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Abstract

We study the uniqueness of meromorphic functions concerning nonlinear dif-
ferential polynomials with weighted value sharing method and prove a uniqueness
theorem which improves and generalizes a recent result in [16].

1 Introduction

In this paper, by meromorphic functions we will always mean meromorphic functions
in the complex plane. We adopt the standard notations in the Nevanlinna theory
of meromorphic functions as explained in [6], [14] and [15]. It will be convenient to
let E denote any set of positive real numbers of finite linear measure, not necessarily
the same at each occurrence. For a nonconstant meromorphic function h, we denote
by T(r,h) the Nevanlinna characteristic of h and by S(r,h) any quantity satisfying
S(r,h) =o{T(r,h)}(r — co,r & E).

Let f and g be two nonconstant meromorphic functions. For a € C U {0} we say
that f and g share the value a CM (counting multiplicities) if f —a and g — a have the
same zeros with the same multiplicities and we say that f and g share the value a IM
(ignoring multiplicities) if we do not consider the multiplicities.

Throughout this paper, we need the following definition.

O(a, f) = 1 — limsup W

where a is a value in the extended complex plane.

In 1959, W.K. Hayman proved that if f is a transcendental meromorphic function
and n(> 3) is a positive integer, then f™f’ = 1 has infinitely many solutions (see [5,
Corollary of Theorem 9]). Corresponding to which, the following result was obtained
by Fang and Hua [3] and by Yang and Hua [13] respectively.

THEOREM A. Let f(z) and g(z) be two nonconstant entire functions, n > 6 be a
positive integer. If /™ f’ and g"g’ share 1 CM, then either f(z) = c1e*, g(z) = cae™,
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24 Uniqueness and Weighted Value Sharing of Meromorphic Functions

where c1, ¢y and c are three constants satisfying (cic2)"tte? = —1 or f(2) = tg(z) for
a constant ¢ such that ¢"*! = 1.

Fang [4] considered about the k-th derivative instead of the first derivative and
proved the following theorems.

THEOREM B. Let f(z) and g(z) be two nonconstant entire functions, and let n,
k be two positive integers with n > 2k + 4. If [f?]®) and [¢"]*®) share 1 CM, then
either f(z) = c1e%*, g(z) = coe™“*, where ¢1, ¢o and ¢ are three constants satisfying
(—=1)*(crca)™(nc)?* =1 or f(z) = tg(z) for a constant ¢ such that " = 1.

THEOREM C. Let f(z) and g(z) be two nonconstant entire functions, and let n,
k be two positive integers with n > 2k + 8. If [f*(f — 1)]®) and [¢"(g — 1)]*®) share 1
CM, then f(z) = g(2).

Recently Bhoosnurmath and Dyavanal [2] also considered the uniqueness of mero-
morphic functions corresponding to the k-th derivative of a linear polynomial expres-
sion. They proved the following theorem.

THEOREM D. Let f(z) and g(z) be two nonconstant meromorphic functions, and
let n, k be two positive integers with n > 3k 4 8. If [f™(2)]**) and [¢"(2)]®) share 1
CM, then either f(z) = c1€, g(z) = cae™ %, where ¢1, ¢3 and ¢ are three constants
satisfying (—1)¥(cic2)™(ne)?* =1 or f(z) = tg(z) for a constant ¢ such that t"* = 1.

Naturally, one may ask the following question: Is it possible in any way to relax
the nature of sharing the value 1 in the above results?

It is worth mentioning that in the above area some investigations has already been
carried out by Zhang and Lu [16]. To state the result we require the following definition
known as weighted sharing of values introduced by Lahiri [8, 9] which measure how
close a shared value is to being shared CM or to being shared IM.

DEFINITION 1. Let k be a nonnegative integer or infinity. For a € C U {oo} we
denote by Fy(a; f) the set of all a-points of f where an a-point of multiplicity m is
counted m times if m < k and k + 1 times if m > k. If Eyx(a; f) = Ex(a;g), we say
that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then 2y is an a-
point of f with multiplicity m(< k) if and only if it is an a-point of g with multiplicity
m(< k) and zp is an a-point of f with multiplicity m(> k) if and only if it is an a-point
of g with multiplicity n(> k), where m is not necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k. Clearly
if f, g share (a, k) then f, g share (a, p) for any integer p, 0 < p < k. Also we note that
f, g share a value a IM or CM if and only if f, g share (a,0) and (a, 00) respectively.

Zhang and Lu [16] proved the following theorem.

THEOREM E. Let f(z) and g(z) be two nonconstant transcendental meromorphic
functions, and let n(> 1), k(> 1), I(> 0) be three integers. Suppose that [f"]*) and
[9"]*) share (1,1), if I >2andn > 3k +8orifl =1 andn > 5k + 11 or if I = 0
and n > 9k + 14, then either f(2) = c1e%, g(z) = cae™ %, where ¢1, ¢ and c¢ are three
constants satisfying (—1)*(cic2)"(nc)?* =1 or f(z) = tg(z) for a constant ¢ such that
t"h =1.

