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Abstract

In this paper, by using Ahlfors’ theory of covering surfaces, we prove that for
quasi-meromorphic mapping f satisfying limsup,._, (ql;gr’rf)z = 400, there exists
at least one Nevanlinna direction dealing with multiple values.

1 Introduction

In 1997, the value distribution theory of meromorphic functions due to R. Nevanlinna
(see [3,7] for standard references) was extended to the corresponding theory of quasi-
meromorphic mappings by Sun and Yang [1,6]. The singular direction for f(z) is one
of the main objects studied in the theory of value distribution of quasi-meromorphic
mappings. In [6], Sun and Yang obtained an existence theorem of the Borel direction by
the filling disc theorem of quasi-meromorphic mappings. Later, several types of singular
directions have been introduced in the literature. In 1999, Chen and Sun[l] defined
Nevanlinna directions of quasi-meromorphic mappings on the complex plane and proved
that there exists at least one Nevanlinna direction for quasi-meromorphic mappings of
infinite order and it is also one Borel direction with respect to the type function.
In 2004, Liu and Yang [4] studied the connections between the Julia direction and
the Nevanlinna direction of quasi-meromorphic mappings by applying a fundamental
inequality of an angular domain of quasi-meromorphic mappings.

In 2006, Li and Gu [5] proved that for a quasi-meromorphic mapping f satisfying
(i(gﬂ;)z = 400, there exists at least one Nevanlinna direction. However,
it was not discussed whether there exists one Nevanlinna direction dealing with its
multiple values. In this paper we investigate this problem. In the following, some
definitions and notations are given, which can be found in [6].

DEFINITION 1. Let f be a complex and continuous functions in a region D. If
for any rectangle R = {z + iy;a < z < b,c <y < d} in D, f(x + iy) is an absolutely
continuous function of y for almost every x € (a,b), and f(x + iy) is an absolutely
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continuous function of x for almost every y € (¢,d), then f is said to be absolutely
continuous on lines in the region D. We also call that f is ACL in D.

DEFINITION 2. Let f be a homemorphism from D to D’. If (i) f is ACL in D,
and (ii) there exists K > 1 such that f(z) = u(x,y) + iv(z,y) satisfies |f.| + |fz] <
K(|f:| = |fz]) a. e. in D, then f is called an univalent K-quasiconformal mapping in
D. If D' is a region on Riemann sphere V', then f is named an univalent K-quasi-
meromorphic mapping in D.

DEFINITION 3. (see [6]) Let f be a complex and continuous function in the region

D. For every point zg in D, if there is a neighborhood U(C D) and a positive integer
n depending on zg, such that

L ue J(z0) = oo,
) { () - FGea))t + F(0), f(z0) # oo

is an univalent K-quasi-meromorphic mapping, then f is named n-valent K-quasi-
merom-orphic mapping at point zg. If f is n-valent K-quasi-meromorphic at every
point of D, then f is called a K-quasi-meromorphic mapping in D.

Let V be the Riemann sphere whose diameter is 1. For any complex number a and
any positive real number r, let n(r, a) be the number of zero points of f(z) — a in disc
|z| < 7, counted according to their multiplicities, 7 (r, a) be the number of distinct
zeros of f(z) — a with multiplicity < [ in disc |z| < r. Let F; be the covering surface
f(2) = u(z,y) + iv(x,y) on sphere V and S(r, f) be the average covering times of F.

to V,
27 2 2
|12 = 1f21° Ile
rdpdr,
IVI // A+[f2)2

where |F,| and |V are the areas of F,. and V respectively,

S(r, f) =

N(r,a):/ wdt—kn(&a}logr,
0

_ T a) (. a) — ab (0
Nl)(r,a):/ no(ta) tn ( ’a)dt—l—ﬁl)((),a)logr.
0

Let Q(p1,92) ={z€C: ¢ <argz < p2}(0 < 1 < @2 < 27), we denote

F P2 " 2 - 2
S(r,on, 00: ) = ||V|| / / |/ |f||f| rdodr,
©1

" S(r 1, 2
T(Ta</)15¢2;f):/ Mdra

0 T

when ¢ = 0, o = 27, we note S(r,0, 2m; f) = S(r, f),T(r,0,27; f) = T(r, f).
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For any complex number a, let n(r, p1,p2;a) be the number of zero points of
f(2) — a in sector Q(p1,92) N{z : |z] < r}, counted according to their multiplici-
ties, 79 (7, 1, p2; a) the number of distinct zeros of f(z) — a with multiplicity < I in
sector Q(p1, ) N{z:|z| < r}. We define

r t . _ 0 .
N(T,wl,wz;a):/ nt: o1 eia) — nl ’%’%a)dt+n(0,<p1,<p2;a)10gr,

0 t

dt + a1 (0, @1, pa; a) logr.

