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Abstract

This paper deals with a free boundary problem for the p-Laplace operator. We
will use the compactness-continuity result for the solution of a non linear Dirichlet
problem, due to D. Bucur and P. Trebeschi, and prove the existence of solution
(which is of class C’z) for the associated shape optimization problem. The shape
derivative and Hopf’s comparison principle allow us to give a sufficient condition
of existence for the free boundary problem.

1 Introduction

Let D be an open ball of RN (N > 2) which will contain all the sets we use in this paper.
Given an L*>-function f > 0 which has a compact support K with a nonempty interior.
Let k be a parameter, k > 0. We look for an open and bounded set Q (D K), such
that there exists a function ug, satisfying the following overdetermined problem (F'L)

—AP’UJQ = —diV(|V’UJQ|p72 V'LLQ) = f in Q, ug = 0 and |V'LLQ| =k on 0N).

Most of existing results for the problem (F'L) assume that p = 2, e.g [7], [2]. For other
values of p, this is an open question.

In [8], the authors showed, by using the moving plane method [6], that if the problem
(FL) admits a solution (2, uq) such that Q is of class C? and ug € C*(Q\ K)NC* (Q),
then all the inward normals at the boundary 9 of Q meet C' (the convex hull of K).
Since we relate the existence of a solution for Problem (FL) to the existence of a
minimum of some shape optimization problem, it is natural to solve this one in a class
of domains with this geometric normal property (see below).

Using the shape derivative, the problem (FL) can be seen as the Euler equation of
the following problem of minimization, e.g. [11]:

(OP) Find Q € O¢ such that J(2) = min J(w),

weO¢
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230 Existence Result for a Free BVP

where O¢ = {w C D : w satisfies C-GNP} and

1 kP
J(w) :/ (5 |Vuu|? — fu, + ;) dx

with u, the solution of the Dirichlet problem P(w, f):
—Apuy, =f in w, u, =0 on Jw.

This paper deals with the problem (FL). We will use the compactness-continuity
result for the solution of a non linear Dirichlet problem, due to Bucur and Trebeschi [4],
and prove the existence of solution (for the shape optimization problem (OP)) which
is of class C2. Then the shape derivative and Hopf’s comparison principle allow us to
give a sufficient condition of existence of solution for our free boundary problem as in
the case of Laplace operator [2].

2 Preliminaries

We need a few definitions.

DEFINITION 1. Let K7 and K5 be two compact subsets of D. We call a Hausdorff
distance of K7 and Ky (or briefly dg (K7, K2)), the following positive number:

dr (K1, K2) = max [p(Ky, Ka), p(K2, K1)]

where p(K;, K;) = maxzek, d(z, K;) i, j =1, 2 and d(z, K;) = minycg,

x—y.
DEFINITION 2. Let w, be a sequence of open subsets of D and w be an open
subset of D. Let K,, and K be their complements in D. We say that the sequence w,,
converges in the Hausdorff sense, to w (or briefly w,, A, w) if limy, 4 oo dp (K, K) = 0.
DEFINITION 3. Let w, be a sequence of open subsets of D and w be an open
subset of D. We say that the sequence w,, converges in the compact sense, to w (or

briefly w,, i w) if
e every compact subset of w is included in w,,, for n sufficiently large, and

e every compact subset of w® is included in wy,, for n sufficiently large.

DEFINITION 4. Let w, be a sequence of open subsets of D and w be an open subset
of D. We say that the sequence w,, converges in the sense of characteristic functions,
to w (or briefly w, £, w) if xo, converges to x. in LY (RN), p # 0o, (xw is the
characteristic function of w).

LEMMA 1. According to [5], if wy, is a sequence of open subsets of D, there exists
a subsequence (still denoted by w;,) which converges, in the Hausdorff sense, to some
open subset of D.

DEFINITION 5. According to [3], the following holds. Let C' be a compact convex
set. The bounded domain w satisfies C-GNP if (i) w D int(C), (ii) dw \ C is locally
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Lipschitz, (iii) for any ¢ € dC there is an outward normal ray A, such that A, Nw is
connected, (iv) for every x € dw \ C' the inward normal ray to w (if exists) meets C.

REMARK 1. If Q satisfies the C-GNP and C has a nonempty interior, then € is
connected.

