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Abstract

The purpose of this paper is to prove some existence theorems for certain
classes of singular nonlinear two point boundary value problems with p-Laplacian
operators. In our study, we shall use nonlinear alternative theorem of Leray-
Schauder type to prove a priori bound theorem, and from the theorem we get two
existence results of differential equations without growth restrictions.

In recent years, singular two-point boundary value problems for ordinary differential
equations has been studied by a number of authors. For the singular mixed boundary
value problems for the second order differential equation, O’Regan discussed the exis-
tence theorems in [1-3]. The aim of the paper is to generalize the O’Regan results in
[2-3] to the p-Laplacian ordinary operator of the form

1

p

�
pψn

�
y
3��3

= qf(t, y, pψn(y
3
)), 0 < t < 1,

where ψn : R→ R is defined by ψn(u) = |u|n−2u if u 9= 0, and ψn(0) = 0 where n > 1.
We begin to discuss the two point mixed boundary value problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
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p

�
pψn

�
y
3
��3

= qf(t, y, pψn(y
3
)), 0 < t < 1,

lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

ay(1) + b lim
t→1−

p
1

n−1 (t)y
3
(t) = d, a > 0, b ≥ 0.

(1)

We first assume throughout this paper that
(H1) f : [0, 1]×R2 → R is continuous, q ∈ (0, 1) with q > 0 on (0,1);
(H2) p ∈ C[0, 1] ∩ C1(0, 1) with p > 0 on (0,1);
(H3)

U 1
0
p(x)q(x)dx <∞ and

U 1
0
[ 1
p(s) ]

1
n−1 [

U s
0
p(x)q(x)dx]

1
n−1 ds <∞.
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LEMMA 1. Suppose (H1) and (H2) hold. In addition suppose rm(x), r(x) ∈ C[0, 1]
with rm → r. Then for each ε > 0 there is N, independent of s (s ∈ [0, 1]), such that

|ψ−1n (

] s

0

p(x)q(x)rm(x)dx)− ψ−1n (

] s

0

p(x)q(x)r(x)dx)| ≤ εψ−1n (

] s

0

p(x)q(x)dx)

when m > N .

PROOF. Since r(x) ∈ C[0, 1], there is constant M 3
> 1 such that |rm(x)| ≤M 3 − 1

for all x ∈ [0, 1]. Since ψ−1n is uniformly continuous in [−M 3
,M

3
], for every ε ∈ (0, 1),

there exists δ > 0 such that |ψ−1n (s)−ψ−1n (t)| < ε when |s−t| ≤ δ and s, t ∈ [−M 3
,M

3
].

Since rm → r, for the above δ > 0, there is N such that |rm(x) − r(x)| < δ, for all
x ∈ [0, 1] when m > N . From Integral Mean-value Theorem, there exists ξ ∈ [0, 1] such
that ] s

0

p(x)q(x)r(x)dx = r(ξ)

] s

0

p(x)q(x)dx).

When m > N , we have

|ψ−1n (
U s
0
p(x)q(x)rm(x)dx)− ψ−1n (

U s
0
p(x)q(x)r(x)dx)|

≤ max{|ψ−1n (
U s
0
p(x)q(x)[r(x)− δ]dx)− ψ−1n (

U s
0
p(x)q(x)r(x)dx)|,

|ψ−1n (
U s
0
p(x)q(x)[r(x) + δ]dx)− ψ−1n (

U s
0
p(x)q(x)r(x)dx)|}

= max{|ψ−1n ((r(ξ)− δ)
U s
0
p(x)q(x)dx)− ψ−1n (r(ξ)

U s
0
p(x)q(x)dx)|,

|ψ−1n ((r(ξ) + δ)
U s
0
p(x)q(x)dx)− ψ−1n (r(ξ)

U s
0
p(x)q(x)dx)|}

= max{|ψ−1n (r(ξ)− δ)− ψ−1n (r(ξ))|, |ψ−1n (r(ξ) + δ)− ψ−1n (r(ξ))|}ψ−1n (
U s
0
p(x)q(x)dx)

≤ εψ−1n (
U s
0
p(x)q(x)dx).

