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Abstract

Several fixed point theorems for four classes of mappings in complete metric
spaces are given. The results presented in this paper extend properly the Banach
contraction principle.

1 Introduction and Preliminaries

Let (X, d) be a metric space, T : X — X be a mapping, and r € [0, 1) be a constant.
Let N denote the set of all positive integers. A point xy € X is called an n-periodic point
of T, if there exists n € N such that xg = T™x but xg # T*xo for k =1,2,3,...,n— 1.
For x € X, the set Op(x) = {T™x : n > 0} is said to be the orbit of T at x. Let ® be
the set of ¢ : [0, 00) — [0, 00) which is nondecreasing and ¢(t) < t and Y 2 | ¢"(t) < 0o
for all ¢ > 0.

It is easy to see that ¢(t) = rt € ® for any constant r € (0, 1). Rhoades [1] provided
some fixed point theorems for various contractive mappings.

In this paper, we will discuss the existence of fixed points for mappings 7' that
satisfy

AT, Ty) + d(Ty, T2) < $(d(w,y) + d(y, 2)) (1)

for all z,y, z € X with © # y # z # x, where ¢ € ®; or
d(Tz, Ty) + d(Ty, Tz) +d(Tz,Tx) < ¢(d(z,y) + d(y, 2) + d(z, )) (2)

for all z,y, z € X with © # y # z # x, where ¢ € ®; or
max{d(Tz, Ty),d(Ty, Tz)} < ¢(max{d(z,y), d(y, z)}) 3)

for all z,y, z € X with © # y # z # x, where ¢ € ®; or

max{d(Tz,Ty),d(Ty,Tz),d(Tz,Tx)} < ¢(max{d(x,y),d(y, z),d(z,x)}) (4)
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for all z,y, z € X with = # y # z # x, where ¢ € .
It follows from the definition of n-periodic point that

LEMMA 1. Let T be a mapping from a metric space (X, d) into itself. If o € X
is an n-periodic point of T', then T?zg # Tz for all0 <i < j <n — 1.

2 Main Results

Our first main result is the following.

THEOREM 1. Let (X, d) be a complete metric space and T : X — X satisfy (1).
Then

(a) T has at most two distinct fixed points in X;

(b) if T has 2-periodic points in X, then they are exactly two;

(¢) T has no any n-periodic points in X for n > 3;

(d) T has a fixed point in X provided that T has an orbit without 2-periodic points.

PROOF. First, we assert that T" has at most two distinct fixed points in X. Oth-
erwise T has (at least) three different fixed points a,b, ¢ in X. In the light of (1), we
infer that

d(a,c) +d(c,b) = d(Ta,Tc) + d(Tc, Tb)
< ¢(d(a, c) +d(c, b))
< d(a,c)+d(c,b),

which is a contradiction.

Suppose that there exists a point b € X which is a 2-periodic point of 7. Then Tb
is also a 2-periodic point of T' different from b. Now we claim that T has the only two
2-periodic points b and 7. Otherwise there is a point ¢ € X which is also a 2-periodic
point of T' with b # ¢ # Tb. It is easy to show that Tb # Tec # T?b # Tb. By (3) we
have

d(b,¢) + d(c, Th) = d(T?b, T?c) + d(T?c, Tb)
< ¢(d(Tb, Tc) + d(Tec, T?b))
= ¢(d(T?b, T?c) + d(T?c, T?b))
< *(d(T?b, T?%c) + d(T?c, Tb))
< d(b,c)+ d(c,Th),
which is a contradiction. Thus 7" has only 2-periodic points b and 1.
Now we exclude the presence of n-periodic point for n > 3. Suppose that ag € X

is an n-periodic point of T for n > 3. Let aj = T*ag, dy = d(ax, ars1) + d(ari1, apr2)
for all 0 < k < n. From Lemma 1 and (1), we have

d

d(TCkal, TCLk) + d(TCLk, Tak+1)
d(d(ak—1,ar) + d(ak, ar+1))
P(di—1) < dp—1 (5)

<



Liu et al. 233

for all 1 < k < n. In view of (3) and (5), we get that
dO = dn S (b(dnfl) < dnfl S e < dOa

which is a contradiction.

Suppose that there exists a point g € X such that T" has no 2-periodic points in
Or(xo). Set z, = T"xo, dy, = d(Tn, Tnt1) + d(Tnt1, Tnta) for any n > 0. If there
exists some n > 0 with x,, = x,,41, then x,, is a fixed point of T'; if z,, # x, 41 for any
n > 0, from (1) we have

dn < ¢(dn—1) < ¢*(dn—2) < -+ < ¢™(do). (6)

For each r,s,m € N with r > s > m, by the triangular inequality and (6), we get that

d(zr, zs) < i d, < i @"(do). (7)

Since ¢ € ®, (7) ensures that {z,},>0 is a Cauchy sequence in X. It follows from
completeness of (X, d) that there exists a point a € X such that lim, . x, = a.
Obviously, there exists some integer k € N with z,, # a for all n > k. From (c) and (5)
we obtain that

d(xp+1,Ta) +d(Ta, Txpi2) < ¢(d(zn,a) + d(a, Tpi2))
< d(xna CL) + d(aa $n+2)

— 0

as n — 00, which implies that lim,, .o z, = Ta. Hence T'a = a. This completes the
proof.