Regarding Theorem E, it is natural to ask the following questions.
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QUESTION 1. What can be said about the relation between two nonconstant
meromorphic functions f and g, if {f*(f™ —a)}*® and {g"(¢™ — a)}*) share (b,1) for
a nonzero constant b?

QUESTION 2. What can be said about the relation between two nonconstant
meromorphic functions f and g, if {f*(f —1)™}*) and {g"(g —1)™}*) share (b,1) for
a nonzero constant b?

Recently Liu [11] proved the following theorem relating with Question 1.

THEOREM F. Let f(z) and g(z) be two nonconstant meromorphic functions, and
let n, m and k be three positive integers, and A, u be two constants such that |\|+|u| #
0. If [f™(uf™ + N)]® and [¢"(ug™ + \)]*) share (1,1), and one of the following
conditions holds: (a) [ > 2 and n > 3m** 4+ 3k +8; (b) [ =1 and n > 4m** + 5k 4 10;
(¢) I =0 and n > 6m** + 9k + 14. Then

(i) when Ay # 0, if m > 2 and 6(o0, f) > miw then f(z) = g(2); if m = 1 and
O(o0, f) > 3=, then f(2) = g(z); and

n+l’
(ii) when Ap = 0, if f(2) # oo and g(z) # oo, then either f(z) = tg(z), where
t is a constant satisfying t"t™ = 1, or f(z) = c1e%, g(z) = coe” %, where ¢y,
¢z and ¢ are three constants satisfying (—1)*A?(cic2)"™™ [(n + m*™)]?* = 1 or

*

(71)ku2(6102)n+m* [(n+ m**)c]Qk =1, where m*™* = XM,
[0 ifu=0
Xe =1 1 ifpo0.
In this paper, we will prove the following theorem which not only provide a supple-

mentary result of Theorem D, also improve and generalize Theorem E. Moreover, our
theorem deal with Question 2 also.

THEOREM 1. Let f(z) and g(z) be two transcendental meromorphic functions,
and let n(> 1), k(> 1), m(> 0) and I(> 0) be four integers. Let [f™(f — 1)™]®*) and
[9" (g — 1)™]*) share (b,1) for a nonzero constant b. Then

(i) when m =0, if f(2) # 00, g(2) #ococand l > 2, n >3k+8orl=1,n>5k+10
or I =0, n > 9k + 14, then either f(z) = c1e, g(z) = coe™*, where ¢1, c2 and ¢
are three constants satisfying (—1)¥(cic2)™(nc)?* = b? or f(z) = tg(z) for a constant ¢
such that t" = 1;

(ii) when m = 1 and ©(o0, f) > 2, then either [f"(f — 1)™]®)[g"(g — 1)™]*) = p?
or f(z) = g(z) provided one of I > 2, n >3k+1lorl =1, n>5k+ 14 or l = 0,
n > 9k 4 20 holds; and

(iii) when m > 2 and { > 2, n>3k+m+10orl=1,n>5k+2m+ 12 or | = 0,
n > 9k + 4m + 16, then either [f*(f — 1)™]®[¢g"(g — 1)™]*) = b? or f(z) = g(2) or
f(2) and g(z) satisfy the algebraic equation R(f,g) = 0, where

R(z,y)=2"(x - 1)" —y"(y — )™

REMARK 1. The possibility [f"(f —1)"]®[g"(g—1)"]*) = b? of Theorem 1 does
not arise for k = 1.

REMARK 2. Obviously Theorem 1 is an improvement of Theorem E for m = 0
and [ = 1.



26 Uniqueness and Weighted Value Sharing of Meromorphic Functions

Though the standard definitions and notations of the value distribution theory are
available in [6], we explain some definitions and notations which are used in the paper.

DEFINITION 2. [7] Let p be a positive integer and b € C U {oco}. Then by
N(r,b; f |< p) we denote the counting function of those b-points of f (counted with
multiplicities) whose multiplicities are not greater than p. By N(r,b; f |< p) we denote
the corresponding reduced counting function.

In an analogous manner we define N (r,b; f |> p) and N(r,b; f |> p).

DEFINITION 3. [10] Let & be a positive integer or infinity. We denote by N(r, b; f)
the counting function of b-points of f, where an b-point of multiplicity m is counted m
times if m < k and k times if m > k. That is

Ni(r,b; f) = N(r,b; f) + N(r,b; f |>2) + ... + N(r,b; f |> k).

DEFINITION 4. For b € CU {o0} we put

Op(b, f)=1-— limﬂsup W

2 Lemmas

In this section we present some lemmas which will be needed to prove the theorems.