THEOREM 1. If w, € O¢, then there exists an open subset w C D and a subse-
quence (again labeled wy,) such that (i) wy, A, w, (ii) wy X, w, (iii) X, converges to
Xw in LY(D) and (iv) w € O¢.

For the proof of this theorem, see Theorem 3.1 in [3].

DEFINITION 6. Let C be a convex set. We say that an open subset w has the C-
SP, if (i), (ii), (iii) of Definition 5 are satisfied and if (v) V z € 0w\ C K,Nw = ), where
K, is the closed cone defined by {y e RN : (y — ) - (z —x) <0, Vz € C}.

REMARK 2. K, is the normal cone to the convex hull of C' and {z}.
PROPOSITION 1. w has the C-GNP if and only if w satisfies the C-SP.

For the proof of this proposition see Proposition 2.3 in [3].

The aim of the following theorem is to prove the existence of a minimum of .J which
is of class C?. This in order to use the shape derivative and so to give a solution to
Problem (FL).

THEOREM 2. Let L be a compact subset of RV. Let f, be a sequence a functions
defined on L. We assume that the functions f,, are of class C® and

Ofn 02 fy, 2 fr
< < - Jmm
’ Ox; | — . ’85618% s M, ’8:018:0]8:%

<M

3

where M is a strictly positive constant and is independent of n. Define a sequence 2,
by Q, = {x € L : f,(z) >0} and suppose there exists a > 0 such that |f, (z)| +
IV fn(x)] > « for all x in L. If the domains €2, have the C-GNP, then there exists
Q of class C? and a subsequence (still denoted by €,,) such that €,, converges in the
compact sense, to  and J(2) = mingeco, J(w).

The proof of this theorem uses the following lemma which we prove for the conve-
nience of the reader (see [2]).

LEMMA 2. Let L be a compact subset of RY. Let f, be a sequence of functions
defined as in Theorem 2. Suppose that €2 is an open subset of L such that

Q={xeL:h(zx)>0} and 00 ={z € L:h(zx)=0},

where h is a continuous function defined in L. If the functions f,, converge uniformly
to hin L, then €2,, converges in the compact sense, to (2.
PROOQOF.

1. Let K; be a compact subset of . If 51 = infg, h, 81 > 0 and there exists n; € N
such that for all n > nq, |f, — h|L°°(K1) < 1. This implies that for all x € K,
fn(x) > h(x) — f1 > 0 and then K; is contained in Q,,, for n > n;.

2. Let Ky be a compact subset of Q. By hypothesis, = QUOQ = {z € L : h(z) > 0}.
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If B2 = maxg, h, B2 < 0 and there exists na € N such that for all n > ng,
[fro = Pl i,y < o

This implies that for all z € K», f, () < h(x)_— (1 < 0 and then K; is contained in
Q. , for n > ny because {x € L : h(x) <0} C Q.

REMARK 3. The hypothesis in the preceding theorem about the local regularity
is not too restrictive because of, for instance, results due to G.M. Lieberman [9].

LEMMA 3. (Hopf’s Comparison principle). Let U C RY be open and bounded,
and vy, vy € C* (U), with Apv; < Apva. Then the following hold.

1. If v; > v9 on OU, then v > vy in U.

2. Suppose v1 > ve in U, vy () = ve () for some z € OU, |Vvy| > v in U (for
some v > 0), and U satisfies the interior sphere condition. Then %(x} >

%(x}, where v is the unit outward normal vector on 90U, at z.

3. If v1 > vy and vy # vy in U, |Vua| > 7 in U (for some v > 0), then v > vq in U.

This lemma is proven in ([12], Lemma 3.2, Proposition 3.4.1, 3.4.2)

3 Main Theorems

In this section we state our main results, which will be proven in Section 6.

THEOREM 3. There exists 2 € O¢ which minimizes the functional J on O¢. Q is
of class C2.

We would like to say that the minimum obtained in Theorem 3 is a solution of
the problem (FL). It should be noted that, without any assumptions on f and k, the
problem (F'L) does not have, in general, a solution. Let us recall two examples of
non-existence for the problem (F L) which can be found in [8].

