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Abstract

In this paper, a further improved tanh function method is used to construct
exact solutions of the (2+1)-dimensional dispersive long wave equations. As a
result, many new and more general solutions are obtained including soliton-like
solutions, periodic formal solutions and rational function solutions. Compared
with most existing tanh function methods, the proposed method gives new and
more general exact solutions. More importantly, with the aid of symbolic com-
putation, this method provides a powerful mathematical tool for solving a great
many nonlinear partial differential equations in mathematical physics.

1 Introduction

It is well known that nonlinear complex physics phenomena are related to nonlinear
partial differential equations (NLPDEs) which are involved in many fields from physics
to biology, chemistry, mechanics, etc. As mathematical models of the phenomena, the
investigation of exact solutions of NLPDEs will help us to understand these phenom-
ena better. Many effective methods for obtaining exact solutions of NLPDEs have
been presented, such as Béacklund transformation [1], hyperbolic function method [2],
sine-cosine method [3], Jacobi elliptic function expansion method [4], homotopy per-
turbation method [5], F-expansion method [6] and so on.

One of the most effective direct methods to construct exact solutions of NLPDEs
is tanh function method [7-9], the method was later extended in different manners
[10-16]. Recently, Xie et al. [17] generalized the work made in [10-16]. Very recently,
by using a more general transformation we improved the method [17] and proposed
a further improved tanh function method [18] to seck more general exact solutions of
NLPDEs. The present paper is motivated by the desire to extend the further improved
tanh function method to the (241)-dimensional dispersive long wave (DLW) equations:
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Hi+ (uH +u+ ugy)z = 0. (2)

Soliton-like solutions, Jacobi elliptic function solutions and other exact solutions can
be found in [19-21].

2 A Further Improved Tanh Function Method

Given a system of NLPDEs with independent variables x = (¢, z1,29,..., ;) and
dependent variables u, v:

F (U, 0y Uy Uy Uy s Uiy s v o vy Uity Vg te ooy Uity Uty -« oy Uy 2 s Vs -o) = 0, (3)

G (Uy Uy Uy Vpy Uy s Vg s e o vy Ugyty Vgt v o oy Uity Uty -« oy Uy 2 s Vs -ve) =0, (4)

we seek its solutions in the more general forms:

N
u=ao(z) + Z {a—i(2)p™" (&) + ai(x)d" ()} , (5)

No
v =bo(z) + Z {b—j(@)p77 (&) + bj(x)¢? (€)} (6)

with
¢'(&) =1+ po(&) + q¢*(€), (7)

where the prime denotes d/d¢, r, p and ¢ are all real constants, while ag(z), a—;(z),
a;(x), bo(x), b_;(z), bj(z) (1 = 1,2,...,N1i;j = 1,2,...,N2) and { = {(z) are all
differentiable functions to be determined later. Given different values of r, p and gq,
equation (7) has twenty seven special solutions which are listed in [18]. To determine
u explicitly, we take the following four steps:

Step 1. Determine the integers N; and Ny by balancing the highest order nonlinear
term(s) and the highest order partial derivative term(s) in equations (3) and (4).

Step 2. Substitute (5) and (6) along with (7) into equations (3) and (4), then collect
coefficients of the same order of ¢!(¢) (I = £1,42,...) and set each coefficient to zero
to derive a set of over-determined partial differential equations for ag(z), a—;(x), a;(x),
bo(x), b—;(z), bj(x) and &.

Step 3. Solve the over-determined partial differential equations obtained in Step 2
by use of Mathematica and using Wu elimination method.

Step 4. Substitute ao(x), a—i(z), ai(x), bo(z), b—;(x), bj(x) and ¢ along with one
solution ¢(§) of equation (7) into (5) and (6), we then obtain soliton-like solutions,
periodic formal solutions and rational function solutions of equations (3) and (4).