The proof of the next result is similar to that of Theorem 1 and is omitted.

THEOREM 2. Let (X, d) be a complete metric space and T : X — X satisfy (2).
Then the conclusions of Theorem 1 hold.

THEOREM 3. Let (X, d) be a complete metric space and T : X — X satisfy (3).
Then the conclusions of Theorem 1 hold.

PROOF. We first assert that 7" has at most two distinct fixed points in X. Otherwise
T has three different fixed points a,b,cin X. From (3), we obtain that

max{d(a,b),d(b, c)} = max{d(Ta,Tb),d(Tb,Tc)}

< ¢(max{d(a,b),d(b,c)})
< max{d(a,b),d(b,c)},

which is a contradiction.

Suppose that T has a 2-periodic point b € X. Then Tb is also a 2-periodic point
of T different from b. We point out that b and T'b are the only two 2-periodic points
of T in X. Otherwise there exists ¢ in X which is also a 2-periodic point of T" and
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b# ¢ #Tbh. By (3) we get that
max{d(Th, Tc),d(Tc,b)} = max{d(Tbh,Tc),d(Tc,T?h)}
< ¢(max{d(b, c),d(c,Th)})
= ¢p(max{d(T?b, T?c),d(T?c, T>b)})
< ¢*(max{d(Tb, Tc), d(Te,b)})
< max{d(Tb,Tc),d(Tc,b)},
which is impossible.

We next conclude that T" has no n-periodic point for n > 3. Suppose that T" has
an n-periodic point ag for n > 3. Set ap = T"aq, di. = d(ag,ar;1) for all 0 < k < n.
According to Lemma 1 and (3), we get that

max{dy, d1} = max{d,,, dn+1}
=max{d(Tan-1,Ta,),d(Tan, Tant+1)}
< ¢(max{d(an—1,an), d(an, any1)})
= ¢(max{d,—_1,dn}) < ¢"(max{do, d1})
< HlaX{do, dl},
which is a contradiction.

Lastly, we prove that T" has a fixed point in X provided that T has an orbit without
2-periodic points in X. Assume that there exists a point o € X such that T has no
2-periodic points in Or(xg). Let x, = T"xq, d, = d(zn,Tny1) for all n > 0. We
consider two cases:

Case 1. There exists some n > 0 with z,, = x,,41. Then z,, is a fixed point of T" in
X.

Case 2. For all n > 0, x,, # xpy1. It follows that x,, # x,, for n > m > 0. In view
of (3) we have

max{d,, dp+1} = max{d(Txn_1,Tx,), d(Txn, Txni1)}
< (b(max{d(xnfla xn)a d(xna anrl)})
= (b(max{dnfl; dn}) < ¢>2(max{dn,2, dnfl})
S cee S (b"(max{do, dl})

For each n € N and p € N, using the triangular inequality and (3), we obtain that

n+p—1 n+p—1

d(xn;anrp)S Z sz Z (bl(max{dO;dl})a

which yields that {z,}n>0 is a Cauchy sequence. It follows from the completeness of
(X, d) that lim,, . x, = a for some point a € X. It is easy to check that there exists
some integer k > 1 with x,, # a for all n > k. Using again (3) we have
max{d(z,.41,Ta), d(Ta, 2p12)} < $(max{d(zy, ), d(a, Ts1)})
< rnax{d(a:n, CL), d(aa anrl)}

— 0
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as n — 00, that is, T'a = a. This completes the proof.

REMARK 1. In Theorem 3, the presence of 2-periodic points excludes the presence
of fixed points and vice verse. Otherwise there exist two points a,b € X such that
a=Ta,b="T?b with a # Tb # b. In view of (3), we obtain that

max{d(a,b),d(b, Tb)} = max{d(T?a, T?b), d(T?b, T3b)}
< ¢(max{d(Ta, Tb),d(Tb, T?b)})
< @(max{d(a, b), d(b, TH)})
< max{d(a,b),d(b,Tb)},

which is a contradiction.

REMARK 2. Theorem 3 extends properly the Banach contraction principle.

Now we give the following examples for Remarks 1 and 2.

EXAMPLE 1. Let X = {1,2,3,4}, T : X — X be a mapping defined by T1 = 1,
T2=2,T3=4,T4=2and d: X x X — [0,00) be a function defined by d(1,2) =1,
d(2,3) = 3, d(1,3) = 4, d(2,4) = 2, d(1,4) = 2.5, d(3,4) = 3.5, d(z,z) = 0 and
d(z,y) = d(y,z) for all z,y € X. Take ¢(t) = 3¢ for t > 0. It is easy to check that the
conditions of Theorem 3 are satisfied, and T has two fixed points 1 and 2 in X. But
the Banach contraction principle is not available and T' has no 2-periodic points in X.

