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Abstract

In this paper, we study the problem of uniqueness of an entire function sharing
a small entire function with its derivative. The results in this paper improve a
result given by Briick in 1996, and improve a result given by L. Z. Yang in 1999.

1 Introduction

In this paper, by meromorphic functions we will always mean meromorphic functions
in the complex plane, We adopt the standard notations in the Nevanlinna theory of
meromorphic functions as explained in [3]. It will be convenient to let E denote any
set of positive real numbers of finite linear measure, not necessarily the same at each
occurrence. For any nonconstant meromorphic function h(z), we denote by S(r, h)
any quantity satisfying S(r, f) = o(T(r, f)) (r — oco,r ¢ E). Let f and g be two
nonconstant meromorphic functions and let a be a finite complex number. We say
that f and g share a CM, provided that f —a and g — a have the same zeros with the
same multiplicities. Similarly, we say that f and g share a IM, provided that f —a
and g — a have the same zeros ignoring multiplicities. In addition, we say that f and
g share co CM, if 1/f and 1/g share 0 CM, and we say that f and g share oo IM, if
1/f and 1/g share 0 IM. Let a(z) be a meromorphic function in the complex plane, if
T(r,a) = S(r, f), then a(z) is called a small function of f(z). In this paper, we also
need the following three definitions.

DEFINITION 1.1. Let f be a nonconstant entire function, the order of f is defined
by

o(f) = limsup logT'(r, f) = lim sup loglog M(r, f) ,
r—00 10gT r—o00 10gT

where, and in the sequel, M(r, f) = max).|—, [ f(2)].

DEFINITION 1.2. Let f be a nonconstant entire function, the lower order of f is

deﬁned by
logT log log M

r—00 logr r—00 logr
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DEFINITION 1.3. Let f be a nonconstant entire function, the hyper order of f is

defined by
loglogT logloglogM
V(f) = lim sup 12898 (' £) _ Jin sup 108108108M (. /).
r—00 10g7" r—00 10gT
In 1977, Rubel and Yang proved the following result.

THEOREM A (see [8]). Let f be a nonconstant entire function. If f and f’ share
two finite distinct values CM, then f = f.

In 1996, R. Briick proved the following theorem.

THEOREM B (see [1]). Let f be a nonconstant entire function satisfying v(f) < oo,
where v(f) is not a positive integer. If f and f’ share 0 CM, then f = ¢f’ for some
finite complex number ¢ # 0.

First, consider the differential equation

f® —erf =0, (1)

where k is a positive integer and « is an entire function.

In this paper, we will prove the following theorem, which improves Theorem B.

THEOREM 1.1 Let f be a nonconstant solution of (1) such that v(f) < oo, and let
k be a positive integer, then « is a polynomial, and v(f) = 7, where v, is the degree
of a.

From Theorem 1.1 we get the following two corollaries.

COROLLARY 1.1. Let f be a nonconstant solution of (1) such that v(f) < oo,
where v(f) is not a positive integer, then f = ¢f®*) for some finite complex number
c#0.

COROLLARY 1.2. Let f be a nonconstant solution of (1) such that v(f) < oo,

where v(f) is not a positive integer, and let b be a finite nonzero complex number. If
f and f%) share b IM, then f = f(*).
PROOF. Since f and f*) share the value b IM, by Hayman’s inequality (see [3,

Theorem 3.5]) we see that there exists a point zp such that f(z0) = f*)(z) # 0, which
and Corollary 1.1 reveal the conclusion of Corollary 1.2.

In 1996, Briick made the following conjecture.

CONJECTURE 1.1 (see [1]). Let f be a nonconstant entire function satisfying
v(f) < oo, where v(f) is not a positive integer. If f and f’ share one finite value a
CM, then f —a = ¢(f’ — a) for some finite complex number ¢ # 0.

Second, consider the differential equation
FF) _eRG p — 1, (2)

where k is a positive integer, and Q(z) is an entire function.
In 1999, L. Z. Yang proved the following result.

THEOREM C (see [10, Theorem 1]). Let Q(z) be a nonconstant polynomial and &
be a positive integer. Then every solution F' of the differential equation (2) is an entire
function of infinite order.
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In this paper, we will prove the following result, which improves Theorem C.

THEOREM 1.2. Let Q(z) be a nonconstant polynomial and k be a positive integer.
If f is a nonconstant solution of the differential equation

f(k) —a=(f-a) .eQ(z), (3)

where a(z) is a small entire function of f such that o(a) < 7g, where 7¢ is the degree
of Q(z), then v(f) = v, and f is an entire function of infinite order.

In the same paper, L. Z. Yang proved the following theorem.

THEOREM D (see [10, Theorem 2]). Let f be a nonconstant entire function of
finite order, and let a(# 0) be a finite complex number. If f and f*) share a CM,
where k is a positive integer, then f —a = ¢(f*) — a) for some finite complex number

c#0.

