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Abstract

In this paper, we obtain sufficient conditions for oscillation of all solutions of
the system of difference equations with variable coefficients

xi(n+ 1)− xi(n) +
NX
j=1

pij(n)xj(n− l) = 0 ,

where {pij(n)} are real sequences with i, j = 1, 2, ..., N and l ∈ Z+. Furthermore,
we shall establish sufficient conditions for oscillation of all solutions of the system
of neutral difference equations with variable coefficients

∆ (xi(n) + cxi(n− ak)) +
NX
j=1

pij(n)xj(n− l) = 0

where {pij(n)} are real sequences with i, j = 1, 2, ..., N and k, l ∈ Z+.

1 Introduction

In the present paper, we investigate the oscillatory properties of the system of difference
equations with variable coefficients

xi(n+ 1)− xi(n) +
N[
j=1

pij(n)xj(n− l) = 0 , i = 1, 2, ..., N (1)

where {pij(n)} are real sequences with i, j = 1, 2, ...,N and l is positive integer.
Furthermore, we shall establish sufficient conditions for the oscillation of all solu-

tions of neutral system of difference equations with variable coefficients

∆ (xi(n) + cxi(n− ak)) +
N[
j=1

pij(n)xj(n− l) = 0, (2)
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120 Oscillation of Difference Equations

where {pij(n)} are real sequences with i, j = 1, 2, ..., N and a = ±1 and k, l are positive
integers, ∆ is the first order forward difference operator, i.e, ∆x(n) = x(n+1)− x(n).
We define that a solution x(n) = [x1(n), x2(n), ..., xN (n)]

T of equation (1) oscillates
if for some i ∈ {1, 2, ..., N} and for every integer n0 > 0, there exists n > n0 such that
xi(n)xi(n+1) < 0. A solution x(n) = [x1(n), x2(n), ..., xN (n)]

T
is nonoscillatory if it is

not eventually the trivial solution and if each component xi(n) has eventually constant
signum.
Oscillation theory of difference equations has attracted many researchers. In recent

years there has been much research activity concerning the oscillation of solutions of
delay difference equations. For these oscillatory results, we refer to the [1 − 8] and
the references therein. In [4] Agarwal and Grace established oscillation criteria for
the higher order systems of difference equations with constant coefficients. Further, in
[5] Chuanxi, Kuruklis and Ladas studied oscillatory behaviour of systems of difference
equations with variable coefficients. In this paper, we obtain sufficient conditions for
the oscillations of all solutions of (1) and (2).
We shall need the following lemma which is given in [8] (See also [7]).

LEMMA 1. Let k be a positive integer and let {pn} be a sequence of non-negative
real numbers such that

k−1[
j=0

pn+j > 0 for all large n,

Assume that {xn} is a solution of the following difference inequalities

xn+1 − xn + pnxn−k ≤ 0 , n = 0, 1, 2, ...

such that

xn > 0 for n ≥ −k,

Then the difference equation

an+1 − an + pnan−k = 0, n = 0, 1, 2, ...

has a solution {an} such that

0 < an ≤ xn for n ≥ −k

and

lim
n→∞ an = 0.

2 Oscillations of Equations (1) and (2)

In this section, we shall establish sufficient conditions for the oscillations of all solutions
of equations (1) and (2).
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THEOREM 1. Let {pij(n)} be real sequences with i, j = 1, 2, ..., N and let l be a
positive integer. If every solution of the equation

z(n+ 1)− z(n) + p(n)z(n− l) = 0 (3)

oscillates, where

p(n) = min
1≤i≤N

⎧⎨⎩pii(n)−
N[

j=1, j 9=i
|pji(n)|

⎫⎬⎭ > 0, (4)

then every solution of (1) oscillates.

PROOF. Assume that equation (1) has a nonoscillatory and eventually positive

solution x(n) = [x1(n), x2(n), ..., xN (n)]
T
. Then, there exists an integer n0 ≥ 0 such

that xi(n) > 0 for n ≥ n0, i = 1, 2, ...,N. If we let

w(n) =
N[
j=1

xj(n),

then

w(n+ 1)− w(n) = −
N[
i=1

pii(n)xi(n− l)−
N[
i=1

N[
j=1, j 9=i

pij(n)xj(n− l)

≤ −
N[
i=1

pii(n)xi(n− l) +
N[
i=1

N[
j=1, j 9=i

|pji(n)|xi(n− l).

Therefore, from the above inequality that we find the following

w(n+ 1)− w(n) +
N[
i=1

⎡⎣pii(n)− N[
j=1, j 9=i

|pji(n)|
⎤⎦xi(n− l) ≤ 0

or

w(n+ 1)− w(n) + p(n)w(n− l) ≤ 0 , n ≥ n1 ≥ n0. (5)

By the eventually positivity of x1(n), x2(n), ..., xN (n), we conclude that w(n) is even-
tually positive. Then by Lemma 1, we see that

z(n+ 1)− z(n) + p(n)z(n− l) = 0
has a positive solution {z(n)} for n ≥ n1, which contradicts to our hypothesis and
completes the proof.

REMARK 1. It is shown in [8] that, if

lim inf
n→∞

%
1

k

n−1[
i=n−k

p(i)

&
>

kk

(k + 1)k+1
,
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then every solution of equation (3) oscillates.

Thus, we have the following corollary is immediate.

COROLLARY 1. Let p(n) be as in (4) and let l be a positive integer. If

lim inf
n→∞

%
1

k

n−1[
i=n−k

p(i)

&
>

kk

(k + 1)k+1

holds, then all solutions of equation (1) oscillate.

