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Abstract

We consider a totally positive generalized Vandermonde matrix and obtain by
induction its unique LU factorization avoiding Schur functions. As by-products,
we get a recursive formula for the determinant and the inverse of a totally positive
generalized Vandermonde matrix and express any Schur function in an explicit
form.

1 Introduction

Let

ay az an

Ty I Ty
a2 o

2 2 2

G{n;alyazv“yan} = . : :

ay az a
xn xn xnn

be a totally positive (TP) generalized Vandermonde matrix [1, p.142], where 0 < a; <
as < --- < a, are integers and 0 < 1 < 3 < --- < T,. In connection with Schur
functions we define the partition A associated with G as the nonincreasing sequence of
nonnegative integers

A=A A2, ) = (an — (n=1),an-1— (n = 2),- -+, a1),

and get

I N At 0 P EE )
G{"§alya27'“7an} - ['rl " ]lﬁi,jﬁm

*Mathematics Subject Classifications: 15A23

TDepartment of Mathematical Sciences, National Chengchi University, Mucha, Taipei 11623, Tai-
wan

fCenter for General Education, Jen-Teh Junior College of Medicine, Nursing and Management,
Miaoli, Taiwan

§Department of Mathematical Sciences, National Chengchi University, Mucha, Taipei 11623, Tai-
wan

138



Chen et al. 139

and Schur function associated to A is defined as

det G{n;al,a%“' 70’"}
det Gn0,1, 01}

SA(xlaan e axn) =

In a recent paper [1], J. Demmel and P. Koev performed accurate and efficient
matrix computations of G, := G{nia;,as,,a,}- Lheir results, among others, are an
explicit bidiagonal decompositions of G;! and an LDU decomposition of G,, which
involves Schur functions.

In a previous paper [2], using only mathematical induction, we succeeded to provide
the unique LU factorization of a special case of generalized Vandermonde matrices,
and this prompts us to do the same thing with G,,. Our main result presents an
explicit LU factorization not involving Schur functions. As by-products, we calculate
the determinant, the inverse of G,, and the Schur functions sy(x1, 22, -, zy).

2 The LU factorization of G,, and applications

An LU factorization is to express a matrix as a product of a lower triangular matrix
L and an upper triangular matrix U. If L is a lower triangular matrix with unit main
diagonal and U is an upper triangular matrix, the LU factorization is unique. Our
main aim in this note is to give the explicit unique LU factorization of G, without
involving Schur functions; Demmel and Koev provided in [1], Section 3, an explicit
bidiagonal decomposition of G,;* which involves Schur functions. Our main result is
the following theorem whose proof occupies almost the whole Section 2 and is carried
out using delicate induction arguments.

THEOREM 2.1. G, can be factorized as G,, = L,U,, where L, = [L,(i,7)] is
a lower triangular matrix with unit main diagonal and U,, = [U,(¢,7)] is an upper
triangular matrix, whose entries are defined as follows:

L, i =7
I G O, 1< J;
Ste: —w,y (A5 . . .
(i—]) —{J# izj+1l,j=2
and
z{?, i=1;
0, > 7
U, (i, j) =
0= G, i=j>2

it Slei—ail (B, j>i41,i> 2.

where A;, Bj, and the notations Sy, | .}, Slar-—1=ak} are defined recursively for
1,7 > 2:
Ay = = p2ma _ gamar,

Ay = {S“'f*ﬁ“”(Akfl)}Akq — Sty (A1) ST (A )k > 3;

{zr—1—xK}
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Ap—1—0ak a —a S Tp—1"7Tk A -
B, = S{ - }(kal) _ {S{ k—1 k}(kal)} ( { i }( k 1)) k>3
—1

{zr_1—zp}
S{an1—ap) (Ax—1) 1= xp substitutes xp_1 in Ap_1;

S{a’“lﬂa"}(Akfl) := ay, substitutes ai_1 in Ap_1.