From Theorem 1.2 we get the following result, which improves Theorem D.

THEOREM 1.3. Let f be a nonconstant entire function of finite order, and let a(z)
be a small entire function of f, such that o(a) < 1. If f —a and f*) — a share 0 CM,
where k is a positive integer, then f —a = ¢(f*) — a) for some finite complex number
c#0.

From Theorem 1.3 we get the following two corollaries.

COROLLARY 1.3. Let f be a nonconstant entire function of finite order. If f
and f*) have the same fixed points with the same multiplicities, where k is a positive
integer, then f — z = ¢(f*) — 2) for some finite complex number ¢ # 0.

COROLLARY 1.4. Let f be a nonconstant entire function of finite order, and let
a(z) be a small entire function of f, such that o(a) < 1, and let b be a finite complex
number such that a # b. If f — a and f*) — @ share 0 CM, and if f — b and f*) —b
share 0 IM, where k is a positive integer, then f = f(*).

PROOF. First, from Theorem 1.3 we see that there exists some finite nonzero
complex number ¢ such that f—a = ¢(f*) —a), which implies that T(r, f) = T'(r, f*))+
S(r, f). From this and Lemma 2.6 in Section 2 of this paper we get the conclusion of
Corollary 1.4.

2 Some Lemmas

We state several preparatory Lemmas.

LEMMA 2.1 (see [5, Corollary 2.3.4] or [9, Lemma 1.4]). Let f be a transcendental
meromorphic function and k& > 1 be an integer. Then m(r, f*)/f) = O(log(rT(r, f)),
outside of a possible exceptional set E of finite linear measure, and if f is of finite order
of growth, then m(r, f*)/f) = O(logr).

LEMMA 2.2 (see [5, Lemma 1.1.1]). Let g : (0, +00) — R, h: (0,+00) — R be
monotone increasing functions such that g(r) < h(r) outside of an exceptional set E of
finite linear measure. Then, for any « > 1, there exists 7o > 0 such that g(r) < h(ar)
for all r > rq.
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LEMMA 2.3 (see [2, Lemma 2]). If f is a transcendental entire function of hyper

order v(f), then
s loglogv (r, f)
v(f) = lim sup ogr

where, and in the sequel, v(r, f) denotes the central-index of f(z).
LEMMA 2.4 (see [5, Proposition 8.1]). Let

w(n) + azn—l(Z)’LU(nil) 4+ ao(z)w = F(Z) (4)
be a non-homogeneous linear differential equation with entire coefficients ag(z)(# 0),

a1(z), -+ an—1(2) and F(z)(# 0). Then all solutions of (4) are entire functions.

LEMMA 2.5 (see [4, pp. 36-37] or [5, Theorem 3.1]). If f is an entire function of
order o(f), then

. logv(r,
o(f) =limsup %.

LEMMA 2.6 (see [7, Proof of Lemma 3]). Let f be a nonconstant entire function,
and let a (% co) and b (# o) be two distinct small functions of f. If f and f*) share
a and b IM, where k is a positive integer, and if T(r, f) = T(r, f*)) + S(r, f), then
f=®.

3 Proof of Theorems

We now prove our main results.

PROOF OF THEOREM 1.1. Since f is a nonconstant entire function, from (1) we
deduce that f is a transcendental entire function. Again from (1) and Lemma 2.1 we
deduce

T(r,e*) = O(logrT(r, f)) (r € E). (5)

From (5) and Lemma 2.2 we see that there exists a sufficiently large positive number
ro such that
T(r,e*) = O(log2r +log T (2r, f)) (r > ro). (6)

Since v(f) < oo, from (6) we deduce
o(e”) <v(f) < oo, (7)
which implies that « is a polynomial and that
o(e”) = Ya; (8)

where 7, is the degree of a. On the other hand, from the condition that f is a noncon-
stant entire function, we have

as r — oo. Again let
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where z, = e’ and 6(r) € [0,27) is some nonnegative real number. From (10)
and the Wiman-Valiron theory (see [5, Theorem 3.2]), we see that there exists a subset
dt

E; C (1, 00) with finite logarithmic measure, i.e., fEl & < 00, such that for some point

2. = e ((r) € [0, 27)) satisfying |z.| = & Ey and M(r, f) = |f(2.)|, we have

ﬂ“@n__(wnf>
f(zr) Zr

as r — 00. Substituting (9)-(11) into (1) we get

(M>k (1+o(1)) = e, (12)

Zr

k
) (14 0(1)), (11)

as r — oo. From (12) we get

(v (r, /)"
log1 log log(~ 22— - |1+ o(1)]) loglog M (r, e®
mwﬁgﬁﬂﬁmm Z gm@%%mm
r—00 ogr r—oo ogr r—o00 ogr

3

and so it follows from Lemma 2.3 that v(f) < o(e®). From this and (7)-(8) we get the
conclusion of Theorem 1.1.