LEMMA 1. [12] Let f(z) be a nonconstant meromorphic function and P(f) =
ao+ a1 f +asf?+ ... + an f", where ag, a1, as, ... ,a, are constants and a, # 0. Then

T(r,P(f)) =nT(r,f) +5(r f).

LEMMA 2. [11] Let f(z) and g(z) be two nonconstant meromorphic functions,
k(> 1), I(> 0) be integers. Suppose that f(*) and ¢(*) share (1,1). If one of the
following conditions holds, then either f)(2)g®)(2) =1 or f(z) = g(2).

(i) I > 2 and Ay = 20(o0, f) + (k +2)O(c0, g) + 6(0, f) + ©(0,9) + dr4+1(0, ) +
or+1(0,9) > k+T;

(i) I = 1and Ay = (k+3)O(00, f)+(k+2)O (00, 9)+06(0, f)+0(0, 9)+20,+1(0, f)+
0k+1(0,9) > 2k +9;

(iii) I = 0 and Az = (2k + 4)0(o0, f) + (2k + 3)O(oc0,g) + O(0, f) + ©(0,9) +
35k+1(07 f) + 26k+1(079) > 4k + 13.

LEMMA 3. Let f and g be two nonconstant meromorphic functions and n(> 1),
m(>1), k(> 1) be three integers. Then

[ = D™ B g™ (g — 1)™)®) #£ b2,

for k=1 and n > m+ 3.
PROOF. If possible, let

L (f = )™Bg"(g — 1) ™ =02,
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for kK = 1. That is,
=0 ef —d)f'g" g — D)™ Heg — d)g' =07,

where ¢ = n+m and d = n. Let zg be a 1-point of f with multiplicity p(> 1), and a
pole of g with multiplicity ¢(> 1) such that

mp—1=(n+m)q+1,

ie.,
mp=Mn+m)g+2>n+m+2,
ie.,
p> n+m+2'
m

Let 21 be a zero of ¢f — d with multiplicity p;(> 1), and a pole of g with multiplicity
g1(> 1) such that
2p—1=(n+m)q+1,
ie.,
n+m+2
—
Let z5 be a zero of f with multiplicity p2(> 1), and a pole of g with multiplicity g2 (> 1).
Then

p1 2>

nps — 1= (n+mgs + 1. (1)

From (1) we get
maqe +2 = n(p2 — q2) > n,

ie.,
n—2
q2 >
m
Thus from (1) we get
n+m)(n—2
np2 = (n+m)g +2> %JJ,

ie.,

n+m-—2
—

D2 2
Since a pole of f is either a zero of g(g — 1)(cg — d) or a zero of ¢’, we have

Nroof) < N05g)+ N 1ig) + 7 (n. 539 )+ For039) + 50.) + (10

IN

m+ 2 m
+
n+m+2 n+m-—2

) T(r,g) + No(r,0:') + S(r. f) + S(r. g).

where N(r,0;¢’) denotes the reduced counting function of those zeros of g’ which are
not the zeros of g(g — 1)(cg — d).
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Then by the second fundamental theorem of Nevanlinna we get

27°(r, f)

IN

N 07) 4 N 3:0)+ 8 (7555 ) 4 N 000 1) = N, 057) 4 500,)

m+ 2 m . )
<n+m+2+n+m_2) {T(T7f)+T(T7g)}7NO(TaO;f)+

No(r,0;9") + S(r, f) + S(r. 9). (2)

Similarly we get

) < (g g ) (100 + T} + ol 0: )

_NO(T7O79/)+S(T7f)+s(rag) (3)
Adding (2) and (3) we obtain
<1 m+ 2 m

) (TR + T} £ 56 1) 4 S(00),

which is a contradiction for n > m + 3. This proves the lemma.

LEMMA 4. [1] Let f, g be two nonconstant meromorphic functions and let, k > 1
and n > 3k + 8 be two integers. If [f*]*)[g"]*) = b2, where b(# 0), be a constant,

then f(z) = c1e%®, g(z) = coe™ %, where c¢1, ¢p and ¢ are three constants satisfying
(—1)F(crca)™(ne)? = b2,

3 Proof of Theorem 1

We consider F(z) = % and G(z) = M. Using Lemma 1, we get

— M e=nm
O(co, F) 1-1i N oo F) _y g N(T’OO’ ’ )
00, = 1-—limsup ———-—~2=1-limsu
T_,Oop T(T, F) 7’—>oop (m—i—n)T(T, f)
) T(r, f) n+m—1
> 1-1 > . 4
= lrnfgop (m4+n)T(r,f) = m+n (4)
Similarly
n+m-—1
e G)> ———. 5
(o0, G) 2 6
— N ="
, N(r,0; F) , N (r,o, f)
00,F) = 1-lmsup————=1-1
©.F) P T ) P T T )
i 14+m"T(r,f) . n+m—1—m*
> 1-1 > 7 6
- irggop (m+n)T(r,f) — m+n (6)
where