PROOF. We use mathematical induction on n, the size of G,,. The case where n = 2

follows from
[t o) e e e
e [P [ PR i A RS

Assume G, = LUy, holds, we want to prove Giy1 = Liy1Lg11. By induction hypoth-
esis, we know that

l

Gr(k,1) = Li(k,m)Us(m,1),1 <1 <k, (1)
l
Gr(l.k) = Li(l,m)Ux(m, k), 1 < 1 < k. (2)

It is sufficient to show that

k+1
Grra(k+1,1) = Z Liy1(k+1,m)Ugq1(m,1),1 <1 <k,
m=1
and
k+1
Grri(l,k+1) = Z L1, m)Ug1(m, k+1),1 <1 <k+1.
m=1
Firstly, we find that
k+1
Z L1k +1,m)Up1(m, 1) = Lgya(k+1,1)Uk4a(1,1)
m=1
ay
= (_karl) X :Ellll
1
= T

= Gk+1(k+151)5
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and by (1), we get

Lk (k, m)Uk (m, l) =

ivgls

m=2
= Gk,
xy,
for2<I<k—-1,s0
k+1
> Lia(k 4 1,m)Ugqa(m, 1)
m=1

I
= Z Lii1(k +1,m)Uy1(m, 1)

m=1

a1 l
karl a;
= X
( . ) T+ Z
m=2
= ‘TZZH
= Grua(k+1,1),
for 2 <1<k — 1. Next, we have

k1
> L (L m)Ug g (m, k +1)

m=1

and by (2), we can get

k
> Li(l, m)Us(m, k)
l
= Lk(l,m)Uk(m, k)

m=1
l
— ﬂal af ﬂ
= Gt X0
= Gk(lak)

— ak
= x,

Tk+1 “ S{mm*,karl}(Am)
Tm

a1 S{mmﬁml} (Am)

Am

LkJrl(la 1)Uk+1(15 k + 1)

a
1 x

Ak41
Ty

Gry(1,k+1),

S agy sl (By)

x g glam=ak(p, )
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for2<I<k-1,s0

k1
> Lira(lm)Upia(m,k + 1)
m=1
l
= Z Lit1(l,m)Ugy1(m, k + 1)

m=1
a1 l al
Ty a1 Ty S{Im*’fl}(Am) ay {a HakJrl}
= e E— _— m Bm
<x1> X ] +mE 2<$m> 1, X xol S (Bm)

= " =G k+1),

for 2<1<k—1;let I =k in (2), we establish the following equation:

k
ka - Z Lk (ka m)Uk (ma k)

m=1
a1 k—1 ay
Tk ag Tk S{xm"xk}(Am) a1 ¢{am—ar}
= e e _— m Bm
($1> X x] +mE:2 ($m> . X ol S (Bm)

+1 x 2% By, (3)

Altogether, we conclude that

k1
> Liga(k,m)Upa (m, k + 1)

m=1
k
= > Liwa(k,m)Usya(m, k + 1)

m=1

a1 k—1 ay
Lk ak41 E : Tk S{xmﬂxk}(Am> a1 o{am—ani1}
- € € " Bm

(x1> ! = (xm> A X @y S ( )

+1 x 2t x Slav=and gy
. Ak41
= xk

= Gryi(k,k+1).

On the other hand, we will prove that

a1 k—1 ay S Am
xZ’fH _ (xk+1> % xlf" T Z (xxk+1> {Imﬁxk+1}( ) % x%S{amHak}(Bm)

T — Am
m=2

a Sﬂﬁk**xk 1 Ak
Y ESRE)

In fact, application of S{;, —,,,} on both sides of (3) results in the latter equation
except the last term being 1 x Si;, s, ,3(23" Br). Thus the validity of the latter
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equation is based on the fact that

Ak X S{mkﬁkaFl}(Bk) - Bk X S{mkﬁkaFl}(Ak)

which can be proved by induction on %k as follows. The case k = 2 is trivial, since
Ay = By. Assume the induction hypothesis

Ak X S{mkﬁkaFl}(Bk) - Bk X S{mkﬁkaFl}(Ak)

holds. Then by applying S{er et Sty s aay, S1740 ) and S0 to

{zr—Trt1} {Zkt1—Tr42
both sides of the above equation respectively, we obtain

S{akﬂakJFl}(Ak) % S{akaakJFl}(Bk) _ S{akﬂawrl}(Bk) ~ S{akﬁak+l}(Ak); (4)

{Tr—xri1} {rr—Tri2} {Tr—wry1} {Tr—Tri2}

S{akﬂa;@rl}(Ak) ~ S{akaakJFl}(Bk) _ S{akﬂawrl}(Bk) ~ S{akﬁakJFl}(Ak); (5)

{Tr—xri1} {Tr—wry1}

S{(lk*ﬂlkJrl}(Ak) % S{akﬁakﬂ}(Bk) _ S{ak"akJrl}(Bk) % S{akHaHl}(Ak), (6)

