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Abstract

In this paper we prove the existence of mild solutions of nonlinear neutral time
varying multiple delay differential equations in Banach space. The results are ob-
tained by using the Schaefer fixed point theorem. As an application controllability
problem is studied for the neutral systems.

1 Introduction

Theory of neutral differential equations has been studied by several authors in Banach
spaces [3, 8, 9, 10, 11]. A neutral functional differential equation is one in which the
derivatives of the past history or derivatives of functionals of the past history are in-
volved as well as the present state of the system. Using the method of semigroups,
existence and uniqueness of mild, strong and classical solutions of semilinear evolution
equations have been discussed by Pazy [12]. Balachandran and Sakthivel [4] and Dauer
and Balachandran [5] studied the existence of solutions for neutral functional integrod-
ifferential equations in Banach spaces. Recently, with the help of Sadovskii’s theorem,
Fu and Ezzinbi [7] studied the existence of solutions for neutral differential equations
of the form

% [2(t) + F (t,2(1),2(b1(?)), ..., (b (1)))] = Ax(?)
+G (t,x(t), z(ar(t)), ..., x(an(t)), t € J=][0,d], (1)
z(0) = =z,

where A is the infinitesimal generator of a compact analytic semigroup of bounded
linear operators 7T'(t) in a Banach space X, F : [0,a] x X™" — X G : [0,a] x
X"+l — X are continuous functions. The delays a;(t),b;(t) are continuous scalar
valued functions defined on J such that a;(t) <t,b;(t) <t. The purpose of this paper
is to prove the existence of mild solutions for the same class of neutral equations with
mild solutions by applying Schaefer’s theorem instead of Sadovskii’s theorem.
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2 Main Result

Let A: D(A) — X be the infinitesimal generator of a compact analytic semigroup of
uniformly bounded linear operator T'(t) defined on a Banach space X with norm || - ||
Let 0 € p(A) then define the fractional power A%, for 0 < a < 1, as a closed linear
operator on its domain D(A®) which is dense in X. Further D(A®) is a Banach space
under the norm

[2]lo = [[A%]|, for x € D(A®)

and is denoted by X,. The imbedding X, — X for 0 < § < a < 1 is compact
whenever the resolvent operator of A is compact. For semigroup {7'(¢)} the following
properties will be used.

(a) there is a M; > 1 such that ||T'(¢)|| < My, for all 0 <t < a.

(b) for any « > 0, there exists a positive constant Ms > 0 such that

|ACT ()] < Mat=>,0 < t < a. 2)

DEFINITION. A function x(-) is called a mild solution of the system (1) if z(0) =
xg, the restriction of x(-) to the interval [0,a] is continuous and for each 0 < ¢t < a
the function AT (t — ) F (s, z(s), x(b1(s)), ..., x(bm($))), s € [0,t), is integrable, and the
following integral equation

J,‘(t) = T(t)[.’l,‘o +F(O’$07x(b1(0>)7’x(bm(o)»]
—F(t,x(t), z(b1(t)), ..., x(bm(t)))

-, AT (t — 8)F(s,2(s),2(b1(8)), ..., x(bm(8)))ds

—I—/O T(t —s)G(s,z(s),z(a1(8)), ..., x(an(s)))ds (3)

is satisfied.
We need the following fixed point theorem due to Schaefer [13].

THEOREM 2.1. Let E be a normed linear space. Let F': E — FE be a completely
continuous operator, that is, it is continuous and the image of any bounded set is
contained in a compact set and let

((F)={x € E:x=AFz for some 0 <\ < 1}.

Then either ((F) is unbounded or F has a fixed point.

Assume that the following conditions hold:

(H1) For each t € J, the function G(¢,-) : X"™' — X is continuous, and for each
(0,1, ..., y) € X" the function G(-,xg,x1,...,7,) : [0,a] — X is strongly
measurable.
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(H2) For each positive integer k there exists o € L1[0,a] such that

Sup ||G(t,l‘0,.’131, axn) | < Oék(t) for t € J.

llzoll-llznlI<k

(H3) The function F : [0,a] x X™*! — X is completely continuous and for any
bounded set @ in C([—r,a], X) the set

{t = F(t,z(t),z(ar(t)), ..., z(am(t))) : x € Q}
is equicontinuous.
(H4) There exist § € (0,1) and a constant ¢; > 0 such that

(AP F(t,u)]| < Ms, teJ.

(H5) There exists an integrable function m : [0, a] — [0, 00) such that

1G(t, x(t), (ar (D)), ..., 2(an (@) < (0 + Dm@O)Q([|l2@)]])

where €2 : [0,00) — (0,00) is a continuous nondecreasing function.