_ r —l) t . _ —l) O .
Nl)(r,¢1,¢2;al):/ n ( a<p15</727a’) n ( 5<p15</727a’)
0 t
Next we give the definitions concerning the Nevanlinna direction of quasi-meromorphic
mappings dealing with multiple values.

DEFINITION 4. Let f be a K-quasi-meromorphic mapping and /(> 3) be a positive
integer. Then we call ©(a, ¢g) the deficiency of the value a in the direction A(gg):
argz = g, 0 < g < 2. We call a the deficiency value of f in the direction A(yg) if
0" (a, o) > 0, where

D _ )
0" (a, o) = 1 — lim sup lim sup (r, 0 — & o+ &) )
et 1o (10 —&,00 + &5 f)

DEFINITION 5. We call A(yg) : arg z = ¢p the Nevanlinna direction of f dealing

with multiple values if
2(1+1
> 00 < 2

a€CU{oo}

holds for any finitely many deficient value a, where {(> 3) is a positive integer.

In this paper, we will prove the following theorem which improves the corresponding
result in [5].

THEOREM 1. Let f be the K-quasi-meromorphic mapping and /(> 3) be a positive
integer. If
T(r, f)

lim sup = 400,

r—oo  (logr)?

then there exists at least one Nevanlinna direction dealing with multiple values.

2 Some Lemmas

Let F be a finite covering surface of F1, F' is bounded by a finite number of analytic
closed Jordan curves, its boundary is denoted by F. We call the part of OF, which
lies the interior of F}, the relative boundary of F', and denote its length by L. Let D
be a domain of F}, its boundary consists of finite number of points or analytic closed
Jordan curves, and F(D) be the part of F', which lies above D. We denote the area of
F,Fy, F(D) and D by |F|, |Fil, |F(D)| and |D|, respectively. We call

in
|F1|

_ [E(D)]

S S(D) = =5
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the mean covering numbering of F relative to F1, D, respectively.

LEMMA 1. (See [2, Lemma 4]) Let F be a simply connected finite covering surfaces
on the unit sphere V, D;(j = 1,2,...,¢) be ¢(> 3) disjoint disks with radius 6(> 0),
and n? be the number of simply connected islands in F'(D;), which consist of not more
than [ sheets, then
C

q ) 2
E l
Ulny>(q_‘3_7)s’__gl,

where C' = 960 + 27q and [ > 3 is a positive integer.

LEMMA 2. (See [5, Lemma 2.2] Let f(z) be a K-quasi-meromorphic mapping
on the angular domain Q(¢g — 6,90 + 6), ai,...,aq(¢ < 3) are distinct points on
the unit sphere V and the spherical distance of any two points is no small than v €
(0,3). Let Fy = V \ {ar,a2,...,aq}, D = Qr,p0 — ¢,00 +¢) N {z : |z| > 1} \
{f~YHar), fY(a2),...,fY(a1)} and D, = DN {z:|z| <r}(r > 1), F.= f(D,) C V.
Then for any positive number ¢ satisfying 0 < ¢ < §, we have

1
LOf(D,) < V2K~ [d<51<“°°**°v“°°+*“f21;5“’”“"’“”“*“’i”’} " (logr)? (1)
+v 2K5T,[L§(T, Yo — 55 ®o + 5) + v 2K5/L5(1, Yo — 55 ®o + 5)5

where F) is the covering surface of Fy and L(9f(D,)) is the length of the relative
boundary of F;. relative to Fy, and

u(r, 0o — 8, ¢ +5)—/WMMM¢
RS s (L4 [f(reie2)2

LEMMA 3. Let f(z) be a K-quasi-meromorphic mapping on the angular domain
Qpo — 0,00 + 0), a1,...,aq(q < 3) are distinct points on the unit sphere V' and the
spherical distance of any two points is no small than v € (0, 1). Then

(q_Z—%)S(T,<PO_<Pa<PO+<P’f) 2 _6_2
< Xl (r 0 — 0,00 + 0505) + (5 T oy logr
e =2 = 1S 9o — .00+ 93 ) ’

+207735%K5T5,u5(7", w0 — 0,0 +0)
+20y 363 K3 3 (1,00 — 6, 0 + )

-

and )

(q=2-7)T(rpo—ppoteif)

Y1 NO(r 00 = 8,00 + 0505) + (25 075 oy (log 7)?