{zr—xK42} {zr—xRy2}

Now we prove the induction step

A1 ¥ S{Ik+1*>mk+2}(Bk+1) = Bj41 X S{Ik+1*>mk+2}(Ak+1)a

which, by using the definitions of A1 and Byy1, becomes

({S{akﬂakJrl}(Ak)}Ak _ S{mkHkaFl}(Ak)S{akHak+l}(Ak))

{zr—2K41}
Ak — QK41 ar—a S Tp—Th 1}(Ak)
XS ppir—wsa} (S‘E{mk*’mkili(Bk) — {S{ k k+1}(Bk)} ({A—Z>>
Ak — QK41 ar—a S Tl —Tht1 (Ak)
(st (S 4

XS aps1—wisa} ({S‘E;::;:iii (Ar)}Ak = Stor—aiia} (Ak)S{akHakﬂ } (Ar)),
and further calculations yield the following four-term equation

AZ s SLeEm e (A ) x ST ()

{Tr—xri1} {zr—Tri2}

A x SO (B) X S,y (Ak) X S o0 (k)

{Zk— @41}

_Ak ~ S{mkﬁkaFl}(Ak) ~ S{akﬂakJrl}(Ak) ~ S{akﬁakJrl}(Bk)

{Zk—Tpt2}

S an i} (Ar) x ST (AL) X Sy, a0y (Ax) x StoETo0 1 (By)
= A2 x sl (p) x gl ety

{Tr—xri1} {Tr—Tri2}

_Ak ~ S{mk*’mk+2}(Ak) ~ S{akﬂakJrl}(Ak) ~ S{akﬁakJrl}(Bk)

{zr—xKy1}

A x ST (B) X Sy (Ak) X S o ()

{zr—xRy2}

+ 5t =Y (B ) X S mmpsn } (Ak) X Sqap—agat (Ar) x ST aed (44)(7)
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Now the first terms on both sides of (7) are equal due to (4), the second terms to (5)
and the third terms to (6), while the fourth terms are exactly equal. Thus we have
completed the proof.

Thus, we have

ket 1
> Liya(k + 1,m)Ugqa(m, k)

m=1

K
= Z Lit1(k +1,m)Us41(m, k)

m=1
a1 k—1 ay S A
o Tk+1 ark Th+1 {mm"karl}( m) a1 ¢{am—ar} B
= (—361 ) X ] +mz_2($m> . X xokS (Bm)
ay
Tk+1 S{mk*’mk«kl}(Ak) a1
TR+l TR R4y VTR B
+( T > ( Ak X Ty k
= o
Gr1(k + 1, k),
and by (3),
k+1
> Ly (k, m)Upsa (m, k + 1)
m=1
ay k ay S A
- Tp+1 akt1 Tp+1 {mm"karl}( m) a1 glam—ar+1} (B
= (—331 ) X T3 +mz_2($m> . X TokS (Bm)

+1 % 2 B

_ ($k+1> ! y lez,cﬂ i Z ($;+1> ! S{mmﬁkarl}(Am) % x%S{amHakJrl}(Bm)

k—1
1 — Am
m=2

Sy} (A
+ (ka) oo} () x pirglar—aniil gy 4 R
T Ak

a1 k—1 ay
Tk+1 k41 Tk+1 S{mmﬁm;wrl}(* 1m) alS{a —ak41}
— m Bm
= ( 1) X T} +m52< m) - Xzt (Bn)

ar SHzx—win}(Ak)

T4 Ay x S{akﬁakﬂ}(Bk)

S{mkﬂas}(/lk) ))

a1 k—1 ay
Tg+1 Ak+1 Tg+1 S{mm"karl}(Am) als{a Hak+1}
= m Bm

($1> n +7nz2(xm> Am o ()

+$Zir1 % (S{akﬁakJFl}(Bk) _ S{a""a"Jrl}(Bk) (

{zr—zr41}

a {ar—a }
+xk5rl x S{m:*mc:j:i}(Bk)

= o\ =Gra(k+1,k+1).
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Thus we have completed the proof.

To illustrate our result, we first give an example of the explicit factorization of Gy,
and then using Mathematica we provide a program to verify the correctness of our
result in a special case.