Associated with (1), we have a family of problems⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
p

�
pψn

�
y
3
��3

= λqf(t, y, pψn(y
3
)), 0 < t < 1, 0 < λ < 1,

lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

ay(1) + b lim
t→1−

p
1

n−1 (t)y
3
(t) = d, a > 0, b ≥ 0.

(2)

THEOREM 1. Suppose (H1), (H2) and (H3) hold and assume there is a constant
M, independent of λ, with |y|1 ≤ M for each solution y to (2), for each λ ∈ (0, 1).
Then (1) has a solution y ∈ C[0, 1] ∩ C2(0, 1) with pψn(y3) ∈ C[0, 1]. Where we set
|y|1 = max{|y|0, |pψn(y3)|0} = max{sup[0,1] |y(t)|, sup[0,1] |p(t)ψn(y

3
(t))|}.

PROOF. Solving (2) is equivalent to finding a y ∈ C[0, 1] with pψn(y3) ∈ C[0, 1]
which satisfies

y(t) = d
a + λ

1
n−1 [

U t
0
( 1
p(s) )

1
n−1ψ−1n (

U s
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)ds

− b
aψ
−1
n (
U 1
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)

− U 1
0
ψ−1n ( 1

p(s)

U s
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)ds].

(3)

Let µ = λ
1

n−1 . We can write (3) as

y(t) = (1− µ)d
a
+ µNy(t),
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where N: K1
B[0, 1]→ K1

B[0, 1] is given by

Ny(t) = d
a +

U t
0
( 1
p(s) )

1
n−1ψ−1n (

U s
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)ds

− b
aψ
−1
n (
U 1
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)

− U 1
0
ψ−1n ( 1

p(s)

U s
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)ds.

Let
K1[0, 1] = {u ∈ C[0, 1], pψn(y3) ∈ C[0, 1] with norm |u|1},

which is a Banach space, and set

K1
B[0, 1] = {u ∈ K1[0, 1], lim

t→0+
p

1
n−1 (t)y

3
(t) = 0, au(1) + b lim

t→1−
p

1
n−1 (t)y

3
(t) = d}.

Then K1
B [0, 1] is a convex subset of K

1[0, 1]. Consequently (2) is equivalent to the
fixed point problem

y = (1− µ)d
a
+ µNy.

We first prove that N is continuous. Let ym, y ∈ K1
B [0, 1], and ym → y. So there is

a constant M0 so that |ym|1 ≤ M0, |y| ≤ M0. With lemma 1, for every ε > 0 there is
N, when m > N , we have

|Ny −Nym|0 = sup[0,1] |Ny(t)−Nym(t)|
≤ 2 U 1

0
( 1
p(s) )

1
n−1 |ψ−1n (

U s
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)

−ψ−1n (
U s
0
p(x)q(x)f(x, ym(x), p(x)ψn(y

3
m(x)))dx)|ds

+ b
a |ψ−1n (

U 1
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)

−ψ−1n (
U 1
0
p(x)q(x)f(x, ym(x), p(x)ψn(y

3
m(x)))dx)|

≤ 2ε U 1
0
( 1
p(s) )

1
n−1ψ−1n (

U s
0
p(x)q(x)dx)ds+ b

aε,

|pψn((Ny)3)− pψn((Nym)3)|0 = sup[0,1] |p(t)ψn((Ny)
3
(t))− p(t)ψn(Nym)3(t))|

≤ U 1
0
p(x)q(x)|f(x, y(x), p(x)ψn(y3(x)))− f(x, ym(x), p(x)ψn(y3m(x)))|dx

≤ ε
U 1
0
p(x)q(x)dx,

so (H3) and the above inequalities imply Nym → Ny. Thus N is continuous.
Next we show N is completely continuous. Let Ω ⊆K1

B[0, 1] be bounded i.e. there
exists a constant M1 > 0 with |y|1 ≤M1 for each y ∈ Ω. For each y ∈ Ω, we have

|Ny|0 ≤ d
a + 2

U 1
0
( 1
p(s) )

