA k+% tk+1 A
LA BAE = YN Z Nt e\
/0 H 2a‘]() /0 2 Jr/1 92 + Jr/k 9k+1 + 0,

0<tp<t
by Theorem 1, we know our system is oscillatory.
EXAMPLE 2. Consider the system

2B8(t) + tx(o(t) = sint, t € T:= [k, kr + ?%], t # km+ g,k =0,1,2, ...,
k=0

2+ T = (14 Dyater + 5), k=0,1,2,...,

2 k 2
1
22 ((kr + g)ﬂ = (1+ D)a’ (b + g), k=0,1,2,....
Here ap = 1+ § > 1. Let 2(t) = —sint Then z24(t) = sint, a.e., 22(kn + §) =

—cos(kr+ 5)=0,p1 = —1,p2 = 1, and

{ 2 kodd
C = 0

k even
Since
b biby -+ by,
(tl,tO)Jril(tQft1)+...+L(tn+lftn)+...:71—+7T+...+7T+...:oo7
al a1ag -+ Qp
el ool el 222
a1 a1a9 a1a9 -y -1-2 2-3 n-(n+1) ’

so the conditions (H1) and (H2) hold. Furthermore,

t2 t3 oo trmt1
/ q(t) Nt + 9/ qt)At+ -+ M/ qt)Nt+ - - -
tl b2 tz b2b3 M bm tm

i i bt 5
= / tQAH_/ tzAt+-~~+/ AL+ = 0.
z lig

o) km

The conditions of Theorem 2 are satisfied. Our system is oscillatory.
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