PROOF OF THEOREM 1.2. From (3) and Lemma 2.4 we see that every solution
of the equation (3) is a transcendental entire function. Noting that a is a small entire
function of f, from (3) and Lemma 2.1 we can deduce

T(r,e?) < (k+3)T(r, f) + O(logrT(r, f)) (r & E). (13)

From (13) and Lemma 2.2 we see that there exists a sufficiently large positive number
ro, such that

T(r,e?) < (k+3)T(2r, f) + O(log2r + log T'(2r, f)) (r > 1), (14)

From (14) we deduce p(e?) < u(f). Combining p(e?) = (e?) = 7o > 1 and o(a) < 1,
we get

u(f) > o(a). (15)

Let
Q(2) = @nz" + u—12""" + -+ @12 + q, (16)
where ¢, (#0), gn-1, - ,q1 and go are finite complex numbers. Then from (16) we get
i 98 (17)

|z =00 gn2™
From (17) we see that there exists some sufficiently large positive number g, such that

QL L 141 > ro). (18)

|QHzn| €
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From (3) and (18) we deduce

nlogr +loglgn| —1 = 10gM <log|Q| = 10g|10geQ| < |1og10geQ|
e

—a
| (l2] > 7o),

(k
= |loglog !

namely

-
nlogr + log|gn| — 1 < |loglog | (|z] > ro)- (19)

From the condition that f is a nonconstant entire function we have (9)-(11). Since

% a
f®) —q T 20)
f—a 1-4 '
From (9)-(11), (15) and the Definitions 1.1 and 1.2, we get
a(zr)
— 0, 21
7Gr) 2y
as |zr| — oo. Thus from (11), (19)-(21) we deduce
v(r,
log 2| + logla.| 1 < Noglo((“CLy1 4o (22)
and
log((Xr: )y = k(l 1 0
og(( )*(1+0(1))) = k(logv(r, f) —logr —if(r)) + o(1), (23)
as r — oo. We discuss the following two cases.
CASE 1. Suppose that
lim sup logv(r f) = 00. (24)
r—o00 10g7"

Noting that 6(r) € [0, 27), from (23), (24) and Lemma 2.3 we have

K
loglog ((%Tj)) (1+ 0(1))) ’
lim sup

r—00 logr

__logr _ 46(r)
10g 10g I/(T, f) ’10g (1 log v(r,f) log v(r,f) ) ’

< limsup + lim sup
r—00 10g T r—00 10g r
log 2 2k
+ lim o8 + lim 17

r—oo logr = r—oo logr rggo logr

log 1
= limsup % Cl)fgy(r, /) =v(f),
r—00 T
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where k; is some nonnegative integer. Combining (22) and the condition |z,| = r we

deduce
loglogv(r, f)

From (16) we have
o(eQ) = YQ(z) = M- (26)
From (25) and (26) we get
a(e?) < v(f). (27)
On the other hand, from (3), (9)-(11), (20) and (21) we get
k
(“28) 1+ oty = e, 28)
as r — 0o. From (24) and (28) we deduce
ANk
log log —”(T;f )
lim sup 2810827 f) _1mwm___Li_L
r—00 10g7" r—o0 10gT
ANk
loglog ((%) 1+ 0(1)|>
< limsup
r—o0 logr
Q(2)
< limsup log log M (r, e“*)) '
r—o00 10g7’

From this, Lemma 2.3 and the definition of the order of an entire function we get
v(f) < a(e?). (29)

From (26), (27) and (29) we can get the conclusion of Theorem 1.1.
CASE 2. Suppose that

1
lim sup logv(r f) < 00. (30)
r—00 logr
First, from (30) we deduce
v(f) =0, (31)

On the other hand, from (3), (9)-(11), (20), (21), (23) and Lemma 2.5 we deduce
1Q(2)] = |logeRC)| = |k(logv(r, f) — logr — i6(r)) + o(1)] < O(logr), as r — oo.
Combining the condition that Q(z) is a polynomial, we can deduce @Q(z) is a constant,
and so g = 0. From this and (31) we get the conclusion of Theorem 1.2.

Theorem 1.2 is thus completely proved.

PROOF OF THEOREM 1.3. From the assumptions of Theorem 1.3 we have
f® —a=(f—a)-e, (32)

where (3 is a polynomial. If 3 is a constant, then the conclusion of Theorem is obvious.
Next we suppose that 3 is not a constant, and so v > 1, where 73 is the degree of 3.
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Since o(a) < 1, thus o(a) < 3. Combining (32) and Theorem 1.2 we deduce that f is
an entire function of infinite order, which contradicts the assumption of Theorem 1.3.
Theorem 1.3 is thus completely proved.
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