3 Exact Solutions of the DLW Equations

According to Step 1, we get Ny = 2 for H and Ny = 1 for w. In order to search
for explicit solutions of equations (1) and (2), we set ag = ao(y,t), a_2 = a_2(y, 1),
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a—1= lel(y,t), ar = al(yat)a az = OJQ(yat)a bo = bo(y,t), b1 = bfl(yat)a by = bl(yat)a
& =kx+mn,n=n(y,t), k is a nonzero constant. Thus we have

H=ao+a_20" (&) +a_1¢" (&) + a1¢(&) + az20*(€), (8)

u="bo+b_10""(&) + b1p(). 9)

Substituting (8) and (9) along with (7) into equations (1) and (2), then collecting
coefficients of the same order of ¢(£)! (I = +1,42,...) and setting each coefficient to
zero, we derive a set of over-determined partial differential equations for ag, a_2, a_1,
a1, asz, by, b_1, by and n as follows:

2k%r%a_1 + IOkaTa,Q —2krb_1b_1,4 + 2kr2b0b,177y + 5kprb%1ny
+2r%b_ymmy = 0,  6k*r*a_s + 3kr?b% n, =0,
3k*pra_i + 4k*pa_o + 8k*qra_o — krb_1bg,y — krbob_1 4y — 2kpb_1b_1 4
—rnib_1 4 + 3kproob_1ny + 2kp2b%1ny + 4qub%1ny —rb_1,1My + 3pro_1mny
—rb_1miy =0, 3kqashy + 6k*¢*bin, =0,
kE2p?a_q1 + 2k%qra_, + 6k*pga_o — kpb_1bg.y — kpbob_1,4 — 2kgb_1b_1 4
—pnib—1y + kp*bob_1ny + 2kqrbob_1n, + 3kpgb® yny — pb_1.4my + p*b_1m7y
+2qrb_1miny +b_14y — Pb_1mey =0, —3kra_sb_1 — 6k*rb_1n, =0,
kE2prai + k*pga_1 + 2k%¢?a_s + 2k*r%as + krbibo,y — kgb_1bg 4 + krbob 4
+r1¢b1,y — kgbob_1,y — qnib_1,y + kprbobin, + kr2bf77y + kpgbob_1ny + b1y
+rb1,4my — qb—1,my + provmemy — gb_1ney + pgb_1mmy + bo.ty + kqg*b% 10y = 0,
k2p2a1 + 2k2qra1 + 6k2p7"a2 + kpb1bo y + kpbobi1 y + 2krb1by 4 p1eby
+kp?bobiny, + 2kqrbobiny, + 3kproin, + pbi iy + p*bimny + 2qrbinm,
+b1,t,y + Pbin,y =0, 6k q%as + 3kq2bf77y =0,
3k pgar + 4k*p*as + 8k2qras + kqbibo,y + kgbob 4 + 2kpb1b1 4 + qneby
+3kpgbobiny + 2kp®biny + 4kqrbing + qbymy + 3pabinemy + gbiney = 0,
2k*q* a1 + 10k>pqas + 2kqbiby y + 2kq*bobiny + 5kpgbiny + 2¢*binmy = 0,
2k2r2b,17y — 2kra_sby — 2kra_1b_1 — 3kpa_ob_1 — 2ra_ony — 12k2pr2b,177y =0,
—kra_1byg — 2kpa_sby — kra_oby — krb_1 — kragb_1 — 2kpa_1b_1 — 3kqa_2b_1
+a_op —ra_1m — 2pa_on + 3k2prb,17y — 7k2p2rb,177y — 8k2qr2b,1ny =0,
—kpa_1bg — 2kqa_2by — kpa_2b1 — kpb_1 — kpaob_1 —2kqa_1b_1 + a1,
—pa_1me — 2qa—sne + k*p*b_1y + 2k>qro_1 ,, — k*p*b_1ny — 8k>pqro_in, =0,
kraibg — kga_1bg + krby + kragbi — kqa_2by — kqb—1 — kqaob—1 + krasb_1 + ao
+rayn — qa_1m + k*prbyy + k*pab_1,y + E*p*rbiny, + 2k*qribin,
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—k2p2qb,1ny - 2k2q2rb,177y =0,
kpaiby + 2krasbg + kpasby + kpbi + kpaobi + 2kraiby + kpasb_1 + a1+ + pain,
+2rasn: + k2p2b17y + 2k2qrb17y + k2p3b177y + 8k2pqrb177y =0,
kqai1bo + 2kpasby + kqbi + kgaobi + 2kpa1by + 3krazbi + kqasb_1 +az ¢
+qain; + 2pasn, + 3k*pgby ,, + Tk*p*gbin, + 8k*¢*rbin, = 0,
2kqasbg + 2kqa1by + 3kpasby + 2qasn; + 2k2q2b17y + 12k2pq2b177y =0.