(H6)
a . [e's) ds
/0 m(s)ds</c TQ(S)’
where

c = M1[||$0||+M3M4]+M3M4+%M,
My = [[(A)7,

m(t) = Mm(t)(n+1)%

Now let us take

t,x(t),z(b1(t)), ..., x(by(t))) = (¢, u(t)),

yx(t), z(ar(t)), .., z(an(t))) = (t,0(t)).

THEOREM 3.1. If the above assumptions are satisfied then the problem (1) has a
mild solution on J = [0, a].

PROOF. Consider the Banach space Z = C(J, X) with norm
2] = sup{|=(8)] : t € J}.

To prove the existence of mild solution of (1) we have to apply Schaefer’s theorem for
the following operator equation

z(t) = APzx(t), 0<A<]1, 4)
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where U : Z — Z is defined as
(Px)(t) = T(t)[zo+ F(0,u(0))] — F(t,u(t)) — /0 AT (t — s)F(s,u(s))ds
—|—/O T(t —s)G(s,v(s))ds.
Then from (3) we have
lz@®)] < M[llzoll + MsMy) + M3 My + M2/0 Ms(t — s)Ptds

-MAAW+Dm®WM@M@

MsMsa
g
Denoting the right hand side of above inequality as u(t) then

< Millwoll + MsMi] + MsM, + +mAmHmwwwmw

M3 Msa®
|z(t)]| < p(t) and @(0) = ¢ = My[||wo|| + MsMy] + MM, + —> ﬁ2 ,

W (t) = Mi(n+ DmB)Q([v(B)]]) < Mi(n+ 1)*m(6)Q(u(t)) < m()[Qu(t))]-

This implies
ut)  gg a ° ds
— < ﬁ13d5</ —, 0<t<a. 5
/u(o) Q(s) /0 (s) e s ®)

Inequality (5) implies that there is a constant K such that u(t) < K,t € [0,a] and
hence we have ||z| = sup{|z(t)| : t € J} < K, where K depends only on a and on the
functions m and €.

We shall now prove that the operator ¥ : Z — Z is a completely continuous
operator. Let By, = {z € Z : ||z|1 < k} for some k > 1. We first show that ¥ maps B,
into an equicontinuous family. Let © € By, and t1,t2 € [0,a]. Then if 0 < ¢; < t3 < a,

[(Vz)(t1) — (Yz)(ta)]|
< (T(t) = T(t2))[zwo + F (O, wO)][| + [[F(t1, u(t)) — F(t2, ulta))||
+||/ T(t; —s) —T(ta — 8)|F(s,u(s))ds| + || /t AT (ta — s)F(s,u(s))ds||
JrH/ T(t; — s) — T(ta — 8)|G(s,v(s))ds| + || t ) T(ty — s)G(s,v(s))ds||

< (T(t) = T(t2)[zo + F O, w(ON]I + [1F(t1, u(tr)) — F(t2, u(t2)) ||

t1 t2
+/ ||A[T(t1 — S) — T(tQ — S)H|M3M4d8 + / HAT(tQ — 8)”M3M4d8
0 ty

+/0'1 1Tty — 8) — T(ts — ) |an(s) ds +/t "It — )|l (s)ds



190 Abstract Neutral Functional Differential Equations

The right hand side is independent of x € By and tends to zero as to — t; — 0, since
F' is completely continuous and the compactness of T'(¢) for ¢ > 0 implies continuity
in the uniform operator topology. Thus ¥ maps By into an equicontinuous family of
functions.

It is easy to see that WBj is uniformly bounded. Next, we show WBj, is compact.
Since we have shown WBy, is equicontinuous collection, by the Arzela-Ascoli theorem
it suffices to show that ¥ maps Bj, into a precompact set in X.

Let 0 < t < a be fixed and let € be a real number satisfying 0 < € < t. For x € By,
we define

(Tex)(t) = T(t)[xo+ F(0,u(0))] — F(t,u(t)) — /0 h AT (t — s)F(s,u(s))ds
+/0 T(t — 5)G(s, v(s))ds
= T(t)[xo+ F(0,u(0))] — F(t,u(t)) — T(e) /0 AT (t — s — €)F(s,u(s))ds

+T(e) /0 (= s — OG(s, v(s))ds

Since T'(t) is a compact operator, the set Y¢(t) = {(Vx)(¢) : € By} is precompact in
X for every €, 0 < € < t. Moreover, for every x € By, we have

t—e

(W) (t) — (Tex) (@) /t_e IIAT(t—S)F(S,U(S))HdSJr/t IT(t = 5)G(s,0(s))llds

IA

t—e

/t - |AT (t — s)F(s,u(s))||ds + /t IT(t — s)||ag(s)ds.