EXAMPLE 1. Put k = 1. Let (£, uq) be a solution of (FL) . Then, integration by
parts gives

/ fdz = — /Q div(|Vuq(z)[P "> Vug) = — /8 Q|qu(x)|P*2qu-y: / do. (1)

o0

1/N
Now let f = cxydz, where ¢ = NOV-D/N (%V') and cy is the area of the unit sphere

1/N
in RY. Then (1) gives N(V-1/N (%V') U] = 109, and by the (strict) inclusion
UcCQ,

1/N N-1/N 1/N N-1/N
ey (N1QDTTH > N (V)T = gy

(192 and |09 are respectively, the volume and the perimeter of ). This obviously
contradicts the well-known isoperimetric inequality [1]. Therefore for f as above there
cannot exist a solution to (F'L).
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EXAMPLE 2. Let k = 1, and suppose (£2, uq) solves (FL). Set M = sup f, and let
B (xo,7q) be the smallest ball containing 2. Then Mrq > N.

This provides us with a test for non-existence. To prove this inequality, one defines

o(a) = (p _ 1) Tg/(pfl) — |z - x0|p/(p*1)'
p Tgll/(pil)

Then —Apv = % Now if Mrqg < N, then

Apug=—f>-M> —% =Ayv in .
Since also ug = 0 < v on 01, one may apply parts 1. and 3. of Lemma 3 to
deduce that v > ugq in Q. (Or at least in some interior neighborhood of 9§2) Now let
y € 09 correspond to largest distance to xg, i.e. |y — zo| = rq, and observe that the
unit outward normal vector v at y equals (y — xo) / |y — zo| and that uq(y) = v(y) =
0. Invoking part 2. of Lemma 3 one concludes —1 = %—f(y) > %(y) = —1, which is a
contradiction.

The aim, now, is to give a sufficient condition on f and k in order that €2 contains
strictly C' and that |[Vuq(z)| = k on 0. For that purpose, we will need the Hopf’s
comparison principle.

THEOREM 4. Suppose that K has a nonempty interior. Let {2 be a minimum of
the functional J on O¢ which is of class C?. Let ug and uc be, respectively, the solution
of Dirichlet problems P(Q, f) and P (int(C), f) . Suppose that uc € C* (C) and ug €
ct (ﬁ) . If C satisfies the interior sphere condition and if

[Vuc| >k on C (2)

then C' is strictly contained in 2 and |Vug| =k on 09Q.

4 Continuity With Respect to the Domain

As in the linear case, to obtain a continuity result we can use the compact convergence
and the p-stability of the limit domain (we say that an open set Q is p-stable if for any
u € H'P (RY) such that u = 0 a.e. in int(Q°), we get ujo € HyP (). Here, we will
use the theorem (see below) obtained by Bucur and Trebeschi where they generalize
the Sverak’s result [10].

In [4], the authors gave a compactness-continuity result for the solution of a non
linear Dirichlet problems (in particular with the p-Laplacian operator) when the domain
varies.

DEFINITION 7. (vp-convergence) We say that a sequence (2, of open subsets of
D ~y,-converges to Q if and only if for any f € H~14(D) (]1; + % = 1) the solutions

u,, of the Dirichlet problems P (€2, f) converges strongly in Hy? (D), as n — 400, to
the solution uq of P(L, f), (u, and uq are extended by zero to D).
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Set
O/(D)={wC D | fut <1}

where fw® denotes the number of connected components of the complement of w.
THEOREM 5. (Bucur-Trebeschi) Let N > p > N — 1. Consider Q,, € O; (D) and
assume €, A, 2, then Q € O; (D) and €, 7,-converges to €.

REMARK 4. If p > N, any sequence of open sets which converge in the Hausdorff
sense is 7y,-convergent.

COROLLARY 1. Assume that the convex C' has a nonempty interior. If Q,, € O¢
and £, A, Q, then ,, y,-converges to €.
PROOF. If the interior of C is nonempty and €2, € O¢, according to Remark 1,

Q,, is connected. Therefore Q,, € O; (D). Now, if Q, A, Q, by the previous theorem
Q,, yp-converges to €.