1
n−1 |ψ−1n (

U s
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)|ds

+ b
a |ψ−1n (

U 1
0
p(x)q(x)f(x, y(x), p(x)ψn(y

3
(x)))dx)|,

|p((Ny)3)|0 ≤ U 1
0
p(x)q(x)|f(x, y(x), p(x)ψn(y3(x)))|dx,

so there is M3 such that |Ny|1 ≤M3 for each y ∈ Ω i.e. NΩ is completely bounded.
For each y ∈ Ω and s, t ∈ [0, 1] with s < t, we have

|Ny(t)−Ny(s)| ≤ | U t
s
( 1
p(x) )

1
n−1ψ−1n (

U x
0
p(z)q(z)f(z, y(z), p(z)ψn(y

3
(z)))dz)dx|

≤ M4

U t
s
( 1
p(x) )

1
n−1ψ−1n (

U x
0
p(z)q(z)dz)dx,
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|p(t)ψn((Ny)3)(t)− p(s)ψn((Ny)3)(s)| ≤
U t
s
p(x)q(x)|f(x, y(x), p(x)ψn(y3(x)))|dx

≤ M5

U t
s
p(x)q(x)dx,

where M4 and M5 are constant. (H3) and above inequalities imply NΩ is equicontin-
uous. The Arzela-Ascoli theory in [4-5] guarantees that N is completely continuous.
Let U = {u ∈ K1

B[0, 1] : |u|1 < max{M + 1, | da | + 1}}, C = K1
B[0, 1] and E =

K1[0, 1].
Set p∗ = d

a , with the choice of U, p
∗ ∈ U and possibility (ii) of nonlinear alternative

theorem of Leray-Schauder type in [6,7] is ruled out. By the theorem, we deduce that
N has a fixed point i.e. (1) has a solution y ∈ C[0, 1] with pψn(y3) ∈ C[0, 1]. The fact
that y ∈ C2(0, 1) follows from (3) with λ = 1.
We consider the problem⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
p

�
pψn

�
y
3
��3

= qf(t, y, pψn(y
3
)), 0 < t < 1,

lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

ay(1) + b lim
t→1−

p
1

n−1 (t)y
3
(t) = 0, a > 0, b ≥ 0.

(4)

THEOREM 2. Suppose (H1), (H2) and (H3) hold. In addition suppose
(H4) there is a constant M > 0 with uf(t, u, 0) > 0 for |u| > M and t ∈ [0, 1];
(H5) there exists s0 < r0 with s0 ≤ 0 ≤ r0 and f(t, u, r0) ≤ 0 ≤ f(t, u, s0) for

t ∈ [0, 1] and u ∈ [−M,M ].
Then (4) has a solution y ∈ C[0, 1] ∩C2(0, 1), with pψn(y3) ∈ C[0, 1].
PROOF. Let y be a solution to⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
p

�
pψn

�
y
3
��3

= λqf1(t, y, pψn(y
3
)), 0 < t < 1, 0 < λ < 1,

lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

ay(1) + b lim
t→1−

p
1

n−1 (t)y
3
(t) = 0, a > 0, b ≥ 0,

(5)λ

where

f1(t, u, v) =

⎧⎨⎩ f(t, u, r0), v ≥ r0,
f(t, u, v), s0 ≤ v ≤ r0,
f(t, u, s0), v ≤ s0.

We notice f1 : [0, 1]×R2 → R is continuous.
We first show that

−M ≤ y(t) ≤M for t ∈ [0, 1]. (6)

Suppose |y(t)| achieves a positive maximum at t0 ∈ [0, 1]. First if t0 ∈ (0, 1), then
y
3
(t0) = 0. Assume |y(t0)| > M . Then (H4) together with s0 ≤ 0 ≤ r0 and the

differential equation yields

y(t0)(p(t0)ψn(y
3
(t0)))

3
= λp(t0)q(t0)y(t0)f1(t0, y(t0), 0)
= λp(t0)q(t0)y(t0)f(t0, y(t0), 0) > 0,

i.e. y(t0)(ψn(y
3
(t0)))

3
> 0. Then one of the following conditions occurs:
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(a) if y(t0) > 0, then (ψn(y
3
(t0)))

3
> 0. Thus there is δ > 0 such that ψn(y

3
(t)) < 0

for t0 − δ < t < t0, i.e. y
3
(t) < 0; and ψn(y

3
(t)) > 0 for t0 < t < t0 + δ, i.e. y

3
(t) > 0, a

contradiction.

