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Abstract

The purpose of this paper is to prove some existence theorems for certain
classes of singular nonlinear two point boundary value problems with p-Laplacian
operators. In our study, we shall use nonlinear alternative theorem of Leray-
Schauder type to prove a priori bound theorem, and from the theorem we get two
existence results of differential equations without growth restrictions.

In recent years, singular two-point boundary value problems for ordinary differential
equations has been studied by a number of authors. For the singular mixed boundary
value problems for the second order differential equation, O’Regan discussed the exis-
tence theorems in [1-3]. The aim of the paper is to generalize the O’Regan results in
[2-3] to the p-Laplacian ordinary operator of the form

1 Y ,

; (pwn (y )) = af(ty,p¥n(y ), 0 <t <1,

where 1, : R — R is defined by 1, (u) = |u|"2u if u # 0, and 1,,(0) = 0 where n > 1.
We begin to discuss the two point mixed boundary value problem

b (pon (v)) =afy i 0<t <1,

lim p7=T(t)y (t) = 0, (1)
=07 1 ’

ay(l) + btlir{l— p—1(t)y (t) =d,a>0,b>0.

We first assume throughout this paper that
(Hy) f:[0,1] x R? — R is continuous, ¢ € (0,1) with ¢ > 0 on (0,1);
(Hz) p € C[0,1] N C(0,1) with p > 0 on (0,1);
1 _ps 1
(H3) fol p(x)q(z)dr < 0o andfol[ﬁ]nfl [fo p(x)q(x)dz]*Tds < 0.
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LEMMA 1. Suppose (Hy) and (Hz) hold. In addition suppose r,,(x),r(z) € C|0, 1]
with 7, — r. Then for each € > 0 there is N, independent of s (s € [0, 1]), such that

i / " p()g(@) (@) d) — g7 / " p(e)a(x)r(z)dx)| < e / " p(e)a(z)dz)

when m > N.

PROOF. Since r(z) € C[0, 1], there is constant M > 1 such that |r,,(z)| < M —1
for all z € [0,1]. Since ¢, is uniformly continuous in [-M", M'], for every e € (0, 1),
there exists § > 0 such that |1, (s) —; 1 (t)| < e when |s—t| < § and s,t € [-M, M'].
Since r,, — r, for the above §6 > 0, there is N such that |r,,(z) — r(z)| < 6, for all
x € [0,1] when m > N. From Integral Mean-value Theorem, there exists £ € [0, 1] such
that

/0 " p(e)g(a)r(z)d = r(©) / p(@)a(e)de).

When m > N, we have

2o p( r(2)dz) — ¢, (fy p(e)g(z)r(z)dz)]
< maX{lw (f (x) (z)[r(z) — é]dx) — w;(fo p(x)q(z)r(z)dr)l,
H(fo p@)g(@)[r(x) + 6]dz) — ¥, 1 (fy p(@)g(2)r(z)dz)|}
= maX{l% (( ( ) - 6) [y p(x)g(x)d) — 1%1(7;(5) o p(x)q(z)d)l,
[ 6) [5 p(x)q(x)dx) — 1/);1(7‘(5) Jo p(x)q(x)dx)|}
—maX{Iw ( ( ) = 8) = ()], [y 1 (7(€) + ) — (1)} M (g p(

<ey,t fo x)q(x)dr).

Associated with (1), we have a family of problems

L(pen (v')) =2af(typn@)),0 <t <1,0<A< 1,
Jim p7T (£)y (1) = 0, )

ay(1) +b lim pr T (t)y () =d,a>0,b> 0.