5 Optimality Condition

As it is mentioned in the introduction of this paper, we are going to use the standard
tool of the domain derivative to write down the optimality condition. Let us recall
the definition of the domain derivative, see for instance [11]. We assume that the
minimum € of the functional J is of class C2. Let us consider a deformation field
VeC? (RN; RN) and set Q; = {x +tV(z), z € Q}, t > 0. The application Id + tV is
a perturbation of the identity which is a Lipschitz diffeomorphism for ¢ small enough.
By definition, the derivative of J at ) in the direction V is

dJ(Q,V) = lim M

As the functional J depends on the domain ) through the solution of the Dirichlet
problem P(£2, f), we need to define also the domain derivative of uq. If uf, denotes the
domain derivative of ug, then uf, = lim,_.o “2—2. Now, if J(2) = [, h(uq)dz, by the
Hadamard formula

dJ(Q,V) :/

Q

B (uq) ugdr + / h(uq)V -n do.
o0

Furthermore, we can prove (see [11]) that ug, is a solution of some linear Dirichlet prob-
lem with ug, = —%“—;ZV -n on 0f). This, together with uo = 0 on 052 and the Hadamard
formula implies

dJ(Q; V) = l/ (kP — |[Vuq(z)[") Vin do. (3)
P Joq
where n is the outward normal vector to 0€).
Now since €2 is the minimum for the functional J, d.J(€2; V) > 0 for every admissible
direction V. Therefore [, (k* — |Vugq(x)|”) V.n do > 0 for every admissible direction
V. We mean by admissible displacement the one which allows us to keep the C-GNP
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or the C-SP (according to Proposition 1 above ). Since €2 has the C-GNP, it satisfies
the C-SP. Then
Ve e 0N\ C K,NQ=0.

For t sufficiently small, let ; = Q + tV (Q) be the deformation of  in the direction
V. Let xy € 09Q;. There exists x € 0Q s.t o = x+tV (x). Using the definition of K, and
the equality above, it is obvious to get (for ¢ small enough and for every displacement
V:Vz e ol \C K, NQ = 0, which means that Q, satisfies the C-SP (and so
the C-GNP) for every displacement V' when ¢ is sufficiently small. Then, using V' and
—V, and the fact that the set of the functions V - v is dense in L?(99), we deduce

|[Vug(z)] = kon 0Q\ C. 4)
>

On the other hand, the admissible directions V' on 0Q2NOC must satisfy V (x)-n(zx)
0, and one gets
|[Vug(z)] < kon 0QNIC. (5)

6 Proofs of the Main Theorems

6.1 Proof of Theorem 3

PROOF. Using the variational formulation of the Dirichlet problem P(w, f), we get
I, IVuy(2)|Pde = [ fu,. If up denotes the solution of the Dirichlet problem P(D, f), by
the Hopf’s comparison principle (see Lemma 3 part 1.), 0 < u, < up so

-1 kP -1
J(w):—p—/fuw—i-—/de—p—/qu
p w P Ju p D

and inf J exists. Let ), be a minimizing sequence in O¢ as in Theorem 2.

Since int(C) C Q, C D, according to (i) of Theorem 1 and the continuity of the
inclusion for the Hausdorff topology, there exist an open set {2, and a subsequence of
0, (still denoted by €,,) such that €, 2, 0 and int(C) C Q C D. (ii) of Theorem
1 together with Theorem 2 implies that  is of class C2. Now by (iii) of Theorem 1,
Jq, dx converges to [, dx, and by Corollary 1, [}, funxa, converges to [, fuaxe =
Jo |Vuq(z)[Pde. Hence J(2) < liminf, o J(Q,). According to (iv) of Theorem 1,
2 € Oc, therefore J(2) = ming,eco. J(w).

6.2 Proof of Theorem 4

PROOF. Since the minimum {2 is of class C2, one can use the shape derivative for
the functional J and obtain (4) and (5). We must have 9Q # 9C, otherwise ) =
int(C) and ug = uc. But (5) gives |Vuc| = [Vuq| <k on 09, which contradicts
(2) . Now, suppose that 92 N OC # . Since uq and uc are in C* (C),

Apug = —f = Apuc in int(C) and ug > 0 = uc on 9C,

part 1. of Lemma 3 implies that ug > uc in int(C). But ug # uc in int(C), then
uq > uc in int(C). Now, since C satisfies the interior sphere condition, |Vuc| > k on
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mt(C) and ug = uec on 90 N AC, part 2. of Lemma 3, gives ’9;—"“ < 6(9_“7? on 00N

. . dug Lo .
9C. Now since ugq vanishes on 9€2, [Vug| = ———, the previous inequality becomes
n

[Vuc| < |Vug| on 9QNOC. This together with (5) implies |Vuc| < k on Q2N IC,
which contradicts (2). It then follows that C' is strictly contained in © and thus, by (4)

|V'LLQ| =k on 0N).
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