+(g—2-3)T(1, 00— @, 0 + ¢; f) (3)
+(g—2=7)S(1, 00 — @, 00 + 5 f) logr

+2Cy 7387 K7z (1,00 — 6, 0 + 8) log 7 4+ A(r, 9o — 0, o + 0)

for any ¢,0 < ¢ < ¢, where C is a constant depending only on {a1, as, ..., aq}. A(r, po—
0,0 +0) = 20703 KCE [[(Mrespeettl) vy,

IN

AT, 0 — 6, 0o +0) < 20736372 K2 (T(r, 0o — 6, 9o + 6; f)) 2 log T(r, 0o — 6, o + 6; f)
(4)
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outside a set Ejs of r at most, where Fs consists of a series of intervals and satisfies
S, (rlogr)~tdr < +o0.
PROOF. Under the condition of Lemma 3 and Lemma 2, we have

S(Dr) = 5(r, 00 — .00 + 95 f) = S(1, 00 — @, 00 + 93 f). ()
Using Lemma 1, we easily obtain
(@=2=PIS(r. 00 — @, 00 + 5 f) = S(L, 00 — @, 0 + ¢ f)] (©)
where C' is a constant depending only on {a1, as, ..., aq}.
Taking (1) into (6), we have

(g—2—2)[S(r, 00—, 00 + ¢ f) — S(1, 90 — ¥y %0 + 4 f)]
=30 1Y (r, 00 — 6,0 + 03a) — Oy V2K brp2 (1,00 — 6, 00 + )

~Cy V2Kt (1,00 — 8,0 + 0) (7)
1
< C”y*g\/ﬁﬂ |:d(S(T#Po79979004“,0;]‘21;5(17@0*@7@0+<P§f)) 2 (10gr)%.
We denote

Alr,o) = (¢—2—32)[S(r,p0 — 0,00 + @5 f) — S(1, 0 — .90+ ¢; f)]
=30 1Y (r 00 — 8,0 + 03a5) — Cy V2K 8rp2 (r, 00 — 6, ¢o + )
—Cy3V2ESpE (1,00 — 0, 00 + ).

(8)
By (7) and (8), we have
A(r, ) < Cy3V2EKn d(S(r, 00 — ¢, ¢0 + ¢ f)d; S(1,00 — 0,00+ ¢; )] 2 logr)?
9)

From (8) we verify that A(r, ¢) is an increasing function of ¢. Thus, there exists
do > 0, such that A(r,¢) <0 for 0 < ¢ < §p and A(r, ¢) > 0 for ¢ > d.

We shall take the two cases in the following into consideration:

Case 1. For ¢ > dy, by (9) we have

2 d(S(r, 0 — @, 00 + ;5 f) = S(1, 00 — @, 00 + ¢; f))
de

[A(r, 0)]? < 20%y S K7 log .

(10)
By (8) we have

dA(r,¢) _ (q_2_ 2) d(S(r, 00 — ¢, 00 + ¢ f) = S, 0o — 00 + ¥ f))

dy l dy

(11)

From (10) and (11) we have

202y SKn?logr dA(r, o)
A 2< . ’
Aol < = T S

3
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i.e.
dp < 202y S Kn2logr dA(r, @)

T og-2-1% [A(r, ¢)]*
Integrating two sides of the inequality leads to

) 2,—6 2 4 2,,—6 2
2C Kr=logr dA(r, 2C Kr=logr 1
(] q_Z_T [} [ (ﬁ%’)] q_Z_T ‘1(Ta</))

Thus
202y~ S Kn?logr

qg—2-2)(6—¢)

Case 2. Because A(r, ¢) < 0 when 0 < ¢ < §y, the above inequality also holds.
By Cases 1 and Case 2, we can easily get

A(r, @) < ( (12)

202y~ S Kn?logr
(1-2-7)(0—¢)

for any ¢,0 < ¢ < §. Combining with the definition of A(r, ), we can easily get (2).
By dividing r and then integrating from 1 to r on two sides of (2) we get