THEOREM 1. Suppose (H1), (Hz2) and (Hs) hold and assume there is a constant
M, independent of A, with |y[s < M for each solution y to (2), for each A € (0,1).
Then (1) has a solution y € C[0,1] N C2(0,1) with pib,(y) € C[0,1]. Where we set
lyln = max{|ylo, [pn(y )0} = max{supp 1 [y(t)], sup 1) [p(£) e (y (D)1}

PROOF. Solving (2) is equivalent to finding a y € C[0,1] with py,(y') € C[0,1]
which satisfies

y(t) =4 Jr /\_ fo m "
fo (
fo s) fo z)q(x

Let o= A=1. We can write (3) as

(o pl)a(@)f (@ y(w ), p(@)en(y (x)))da)ds
) p(2)¢n(y ())) x) 3)

1/177
y(x
) f (2, y(@), p(@)n(y (x)))dz)ds)].

da)
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where N: K}[0,1] — K}[0, 1] is given by

Ny(t) —+f0 o) T (o p(2)a(@) (2, y(@), p@)n(y (2)))d)ds
<f01 pla)gla >< <> <>¢n< y (x))da)
—fo Nt fo p(@)a(@) f (@, y(@), pa)n(y (2)))da)ds.
Let

K'0,1] = {u € C[0,1], ptbn(y ) € C[0,1] with norm |ul;},
which is a Banach space, and set

K3[0.1] = {u € K'(0, 1], lim P (H)y (t) = 0,au(1) + b lim p=T (t)y (t) = d}.

t—1—

Then K}[0,1] is a convex subset of K'[0,1]. Consequently (2) is equivalent to the
fixed point problem

d
= (1= p)= +uNy.

We first prove that N is continuous. Let y,,, y € K3[0,1], and y,,, — y. So there is
a constant My so that |ym,|1 < Mo, |y| < My. With lemma 1, for every € > 0 there is
N, when m > N, we have

INy — Nymlo —sup01]|Ny() Nym( )|
2f0 s) )7 Y (o p(@)a(@) f (2, y(@), pa)yn (Y (2)))d)
fo z)q(x) f(x ym(w)m( )Y (y;}(w)))dw |ds
+e |w fo p(x)a()f(2,y(x), p(z)¢n(y (x)))dz)
fo ) l(x)f T ym( ), D(2) Y0 (Y, (2)))d2) |
< 25]0 (S) Ve fo )q(:c)dx)ds—i—% g,

’

\pwn((Ny),) PYn((Nym) o = supjo y [P0} ((NY)' (1)) = P (Nym) (1)
< Jo p@)a(@)|f (@, y(@), p@)dn(y (@) = (@, ym (@), (@) (Y, (@))|da
< sfo ( )dz,

o (H3) and the above inequalities imply Ny, — Ny. Thus N is continuous.
Next we show N is completely continuous. Let @ CK}[0,1] be bounded i.e. there
exists a constant M; > 0 with |y|; < M; for each y € Q. For each y € Q, we have

< % = 1|w (Jo p@)q(@) f(z,y(x), p(x)hn(y (x)))dz)|ds
, +2 fo ( (@), p(@)nly y' (2)))dx)],
Ip(Ny) )lo < fo ()| f ( ) p(@)Yn(y (v)))|dz,

so there is M3 such that |[Ny|; < M3 for each y € Q i.e. NQ is completely bounded.
For each y € Q and s,t € [0,1] with s < ¢, we have

|f§<p(; w fo )a(2) £ (2, 9(2), p(2)Un (Y (2)))d2)da|
M,y St(p(l) e fo (2)q(2)dz)dz,

|Nylo

[Ny(t) — Ny(s)| <
<
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f plz If x y( ), p(@) ¢ (y (x)))|de

[P (Ny) () = p(5)n(Ny) )(s)]

INIA

where My and Mj are constant. (Hs) and above 1nequaht1es 1mply N is equicontin-
uous. The Arzela-Ascoli theory in [4-5] guarantees that N is completely continuous.

Let U = {u € K5[0,1] : |uly < max{M + 1,2 +1}}, C = Kj[0,1] and E =
K'0,1].

Set p* = %7 with the choice of U, p* € U and possibility (ii) of nonlinear alternative
theorem of Leray-Schauder type in [6,7] is ruled out. By the theorem, we deduce that
N has a fixed point i.e. (1) has a solution y € C[0,1] with pi,(y') € C[0,1]. The fact
that y € C?(0,1) follows from (3) with A = 1.