(b) if y(t0) < 0, then (ψn(y
3
(t0)))

3
< 0. Thus there is δ > 0 such that ψn(y

3
(t)) > 0

for t0 − δ < t < t0, i.e. y
3
(t) > 0; and ψn(y

3
(t)) < 0 for t0 < t < t0 + δ, i.e. y

3
(t) < 0, a

contradiction.

Next if t0 = 1, then b > 0. However y(1) lim
t→1−

p
1

n−1 (t)y
3
(t) = −ab y2(1) < 0, i.e.

there is a δ > 0 such that y(1)y
3
(t) < 0 for t ∈ (1− δ, 1), a contradiction.

It remains to consider the case t0 = 0. Suppose |y(0)| > M , then

y(0)f1(0, y(0), 0) = y(0)f(0, y(0), 0) > 0

together with the differential equation implies there exists δ > 0 with y(t)(p(t)ψn
(y
3
(t)))

3
> 0 for t ∈ (0, δ).

(c) if y(t) > 0 for t ∈ (0, δ), then (p(t)ψn(y3(t)))3 > 0. With lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

we reduce p(t)ψn(y
3
(t)) > 0 for t ∈ (0, δ), i.e. y3(t) > 0, a contradiction.

(d) if y(t) < 0 for t ∈ (0, δ), then (p(t)ψn(y3(t)))3 < 0. With lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

we reduce p(t)ψn(y
3
(t)) < 0 for t ∈ (0, δ), i.e. y3(t) < 0, a contradiction.

Thus(6) is true.

Next we show

s0 ≤ p(t)ψn(y3(t)) ≤ r0 for t ∈ [0, 1]. (7)

Suppose there exists t ∈ (0, 1) with p(t)ψn(y3(t)) > r0. Then since lim
t→0+

p
1

n−1 (t)y
3
(t) =

0, lim
t→0+

p(t)ψn(y
3
(t)) = 0. So there exists µ ∈ [0, t) with p(s)ψn(y3(s)) > r0 for s ∈ (µ, t]

and p(µ)ψn(y
3
(µ)) = r0. This together with (H5) yields

0 < p(t)ψn(y
3
(t))− p(µ)ψn(y3(µ)) =

U t
µ
(p(s)ψn(y

3
(s)))

3
ds

= λ
U t
µ
p(s)q(s)f1(s, y(s), p(s)ψn(y

3
(s)))ds

= λ
U t
µ
p(s)q(s)f(s, y(s), r0)ds ≤ 0,

a contradiction. Thus p(t)ψn(y
3
(t)) ≤ r0 for t ∈ [0, 1]. Similarly p(t)ψn(y3(t)) ≥ s0 for

t ∈ [0, 1].
Thus we have shown that any solution y of (5)λ satisfied (6) and (7). Consequently

theorem 1 implies that (5)λ has solution y with −M ≤ y(t) ≤ M, t ∈ [0, 1] and
s0 ≤ p(t)ψn(y3(t)) ≤ r0, t ∈ [0, 1], so y is solution of (4) with y ∈ C[0, 1] ∩ C2[0, 1] and
pψn(y

3
) ∈ C[0, 1].