EXAMPLE 2.2. Let n =4. Then G4 = L4Uy4, where

@ s s a 1 0 0 0
T T T T (m_z)al 1 0 0
o x99 ¥ g4 Z1 Daz.al
Gy = Ly = |(z3ya1 (zayai(Zez.er
T () (2)0 (F) 1 0l
al,ay
T4% g @g® wy ™ (Zaya (m_4)a1(D§4,§1) Li(4,3) 1
1 T2 Dz3al ’
201 202 203 204
0 @yt (Da3lay) @5t (D23 21) w5 (Dag o)
U= |, . a1 pagear, (PEREDOETED) oy agey, (DEREHOLH |
=5 (DI ey 5 (0i ) - i)
0 0 0 Uy(4,4)
and

zs3

L4(4.3) = (x_4>“ [(Dzizé’i)(l)%ﬁi) - (Dzz:sz;::;;)]
’ (Dz301)(De3iat) — (Daser)(Dasiar) |
o wsa (D323t ) (Dgaat) wsa (D323 ) (Dgaogt)
U4(454) = {$41 ((Dmi:mi> - W_ (Dm:mi> - W
Tr2,T1

x2,T1
aayal)( a27a1) _ ( a27a1)( a37a1)
|:(DI47961 sz@l DI47961 sz@l
asz,al a27a1> ( a27a1)( a37a1> .
(DI37I1)(DI27m1 Dm37ml sz@l

Here and in the following Examples 2.4 and 2.6, to simplify our notation, we set
D% = i T

An explicit calculation using Mathematica. Let n =4, 1 =z, 20 =y, 23 = 2,14 =
w and a; = 0,a2 = 2,a3 = 4, a4 = 6, then the Mathematica program on Ly x Uy

FullSimpli fy[{{1,0,0,0},{1,1,0,0},{1, (22 — 22)/(v* — 2?),1, 0}, {1, (w? — 2?)/(y* —
2?), (w* = 2*)(y* — 2?) — (w? = 2?)(y* —2)/((z* —2h)(y* - 2°) — (z* — 2?)
‘T4))a 1}}{{1a x2a x4a x6}a {Oa (y2 - ‘T2>a (y4 - ‘T4>a (y6 - ‘T6)}a {Oa Oa (Z4 - ‘T4 - (
2?)(y* —2")/(y* —a?)), ((2° — %) — ((z* = 2*)(y° — 2%))/(y* — 2%))},{0,0,0, (w®
%) — (w? —2?)(y° —2°)) /(y* — 7)) = ((2° = 2®) = ((2* = 2?)(y° — 2%)) /(y* — 2*)) ((w* —
at)(y? —2?) — (w? = 2?)(y* —2))/((* = 2)(y® —2?) = (z° —2°)(y* — 2*))}}]

produces the result
Y Y Y
1 =z z 281
L w?  w w6|

Since the determinant of a triangular matrix is the product of the entries of the
main diagonal, as a first by-product, we get the following immediate corollary which
provides a recursive formula for the determinant of G,.

'O
8
[=2 NN
— 1

=
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COROLLARY 2.3. The determinant of G,, is as follows:

det G,, = H Un(i,i) = 2 X H xit B;.

1<i<n 2<i<n
EXAMPLE 2.4. Let n = 4. Then

det Gy =[] Unliyi)=a(* x [] =B

1<i<4 2<i<4

— xlfl‘rgl(Dag,al)‘rgl ((Dag,G,l) _ ( gi:gi)(l)g;:gi>>

2,21 x3,T1 ( a27a1)
sz@l
Da27al)(Da47al) (Da27al)(Da47al)
X :Eal (Da4,a1) _ ( T4,T1 z2,T1/ (Da4’al) _ r3,T1 r2,T1
4 T4,T1 (Dag,al> x3,T1 (Dag,al
T2,T1 r2,T1

[(Dzi:%D(Dzz:%i) — (D) (Dagas) ] ) }
(De33e1) (D3 a1) — (Dagay) (D)

For any n x n matrix A, let /Lj be the matrix obtained from A by deleting the i-th
row and the j-th column. Then
(—1)"*det(A;j)

A~ = Transpose of dei(A)

Because (G,,) ji 1s still a totally positive generalized Vandermonde matrix, det(G5,);;

can be computed by Corollary 2.3. Basing on the fact and the above formula, we
establish the second by-product:

COROLLARY 2.5. The entry of the i £ G, is Grl(i,j) = T2 det(Gu)y)