IA

Therefore there are precompact sets arbitrarily close to the set {(¥z)(t) : * € By}.
Hence, the set {(¥x)(t) : € By} is precompact in X.

It remains to show that ¥ : Z — Z is continuous. Let {z,}5° C Z with z,, — z in
Z. Then there is an integer ¢ such that ||z, (¢)|| < ¢ for all n and ¢ € J, so z,, € B,
and z € B,. By (H2)

G(t, va(t)) — G(t,v(t))

for each t € J and since

IG(t,vn(t) = Gt 0(D)|| < 2a4(2),
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we have, by the dominated convergence theorem, that

Wy, — Wzl = sup I, un(t)) = F (¢ u(t))]

_|_/0 AT (t — 8)[F(s,un(s)) — F(s,u(s))]ds

+/ T(t = )[G(s,un(s)) — G(s,uls))]ds||
0

< FEE ua(t)) = FEu()l
+/O [AT(E = s F (s, un(s)) = F(s,u(s))llds
+/0 1T = $)I[IIG (s, un(s)) = G(s,uls))|ds
- 0

as n — o0o0. Thus ¥ is continuous. This completes the proof that ¥ is completely
continuous.

Finally the set {(¥) = {x € Z : z = AUz, A € (0,1)} is bounded, as we proved in
the first step. Consequently, by Schaefer’s theorem, the operator ¥ has a fixed point
in Z. This means that any fixed point of ¥ is a mild solution of (1) on J satisfying

(W) (t) = x(t).

3 Application

As an application of Theorem 3.1, we shall consider the system (1) with a control
parameter such as
d
T [x(t) + F (t,z(t), x(bi(t),...,x(bm(t)))] = Az(t) + Bw(t)
+G (ta(t), x(ax(t)), - yx(an(t), t € J=10,d], (6)

z(0) = o,

where B is a bounded linear operator from U, a Banach space, to X and w € L?(J,U).
In this case the mild solution of (6) is given by

z(t) = T)[xo+ F(0,u(0))] — F(t,u(t)) — /0 AT (t — s)F(s,u(s))ds
+ / T(t — $)[Bu(s)ds + G(s, v(s))|ds
0

We say the system (6) is locally controllable on the interval .J if for any subset Y C X
and for every zg,z; € Y, there exists a control w € L?(J,U) such that the solution
z(+) of (6) satisfies x(a) = z1. Let X, = {& € X : ||z|| < r} for some r > 0 and
Z,=CYJ, X,).
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Controllability of nonlinear systems of various types in Banach spaces has been
studied by several authors by means of fixed point principles [2]. Recently Balachan-
dran and Anandhi [1] and Fu [6] investigated the controllability problem for neutral
systems. To establish the controllability result for the system (6) we need the following
additional hypotheses.

(HT7) The linear operator W : L?(J,U) — X defined by
Wu = / T(a — s)Bw(s)ds
0

has an induced inverse operator W ! which takes values in L2(J,U)/ker W and
there exists a positive constant Ms such that |BW 1| < Ms.

(H8)
a > ds
m(s)ds </ —
/0 (®) e Qs)
where
M3 Msa®
¢ = Mlllxoll + Mzer] + MsMa + STN + M Na,

MsMya”
N = M {|x1| Mool + M) + Mgty + 2020

My /0 " m(s)(n + l)Q(r)ds} |

THEOREM 4.1. If the hypotheses (H1)-(HS8) are satisfied, then the system (6) is
controllable.

PROOF. Using the hypotheses (HT7), for an arbitrary function z(-), define the con-
trol

wt) = WY —T(a)xo + F(0,u(0))] + F(a,u(a))
+/o AT (a — s)F(s,u(s))ds — /0 T(a — s)G(s,v(s))ds}(t)

We shall show that when using this control the operator ® : Z,. — Z,. defined by

(Px)(t) = T@)[xo+ F(0,u(0))] — F(t,u(t)) — /o AT (t — s)F(s,u(s))ds

+/0 T(t — s)[Bw(s) + G(s,v(s))]ds, te J

has a fixed point. This fixed point is then a solution of (6). Substituting w(¢) in the
above equation we get (®x)(a) = x1, which means that the control w steers system (6)
from the given initial condition g to x; in time a. Thus the system (6) is controllable.
The remaining part of the proof is similar to Theorem 3.1 and hence it is omitted.
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