We consider the problem

2 (pwn (y)) = qf (t,y, pyn(y)),0 <t <1,
Jim p7T (£)y (1) = 0, 4)

/

ay(1) + btl_i)qli pn;—l(t)y (t)=0,a>0,b>0.

THEOREM 2. Suppose (H1), (Hz) and (Hs) hold. In addition suppose
(H,) there is a constant M > 0 with uf(¢,u,0) > 0 for |u| > M and ¢ € [0,1];
(Hs) there exists sy < rg with so < 0 < ro and f(t,u,79) < 0 < f(¢,u,8) for
t€0,1] and u € [-M, M].
Then (4) has a solution y € C[0,1] N C2(0,1), with py,(y') € C[0,1].
PROOF. Let y be a solution to

% (Wn (y)) =M1ty pUn(y),0 <t <1,0< A< 1,
Jim pT )y ‘(t) =0, (5)x
ay(1 )+b lim p7= TT(t)y (¢) =0,a > 0,b >0,

where
f(t,u,?”()), v 27”07
filt,u,0) = f(tu,v),  so<v <o,
f(tvuvs())v v S S0-

We notice f; : [0,1] x R? — R is continuous.
We first show that
—M < y(t) < M for t € [0, 1]. (6)

Suppose |y(t)| achieves a positive maximum at ¢y € [0,1]. First if ¢o € (0,1), then
y (to) = 0. Assume |y(to)| > M. Then (Hy) together with s9 < 0 < r¢ and the
differential equation yields

y(to) (p(to)tn(y (o)) Ap(to)q(to)y(to) f1(to, y(to), 0)

= Ap(to)q(to)y(to) f (to, y(to), 0) > 0,

i.e. y(to)(¥n(y (to))) > 0. Then one of the following conditions occurs:
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’

(a) if y(to) > 0, then (¢, (y (to))) > 0. Thus there is § > 0 such that 1, (y (t)) <0
for tg — 6 < t < to, i.e. y (t) < 0; and Y (y (t)) > 0 for tg <t < to+06, i.e. y (t) >0, a
contradiction.

(b) if y(to) < 0, then (¥, (y (to)))” < 0. Thus there is § > 0 such that ¥, (y
for to— 6 <t < to, i.e. y (t) > 0; and ¥, (y (£)) < 0 for tg <t < to+6, i.e. y () <0,
contradiction.

Next if tg = 1, then b > 0. However y(l)tlir? pT )y (t) = —4%(1) < 0, ie.

’

there is a § > 0 such that y(1)y (t) < 0 for t € (1 — §,1), a contradiction.
It remains to consider the case to = 0. Suppose |y(0)| > M, then

¥(0)£1(0,4(0),0) = y(0)£(0,(0),0) > 0

together with the differential equation implies there exists § > 0 with y(¢)(p(¢t)yn

(y () >0 for ¢ € (0,6).

(c) if y(t) > 0 for t € (0,6), then (p(t)Yn(y (t))) > 0. With Jim p7 T (t)y (t) = 0,
we reduce p(t)v, (y (t)) > 0 for t € (0,06), i.e. y/ (t) > 0, a contradiction.
)
)

(d) if y(t) < 0 for t € (0,6), then (p(t)1n(y (1)) < 0. With hm prT (t)y' (t) =0,

we reduce p(t)vn(y () < 0 for t € (0,6), i.e. y (t) <0, a contradlctlon
Thus(6) is true.
Next we show
so < p(H)Pn(y (1)) <o for t € [0, 1]. (7)

Suppose there exists ¢ € (0,1) with p(t)1, (y (£)) > 7o. Then since lim prT (t)y (t) =
t

t—0t

0, liIgl+ p(t)n(y (t)) = 0. So there exists p € [0, 1) with p(s)ih, (y (s)) > 7o for s € (1, 1]
t—
and p(p)tn (y (1)) = ro. This together with (Hs) yields

0 < p(t)en(y (1) — P)¥n(y () = fj(ps Yy (5))) ds
= A [Ip(s)a(s) Fa(s,y(s), p(s)n (Y (5)))ds
= f: $)q(s)f(s,y(s),m0)ds <0,

a contradiction. Thus p(t)ib, (y (t)) < 7o for ¢ € [0,1]. Similarly p(t)y, (y (t)) > so for
t € 0,1].