5. ntry of the inverse of Gy, is G, 7 (i, J) = — Gy

EXAMPLE 2.6. Let n = 4. Then G} is given by

1
a1 ay a1 a aga a5 a5 a a5
eI ool o o0t (DS ST (D52 ah)—(DS2 51)(Da3 1))

r3,T] T2,T] r3,T1 T2,T]
1
X =
2,071 ag,ay az,ay ag,ay ag,ay a2,aq .y az,ay ag,ay
(poarary Lelan)Psyio)) ([ pagar, (Padls)(Dagisg) (Defla ) (De3ia1) ~(Dad o) (D23 o))
4:71 (D254 3071 (p2:5h) (D31 (D22 e —(De2: 2 (D23 et
ay_as an, _ag,a, ag,a ag,an,, ~ag,a ay a9 ag,, ag,an., ag.a ag,an,, ~ag,a
w52 ag?ey? (Dafled) (Dl 23)—(Ded 23)(Dede3))  —a12e52ey? (Drflet)(Dal al)—(Daf 23)(Des z3)
a1 a1 a1, 44,01y, 03,0 ag,a1y, 04,0 a1 a1 a1, a4,61,, 03,0 ag,aq, 04,0
et et eyt (Ded s (Def 1))~ (Da] 25)(Da51ed)) eyt eyt eyt (Def o)) (Def o))~ (Daf o] (Daf e)
a] a1 .21 ag,ay a2,a1y az,ay ag,ay _ %1 .21 21 ag,ay a2,al .y az,ay ag,ay
eyt aglafl (Dg]123)(D2220)—(D2323) (g 2d)) eitaglaegl (D2])21)(D2321)— (D 2])(Dag al))
%1 %1 21 ag,ay a2,al .y az,ay ag,ay a] a1 a1 ag,ay a2,a1y az,ay ag,ay
woltagl eyt (D2])23)(D2323)— (D23 23 (D2312d))  =itegtey (D2F)21) (D23 e]) —(D2f 21)(D2321))
ag_as ag ., ag,a., ag.a ag,a2\, 04,0 ag_ag _ag,, a4, ag,a ag,a2\, 04,0
w2252 a2 (D])22)(De352)—(Dg3 22) (D53 33))  —ei2252252 (D5353) (D3 23)— (D53 122)(Das 22))
a1 _a1 a1, 4,01, .a3,a ag,a1,, 4,0 a1 _a1 a1, ag,a1., ag.a ag,a1 ., 04,0
—elagtagl (D2 e (D235 (D23 205521 27legl gt (D421 (D23 2D — (D23 21 (D2g 21 )
a1 a1 a1 ag,ay a2,a] .y as,ay ag,ay _ .21 91 21 ag,ay ag,a1y az,ay ag,ay
eytaglegl (D242])(D2321)—(D2F 2] (D a1 ) eytaglegl (D2312]1)(D2321)—(D23 21 (D] a1 ))
a1 aj _ag ag,ay az,ay az,ay ag,ay ay aj _ag ag,ay az,ay az,ay ag,ay
ey eyt eyt (D2d)2]) (D23 2])— (D2 21) (D23 121)) =yt eyt eyt (D23)21) (D23 21)—(Da3 a1 ) (Dal z1))

As a last by-product, due to Corollary 2.3, we give the following recursive formula
of the Schur function sy(z1, 22, - ,2,) and we illustrate the result by an example.
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COROLLARY 2.7. The Schur function sy(z1, xo,- -, 2,) can be expressed as

a1 aip.
oyt X ||2§i§nxi B;
sa(x1, o, -, xp)

B H1§i<j§n($j — ;) '

EXAMPLE 2.8. Let A = (7,5,3,1) and n = 4. Then (a1, as,a3,a4) = (1,4,7,10)
and

a a
det G{4;17477710} = .Ill X H .Il-lBi
2<i<4

(x5 — 1) (25 — 27)
6) _ >

= $1$2($g - xi’)x:} ((.Ig — I (.IB — xg)
2 1

(z3 — 1) (25 — 1)

Xy ((33?1 - :Egl)) - (3:3 — 3:3)
2 1

_ ((xg —29) - (x§ — 335)(3383— xi’))
(3 — o)
y ((962 — ) (@3 — @) — (25 — a7) (25 — 27) ))
(2§ — af) (23 — @) — (25 — 27) (23 — 27)
= m@ox3za(2F + waw3 + 23) (23 + wawo + 23) (2] + vawy +27)
x (23 + 2372 + 3) (73 + w371 + 25) (75 + 2wy + 77)

X H ('rj _'ri)a

1<i<j<4

so by Corollary 2.7, we see that s(7 5 31)(21, Z2, 3, 74) is equal to

T1T2T3T4 (xi + 2423 + x%)(aji + zaTo + x%)

X (xi + zazy + xf)(xg + 2370 + x%)(ajg + x321 + xf)(aj% + xowy + xf)

As we can see, there are 35 = 729 semistandard (7,5, 3, 1) tableaux, it seems not easy
to write out all of the semistandard (7,5, 3, 1) tableaux.
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