THEOREM 3. Suppose (H1), (H2), (H3) and (H4) hold. In addition assume

(H6) there exists s0 < r0 with s0 ≤ 0 ≤ r0 and uf(t, u, r0) ≥ 0 for t ∈ [0, 1]
and u ∈ [−M0,M0], and uf(t, u, s0) ≥ 0 for t ∈ [0, 1] and u ∈ [−M0,M0]; here

M0 = max{M, |d|a } and bs0 ≤ d ≤ br0.
Then (1) has a solution y ∈ C[0, 1] ∩C2[0, 1] and pψn(y3) ∈ C[0, 1].
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PROOF. Let y be a solution to⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
p

�
pψn

�
y
3
��3

= λqf1(t, y, pψn(y
3
)), 0 < t < 1, 0 < λ < 1,

lim
t→0+

p
1

n−1 (t)y
3
(t) = 0,

ay(1) + b lim
t→1−

p
1

n−1 (t)y
3
(t) = d, a > 0, b ≥ 0,

(8)λ

where f1 is as in theorem 2. We first show that

|y(t)| ≤M0 for t ∈ [0, 1]. (9)

Suppose |y(t)| achieves a positive maximum at t0 ∈ [0, 1]. If t0 ∈ [0, 1), as in
Theorem 2, |y(t0)| ≤M . If t0 = 1, then one of the following conditions occurs:
(a) If b = 0, then |y(1)| = |d|

a ≤M0.

(b) If b 9= 0, and suppose |y(1)| > |d|
a , then

by(1) lim
t→1−

p
1

n−1 (t)y
3
(t) = y(1)d−a[y(1)]2 ≤ |y(1)||d|−a[y(1)]2 = |y(1)|(|d|−a|y(1)|) < 0.

Thus there is δ > 0 with y(t)p
1

n−1 (t)y
3
(t) < 0 for t ∈ (1 − δ, 1), i.e. y(t)y

3
(t) < 0, a

contradiction. Consequently (9) is true.
Next we show

s0 ≤ p(t)ψn(y3(t)) ≤ r0 for t ∈ [0, 1]. (10)

Suppose p(t)ψn(y
3
(t)) 9≤ r0, then there is t1 ∈ (0, 1) such that p(t1)ψn(y3(t1)) > r0.

One of the following conditions occurs:
(c) If y(t1) > 0, let I1 = {t ∈ [t1, 1] : pψn(y3)(s) > r0 ≥ 0,∀s ∈ [t1, t]}. Then I1 is

an interval, I1 9= φ and y(t) > 0 on I1. Suppose 1 ∈ I1. If b = 0, then y1 = d
a ≤ 0, a

contradiction. If b 9= 0, then lim
t→1−

p(t)ψn(y
3
(t)) = d

b − a
b y(1) ≤ d

b ≤ r0, a contradiction.
Thus 1 /∈ I1. Then there is t1 < t2 ∈ [0, 1] such that y(t) > 0, p(t)ψn(y3(t)) > r0 for
t ∈ (t1, t2) with p(t2)ψn(y3(t2)) = r0.
(d) If y(t1) < 0, then there is t0 < t1 ∈ [0, 1] such that y(t) < 0, p(t)ψn(y3(t)) > r0

for t ∈ (t0, t1) with p(t0)ψn(y3(t0)) = r0.
If (c) holds, then

0 > p(t2)ψn(y
3
(t2))− p(t1)ψn(y3(t1)) =

U t2
t1
(p(s)ψn(y

3
(s)))

3
ds

= λ
U t2
t1
p(s)q(s)f(s, y(s), r0)ds ≥ 0,

a contradiction.
If (d) holds, then

0 < p(t1)ψn(y
3
(t1))− p(t0)ψn(y3(t0)) =

U t1
t0
(p(s)ψn(y

3
(s)))

3
ds

= λ
U t1
t0
p(s)q(s)f(s, y(s), r0)ds ≥ 0,

a contradiction.
Thus p(t)ψn(y

3
(t)) ≤ r0 for t ∈ [0, 1]. Similarly p(t)ψn(y3(t)) ≥ s0 for t ∈ [0, 1], so

(10) is true.
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Now (9), (10) and Theorem 1 imply (8)λ has a solution y with |y(t)| ≤ M0 for
t ∈ [0, 1] and s0 ≤ p(t)ψn(y3(t)) ≤ r0 for t ∈ [0, 1], so y is a solution of (1).
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