Thus we have shown that any solution y of (5), satisfied (6) and (7). Consequently
theorem 1 implies that (5)y has solution y with —M < y(t) < M,t € [0,1] and
50 < p( b (y (£)) < 1o, t € [0,1], so y is solution of (4) with y € C[0,1] N C2[0,1] and
paly’) € O[O, 1].

THEOREM 3. Suppose (H1), (Hz2), (Hs) and (Hy4) hold. In addition assume

(Hg) there exists sg < rg with s < 0 < ro and uf(t,u,r9) > 0 for ¢ € [0,1]
and u € [—My, My, and uf(t,u,s0) > 0 for t € [0,1] and u € [—My, My]; here
My = max{M, %} and bsg < d < bry.

Then (1) has a solution y € C[0,1] N C2[0,1] and py,(y') € C[0,1].
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PROOF. Let y be a solution to

; (pwn (y)) = Aafi(ty, pa(y)), 0 <t <10 <A< L,
Jim 7T 1)y (1) =0, (8)x
ay(1) +b lim pTT () (t) = dya > 0,b >0,

where f is as in theorem 2. We first show that
ly(t)] < Mo for t € [0, 1]. 9)

Suppose |y(t)| achieves a positive maximum at to € [0,1]. If ¢¢ € [0,1), as in
Theorem 2, |y(tg)] < M. If tg = 1, then one of the following conditions occurs:

(a) If b =0, then |y(1)| = ‘%:ll < M.

(b) If b # 0, and suppose |y(1)| > %, then

’

by(1) lim p (t)y (t) = y(1)d—aly(V)]* < y(1)]|d|—aly(1)]* = ly(1)|(|d|-aly(1)]) < 0.

t—1—
Thus there is § > 0 with y()p™ 7T (t)y (t) < 0 for t € (1 —6,1), i.e. y(t)y' (t) <0, a
contradiction. Consequently (9) is true.
Next we show

s0 < p(O)ay (1)) < 7o for ¢ € [0,1], (10)

Suppose p(t)thn (y (t)) £ ro, then there is ¢ € (0,1) such that p(t1)1,(y (t1)) > 7o.
One of the following conditions occurs:

(¢) I y(t1) > 0,1let I; = {t € [t1,1] : pn(y )(s) > 10 > 0,Vs € [t1,t]}. Then I; is
an interval, I; # ¢ and y(t) > 0 on I;. Suppose 1 € I;. If b = 0, then y; = g <0, a
contradiction. If b # 0, then tlili“f () (y (1) = d—ay(1) < ¢ <ry, a contradiction.

Thus 1 ¢ I;. Then there is t; < t5 € [0,1] such that y(t) > 0, p(t)n(y (t)) > 7o for
t € (t1,t2) with p(t2)in(y (t2)) = ro. ,

(d) If y(t1) < 0, then there is to < t1 € [0, 1] such that y(t) < 0, p(t)n(y (£)) > 7o
for t € (to,t1) with p(to)vn(y (to)) = 0.

If (¢) holds, then

’

0> p(t2)tn(y (82) = (1) (y (1)) = [ (p(s)bn(y () ds
= A2 p(s)a(s)f(s,9(s),r0)ds > 0,

a contradiction.
If (d) holds, then

0 < p(t)¥aly (t1)) = p(to)vu(y (o)) o ((5)0n (Y ())) ds

X[ p(s)a(s) f(s,y(s),70)ds > 0,

a contradiction.
Thus p(t)Yn(y (t)) < ro for ¢ € [0,1]. Similarly p(t)v,(y (t)) > so for t € [0,1], so
(10) is true.
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Now (9), (10) and Theorem 1 imply (8), has a solution y with |y(¢)] < M, for
t €10,1] and sp < p(t)n(y (t)) <1 for t € [0, 1], so y is a solution of (1).
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