« _J 0 ifm=0
™EY1 ifm> 1
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Similarly
1
0(0,G) > ntm—1-m (7)
n+m
N 7. 0: frU=-nm
. Nig1(r, 0; F) . b+l ( b
é 0,F) = 1-limsup————"—-"—>=1-lims
+1(0,F) M T F) S T )
) k+m+DT(r,f) _n—k-1
> 1-1 > . 8
= inﬁgop (m+n)T(r, f) — m+n (8)
Similarly
n—k—1
) 0,G)> ———. 9
k+1(0,G) > - 9)

Since F*) and G*) share (1,1), we discuss the following three cases:
Case 1. Let I > 2. From (4)-(9) we obtain

-1 —1—-m* —k—-1
A, = (k+4)n+m +2n—|—m m 2n
m-4+n m-+n m++n
1
= —[(k+4 -1 2 —1-m* 2(n—k—1)].
e k)t m = 1) 4 2t m — 1= m) + 2(n )

It is easily verified that A; > k + 7 provided n > 3k +m + 2m* + 8. Since

3k + 8 ifm=20
3k+m+2m*+8=< 3k+11 ifm=1
3k+m+10 ifm> 2,

by (i) of Lemma 2 we obtain either F®)G®*) =1 or F =G.
Case 2. Let [ = 1. Then from (4)-(9) we obtain

-1 —1-m" k-1
Ay = (2k+5)n+m Jr2n+m m n
m+n m+n m+n
1
= [(2k+5)(n+m—1)+2(n+m—-1—-—m")+3(n—k—1)].

m—+n
It is easily verified that Ay > 2k + 9 provided n > 5k + 2m + 2m* + 10. Since

5k 410 ifm=0
5k 4+ 2m +2m* +10 ={ 5k+ 14 if m=1
5k+2m+12 ifm> 2,

by (ii) of Lemma 2 we obtain either F®)G(*) =1 or F = G.
Case 3. Let [ = 0. Then as Case 1 and Case 2, it is easy to verify that Az > 4k+13
when n > 9k + 4m + 2m™ + 14. Since

9k + 14 ifm=0
9k +4m +2m* + 14 = 9k + 20 fm=1
9k +4m + 16 if m > 2,
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by (iii) of Lemma 2 we obtain either F*)G*) =1 or F = G.
We suppose that F*)G*) = 1. That is

L (f = 1) P g™ (g — 1)™H) = b2, (10)

Let m = 0. Since f(z) # oo and g(z) # oo, by (10) and Lemma 4 we obtain f(z) =
c1e%, g(z) = coe™%% where c1, ¢ and c are three constants satisfying (—1)*(cic2)™(nc)?* =
b2. Again by Lemma 3,

(= D™ ®g" (g = ™M™ £ 0,
for k =1 and m > 1. Next we suppose that
F=aG.

- - =g - )™, (11)

Now we consider the following three subcases.

Subcase (i). Let m = 0. Then from (11) we get f = tg for a constant ¢ such that
t" = 1.

Subcase (ii). Let m = 1. Then from (11) we obtain

ff-0)=g"(g-1. (12)

Suppose f # g. Let h = 5 be a constant. Then from (12) it follows that h # 1,

h" #1, it £ 1 and g = 11_717h+1: constant, a contradiction. So we suppose that h

is not a constant. Since f # g, we have h # 1. From (12) we obtain g = 117717211 and

f= (%) h. Hence it follows that

T(r,f) =nT(r,h)+ S(r, f).
Again by second fundamental theorem of Nevanlinna, we have

N(r,00; f) = > N(r,a;;h) > (n = 2)T(r,h) + S(r, f),
j=1

where a; (# 1) (j = 1,2,...,n) are distinct roots of the equation h"™ = 1. So we
obtain

. N(r,o0; f) _ 2
—1-1 nheeis) o 2
O(o0, f) msup T S
which contradicts the assumption ©(oo; f) > % Thus f = g.
Subcase (iii). Let m > 2. Then from (11) we obtain

P e (=1) M f T e (= 1)) = g e (< 1) m—igmi+"'+((1))m]-
13
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Let h = 5. If h is a constant, then substituting f = gh in (13) we obtain
gn+m(hn+m _ 1) NN (_1)2 m m,ignerii(thrmii _ 1) NN (_1)mgn(hn o 1) _ 07

which imply A = 1. Hence f = g.
If h is not a constant, then from (13) we can say that f and g satisfy the algebraic
equation R(f,g) = 0, where

R(z,y) =2"(x - 1)" —y"(y - 1™

This completes the proof of the theorem.
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