Solving above over-determined partial differential equations by use of Mathematica, we
get the following nontrivial results:
Case 1:

ap = —1 = 2kqr(fi(y)t + f5(y)) +

a_o = 0, a1 = 0,

ar = =2kpa(fi()t + f5(y), a2 = —2kq*(fi(y)t + f3(y)), b-1 =0,

bozikp—M, b= +2kq, 1= h)t+ faly) + Fa0),

where fi(y), f2(y) and f3(t) are arbitrary functions, fi(y) = dfi(y)/dy, f5(t) =
dfs(t)/dt. The sign “+” means that the same sign must be used in ag, by and b;.
Case 2:

J1(y)
k b
a1 = =2kpr(fi(y)t + f3(y), a—2 = —2kr*(fi(y)t + f3(y)), b1 =0,

bo = Fkp — M by =F2kr, n=filyt+ f2(y) + f3(t),

where the signs “+” and “F” mean that different signs must be used in ag and b_1,
furthermore the same sign must be used in by and b_;.
Case 3:

ap = —1 = 2kqr(fi(y)t + f5(y)) +

(11:0, (12:0,

ap = _15 a—2 = —2I€T2f{(y), a—1 = _karf{ (y)a

!
¢
a1 = —2kpqfi(y), a2 = —2k¢*fi(y), bo=Lkp— ngO

b*l = :|:2I€T, bl = :l:2kqa n= fl(y) + f3(t)a

where the sign “+” means that the same sign must be used in by, b1 and b_;.
For simplification, in the rest of this paper, we introduce the notations:

2_ 4 har — 12
Mo VP e V- p (10)
2 2
From Cases 1-3, Appendix 1 in [18] and (8)—(10), we can obtain many more general
exact solutions of equations (1) and (2):

Family 1. When p? — 4¢r > 0 and pg # 0 (or gr # 0)
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2rcosh(4/p2—4qré/2) from

For example, if we select ¢g(&§) = e /7 t0r€)2) —peo (T 1ne /%)
Appendix 1 in [18], and use Case 1 and (8)—(10), we then obtain soliton-like solutions

/
Hyi=-1-2kgzz! 1,2” — 2kpg=es (&) — 2kq*Ee5(€)

ME&)[4pMsinh(M¢€) — (p? + 4M?)cosh(ME))
[2M sinh(M¢€) — pcosh(ME)]?

3

/ 2kqrEcosh
:—1—2quaiflliy) _ 2hgrZcosh(

wry = thp — M + 2kqgs(€)

_ fi(y) + f3(1) 4kqreosh(ME)
- b 2MSmh(ME) — poosh(ME)"

where & = kx + fi(y)t + fa(y) + f3(t), 2= fi()t + fo(y)-
Family 2. When p? — 4¢r < 0 and pg # 0 (or qr # 0)
For example, if we select ¢a2(£), from Case 1 we obtain periodic formal solutions
fi(y) n 2kqr=cos(2NE)[4pNsin(2NE) + (p? — 4N?)cos(2N¢E) £ 4pN]

3

Hon = —1=2kqret== [2Nsin(2NE) + pcos(2NE) & 2N 2
/(t Ak 2N

s — ey MW EHO  thgreoseNg

k 2Nsin(2N¢) + pcos(2NE) £ 2N

where § = kz + f1(y)t + f2(y) + f3(t), 2= fi(y)t + f3(y)-

Family 3. When r = 0 and pqg # 0
For example, if we select ¢a5(£), from Case 1 we obtain soliton-like solutions

fily) | 2kp*d=[cosh(pf) — sinh(p)]

Hyi=-1% k [d 4 cosh(p€) — sinh(p€)]? ’
B fily) + f5(2) 2kpd
ug1 = kp — A T3 + cosh(p€) — sinh(p€)’

where £ = kx + fi(y)t + f2(y) + f3(t), = = fi(y)t + f4(y), d is an arbitrary constant.
Family 4. When g # 0 and r=p =0
If we select ¢27(&), from Case 1 we obtain rational function solutions

O - AR 2k
M=l 07 Gevor ™17 @t

where £ = kx + f1(y)t + f2(y) + f3(t), E = fi(y)t + f4(y), ¢ is an arbitrary constant.
Family 5. When p? — 4¢r > 0 and pg # 0 (or ¢gr # 0)
For example, if we select ¢1(§), from Case 2 we obtain soliton-like solutions
4 2kqr=[4pMtanh(M 2+ 4M?
Hot= 1 2kqr= + fily)  2kgrE[dpMtanh(ME) + p* + 4M7]
k [p + 2Mtanh(ME)]?