EXAMPLE 2. Let X = {1,2,3}, T : X — X be a mapping defined by T1 = 2,
T2=1,T3=2andd: XxX — [0,00) be a function defined by d(1,2) = 3, d(1, 3) = 4,
d(2,3) =5, d(z,z) =0 and d(z,y) = d(y,x) for all z,y € X. Put ¢(t) = %t for ¢ > 0.
Clearly, the conditions of Theorem 3 are satisfied and 7" has two 2-periodic points 1
and 2 in X, but T has no fixed points in X.

THEOREM 4. Let (X, d) be a complete metric space and T : X — X satisfy (4).
Then the conclusions of Theorem 1 hold.

PROOF. First we claim that T" has at most two distinct fixed points in X. Otherwise
there are three different points a, b, ¢ in X, which are all fixed points of T. By (4) we
get that

max{d(a,b),d(b,c),d(c,a)} = max{d(Ta, Tb),d(Tb,Tc),d(Tc,Ta)}
< ¢(max{d(a,b),d(b, c),d(c,a)})
which is a contradiction.
We next assert that if 7" has 2-periodic point b € X, then b and T'b are all 2-periodic

points of T. Otherwise, there exists a point ¢ in X which is a 2-periodic point with
b+ c¢#Tb. By (4) we have

max{d(b, Tb), d(Tb, c), d(c,b)} = max{d(T?b, T>b), d(T>b, T?c), d(T?c, T?b)}
< ¢(max{d(Tb, T?b), d(T?b, Tc),d(Tc, Tb)})
< ¢*(max{d(b, Tb),d(Tb,c),d(c,b)}),
< max{d(b, Th),d(Tb,c),d(c,b)},
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which is impossible.

We now exclude the presence of n-periodic point for n > 3. Suppose that T" has an

n-periodic point ag € X for n > 3. Set ap = T*a for all 0 < k < n. According to (4),
we know that

max{d(ag, a1),d(a1, az),d(az, do)}

= ¢(max{d(Tan-1,Tan),d(Tan, Tant1),d(Tant1, Tan-1)})
< p(max{d(an—1,an), d(an, ani1), d(@nt1, an-1)})

< ¢*(max{d(an_2, an_1),d(an_1,an), d(an, an_2)})

< ...

< ¢"(max{d(ao, a1),d(a1, az), d(az, ao)})

< max{d(ag, a1), d(a1, az), d(az, ao)},

which is a contradiction.

Finally we assert that T" has a fixed point in X provided that 7" has an orbit without
2-periodic points. Suppose that there exists a point zp € X and Or(xg) is such an
orbit that T has no 2-periodic points in it. Let z,, = T"xq for all n > 0. We have to
consider the following two cases:

Case 1.There exists some n > 0 with z,, = x,,4+1. Then z,, is a fixed point of T" in
X.

Case 2. For alln > 0, x,, # xn41. Then x,, # x,, for all n > m > 0. In view of (4),
we have

max{d(zn, Tnt1), d(Tnt1, Tnt2), A(Tni2, Tn)}
=max{d(Txp—1,Txn),d(Txn, Ttni1),d(TTpi1, TTrn-1)}
< p(max{d(zy—1,Tn), d(Tn, Tnt1), d(Tnt1, Tn-1)})

< ¢2(max{d(ajn,2, Tn—1), d(Tn-1,%n), d(Tpn, Tn_2)})

A

< " (max{d(z0, 21), d(x1, 22), d(2, 70)}).

which implies that

d(@n, Tni1) < O (max{d(zo, 1), d(x1, ¥2), d(x2, 20)}).
By the triangular inequality and (4), we obtain that

n+p—1
d(xnaxnﬂo) < Z d(xi,xlqu)
1=n
n+p—1

< Z ¢'(max{d(zo, z1), d(z1, 2), d(z2, 20)})

1=n

for all n,p € N. Clearly, {x,}n>0 is a Cauchy sequence and hence lim,,_,oc =, = a for
some a € X since (X, d) is complete. Obviously, there exists some integer k > 1 with
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Ty # a for all n > k. Hence we have

max{d(Ta, anrl)a d(anrla xn+2)a d(anrQa TCL)}
S (b(max{d(a, xn); d(xn; anrl); d(anrl) CL)})
< max{d(a, .’,En), d(xna anrl)a d(anrla CL)}

— 0

as n — oo. That is, limy, o ,, = T'a. Thus T'a = a. This completes the proof.

REMARK 3. The following example reveals that Theorem 4 extends indeed the
Banach contraction principle.

EXAMPLE 3. Let X,T and d be as in Example 1. Put ¢(t) = %t. Then it is easy
to verify that the conditions of Theorem 4 are fulfilled, and T has two fixed points 1

and 2. But the Banach contraction principle is not applicable.
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