A(r,p) <

(q—2—=2)T(r, 00 — ¢, 00 + ¢; f)

— 2 7671_2
i NO (0o = 8,00 +0505) + (257 7752 o5 (log )

+(q—2—-2)T(1,00 — o, 00 + ¢; f)
+(g =2 $)S(1, 00 = ¢, 00 + 5 f) logr
+2077362 K2 pu2 (1,00 — 8,00 + 6) logr

F20y 353 K3 [] [0 00 td) )5 gy

IN

(13)

From the definitions of S(r, p1, w2; f), u(r, o — J, 00 + ) and \(r, pg — 6, o + 0), and
Schwarz’s inequality we get

<40%y 85K flr w(r, oo — 8,0 + 6)dr flr r~dr
<4C*y 516K logr [| dS(r,¢0 — 6,00 + 0; f)
<A4C?*ySxSKS(r, 00 — 8,00 + &; f) logr

= 4C2~y*67r5K—dT(T’“’“;i’“’“H;f) rlogr.

1 2
(A(r, 00 — 8,00+ 6))2 = 4C%y 86K [ff (trgosteott) ) ¥ g

(14)

Choosing rg, rg > 0 such that T(rg, oo — J, 00 + 0; f) > 1, and setting Es = {ro < r <
00 1 (A(r, 0 — 6,90 +6))* > 4C%*y O md KT (r, 0o — 3,00 + 05 f)(log T(r, po — &, o +
8; f))?}, we have

dr < f dT (r,00—0,p0+0;f)
Es rlogr — JEs T(r,p0—08,00+9;f)(log T(r,00—0,0+0;f))? (15)
< [log T'(ro, o — 0,00 + 65 f)] 1 < +o0.

Then when r > rg and r € Es, (4) holds.
Thus, we complete the proof of Lemma 3.
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3 Proof of Theorem 1

By hypothesis of Theorem 1, there exists an increasing sequence r,(r, — 400, as
n — 00) such that

T(Tna f)
lim ———=% = .
oo (logry,)? oo
By the finite covering theorem at [0, 27|, we know that there exists some g such that
©o € [0, 27] and
Jim sup T(rn, 0 — ¢, 0 + @3 f)
n—oo T(TTU f)

for arbitrary ¢,0 < ¢ < ¢o. Hence, we claim that the direction A(pp) : argz = g is
the Nevanlinna direction in Theorem 1.

Otherwise, for an arbitrary positive number ¢y > 0, there exists some complex
numbers {a;}(j =1,2,...,¢)(g > 3) such that the following inequality holds:

>0 (16)

b

I14+14

q
@l) (CLj, (/70) > 2 4 2¢.
Jj=1

From Definition 4, we have

lim sup lim sup

¢—+0 r—+oo i

—I
zq:N)(T,wo—wpow;aj)<q_2(l+1)_2(l+1)so
= T(r,e0 = @00 + 43 f) ! !

Therefore, there exists some ¢’ such that ¢’ > 0 and the following inequality holds:
4 4 g y

(17)

lim sup
r—4oo

!
zq:N)(T,wo—%woJr%aj) - 2(14+1)  2(1+1)eo
= T(reo—¢.p0+ 0 f) ! !

for an arbitrary ¢,0 < ¢ < ¢'.
For any ¢,0 < ¢ < ¢', we define an increasing function as follows:

. T(rn, eo — @, %0 + ¢ f)
T(p) = hszrup T ) .

From (16) we deduce T'(¢) > 0. So we have 0 < T'(¢) < 1. By the increasing of T'(y) in
the interval [0, ¢'] and the continuous theorem for monotonous functions, we see that
all discontinuous points of T'(¢) constitute a countable set at most. Then, by Lemma
3, we can get

2 a
(@ =2 = 7)T(rn, 00 = @, 00 + 93 f) < > N (rn, 00 — 6,00 + 85 a;) + O(log )
j=1

+O((T(rny 00 — 0,00 + 8 [)) F1og T (7, 0 — 6,90 + 65 f)) (18)
for 0 <o <d < ¢ and r, &€ Fs.
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From (17), (18) and the definition of T'(¢) we can obtain

A

From (16) we get
T(p) — T(0), o — 0. (20)

Combining (20) with (19), we can obtain T'(§) = 0. This contradicts T(§) > 0. The
proof is complete.
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