_ fily) + f3(8) dkqr
us.1 = Fhp k 2 tanh (M)’

3
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where & = kz + fi(y)t + fa(y) + f3(t), 2= fi()t + fo(y)-
Family 6. When p? — 4gr < 0 and pg # 0 (or gr # 0)
For example, if we select ¢15(£), from Case 2 we obtain periodic formal solutions

fily)  2kgrE[ApN (tan(2NE) + sec(2NY)) — p? 4+ 4N?|

Hey=—1-2kqrE+ = [—p + 2N (tan(2N¢€) + sec(2NE))]2 ’
— fily) + f3(1) Akqr
ug.1 = Fkp — L =7 —p 4 2N[tan(2N¢€) £ sec(2NE)]’

where § = kz + f1(y)t + f2(y) + f3(1), E = fi(y)t + f5(y).
Family 7. When r» = 0 and pq # 0
From Case 2 we obtain rational function solutions
!
Hrp=-1+ flT(y), uz.1 = Fkp —
Family 8. When g # 0 and r=p =0
From Case 2 we obtain rational function solutions
fiy) _hly) + f3()

Hg1=-1=% 0 us1=

fily) + ()

Family 9. When p? — 4¢r > 0 and pg # 0 (or ¢gr # 0)
For example, if we select ¢o(€), from Case 3 we get soliton-like solutions

_ 8kq*r® f1(y) 4kpgr f1(y) L, 2
Hoa=—1=p0 2Mcotﬁ(M§)]2 P 2Mcotlh(M§) + R — 4M coth®(ME)],
_ f3@) dkqr
U9l = — 3k T o T 2N coth (31E) F 2kMcoth(M¢),

where § = kz + fi(y) + f3(t)
Family 10. When p? — 4gr < 0 and pg # 0 (or gr # 0)
For example, if we select ¢13(£), from Case 3 we get periodic formal solutions

_ 8kq*r* f1(y) Akpar f1(y) L o
Hor=-1-7 2Nta111(N§)]2 R 2Nt;n(N§) — 3R P+ AN tan (NG,
_ J3() 4kgqr
U10.1 = — Bk ~p T 2N tan(NE) + 2kNtan(N¢),

where £ = kz + f1(y) + f3(t).
Family 11. When r» =0 and pg # 0
For example, if we select ¢a5(€), from Case 3 we get soliton-like solutions

2kp*df (y)[cosh(pf) — sinh(pé)]
[d 4 cosh(pg) — sinh(pg)]?

£ 2hpd
k T d + cosh(p€) — sinh(p¢)’

Hij1=-1+

uiry = £kp —
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where &€ = kz + f1(y) + f3(t), d is an arbitrary constant.
Family 12. When g # 0 andr=p=0
If we select ¢27(&), from Case 3 we get rational function solutions

2k fiy) S5 2kg
(@€+c2” ko (g€+c)

where &€ = kx + f1(y) + f3(t), c is an arbitrary constant.

From Cases 1-3, Appendix 1 in [18] and (8)—(10), we can also obtain other more
general exact solutions of equations (1) and (2), we omit them here for simplicity.
These solutions obtained contain some arbitrary functions, which can make us discuss
the behaviors of solutions and also provide us enough freedom to construct solutions
that may be related to real physical problem. As an illustrative example, one plot of
Hi ; is shown in Figure 1, from which we can see that H; ; possesses solitonic features.

Higp=-1-

Figure 1. Plot of Hj 1 is shown at fi(y) =sn(y|0.5), f2(y) = cen(y|0.5), f3(t) = sin(t),
k=q=r=1,p=3,t=m/2, and the sign “+” selected by “+”.

REMARK 1. These solutions presented above have not been obtained in [19-21].
Case 1 can be obtained by using the method [17]. However, Cases 2 and 3 can not
be obtained by the methods [10-17]. It shows that our method is more powerful in
constructing exact solutions of NLPDESs. All solutions reported in this paper have been
checked with Mathematica by putting them back into equations (1) and (2).

4 Conclusion

By using a further improved tanh function method, we have constructed many more
general exact solutions of the (2+1)-dimensional DLW equations. The arbitrary func-
tions in the solutions imply that these solutions have rich local structures. It may be
important to explain some physical phenomena.
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