THEOREM 2. Assume that {pij(n)} be real sequences with i, j = 1, 2, ...,N ,
a = −1 and that k, l are positive integers. Suppose also that 0 ≤ c < 1. If every
solution of the equation

z(n+ 1)− z(n) + (1− c) p(n)z(n− l) = 0 (6)

is oscillatory, where p(n) is defined in (4), then every solution of equation (2) oscillates.

THEOREM 3. Assume that {pij(n)} be real sequences with i, j = 1, 2, ...,N, a = 1
and that k, l (l > k) are positive integers. Suppose also that c > 1. If every solution of
the equation

z(n+ 1)− z(n) +
�
1− c
c2

�
p(n)z (n− (l − k)) = 0 (7)

oscillates, where p(n) is defined in (4), then every solution of equation (2) oscillates.

THEOREM 4. Assume that {pij(n)} be real sequences with i, j = 1, 2, ..., N , a = 1
and that k, l are positive integers. Suppose also that c = 1. If every solution of the
equation

z(n+ 1)− z(n) + 1
2
p(n)z(n− l) = 0 (8)

oscillates, where p(n) is defined in (4), then every solution of equation (2) oscillates.

THEOREM 5. Assume that {pij(n)} be real sequences with i, j = 1, 2, ...,N ,
a = −1 and that k, l are positive integers. Suppose also that −1 ≤ c < 0. If every
solution of the equation

z(n+ 1)− z(n) + p(n)z(n− l) = 0 (9)

oscillates, where p(n) is defined in (4), then every solution of equation (2) oscillates.

PROOF OF THEOREMS 2-5. Suppose that x(n) = [x1(n), x2(n), ..., xN (n)]
T
be

a nonoscillatory and eventually positive solution of (2), a = ±1. Then, there exists an
integer n0 ≥ 0 such that xi(n) > 0 for n ≥ n0, i = 1, 2, ..., N. We let

z(n) =
N[
i=1

xi(n) + c
N[
i=1

xi(n− ak) (10)
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Then, we have

z(n+ 1)− z(n) +
N[
i=1

N[
j=1

pij(n)xj(n− l) = 0.

So, as in Theorem 1, we have for n ≥ n1 ≥ n0
z(n+ 1)− z(n) + p(n)w(n− l) ≤ 0. (11)

It is clear that {z(n)} and {w(n)} are positive sequences, we see from (10) that if
a = −1 and 0 ≤ c < 1, then eventually z(n) = w(n)+cw(n+k), and we get eventually,

w(n) = z(n)− cw(n+ k) ≥ z(n)− cz(n+ k) ≥ (1− c)z(n),
therefore, we get eventually,

w(n− l) ≥ (1− c)z(n− l). (12)

If a = 1 and c > 1, then,

w(n) =
1

c
(z(n+ k)− w(n+ k))

=
1

c
z(n+ k)− 1

c2
(z(n+ 2k)− w(n+ 2k))

≥ 1

c
z(n+ k)− 1

c2
z(n+ k)

=

�
c− 1
c2

�
z(n+ k),

therefore, by using above inequlity, we get eventually,

w(n− l) ≥
�
c− 1
c2

�
z(n− (l − k)). (13)

Now, we take the a = −1 and c = 1. Then, by (10) eventually,
z(n) = w(n) + w(n+ k),

so eventually,

w(n) = z(n)− w(n+ k)
≥ z(n)− w(n)

and we have eventually,

w(n) ≥ 1
2
z(n). (14)

Now, we take the a = −1 and −1 ≤ c < 0. Then, by (10) eventually,
z(n) = w(n) + cw(n+ k)
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and we have eventually,

w(n) = z(n)− cw(n+ k)

and so eventually,

w(n) ≥ z(n)

and we have eventually,

w(n− l) ≥ z(n− l) (15)

Next, from the above we have the following
(i) If a = −1 and 0 ≤ c < 1, then, by (11) and (12), we obtain eventually,

z(n+ 1)− z(n) + (1− c)p(n)z(n− l) ≤ 0,

(ii) If a = 1 and c > 1, then, by (11) and (13), we obtain eventually,

z(n+ 1)− z(n) +
�
c− 1
c2

�
p(n)z(n− (l − k)) ≤ 0,

(iii) If a = −1 and c = 1, then, by (11) and (14), we obtain eventually,

z(n+ 1)− z(n) + 1
2
p(n)z(n− l) ≤ 0.

(iv) If a = −1 and −1 ≤ c < 0, then, by (11) and (15), we obtain eventually,

z(n+ 1)− z(n) + p(n)z(n− l) ≤ 0.

Thus, the rest of the proof is a slight modification of the proof of Theorem 1.

The following corollaries are immediate.

COROLLARY 2. Let {pij(n)} be real sequences with i, j = 1, 2, ..., N , k and l be
positive integers, a = −1 and 0 ≤ c < 1, if

lim inf
n→∞

%
1

k

n−1[
i=n−k

p(i)

&
>

1

(1− c)
kk

(k + 1)k+1
,

where p(n) is defined in (4), then every solution of (2) oscillates.

COROLLARY 3. Let {pij(n)} be real sequences with i, j = 1, 2, ..., N , k and l be
positive integers, a = 1 and c > 1, if

lim inf
n→∞

%
1

k

n−1[
i=n−k

p(i)

&
>

�
c2

c− 1
�

(l − k)l−k
(l − k + 1)l−k+1

where p(n) is defined in (4), then every solution of (2) oscillates.
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COROLLARY 4. Let {pij(n)} be real sequences with i, j = 1, 2, ..., N , k and l be
positive integers, a = 1 and c = 1, if

lim inf
n→∞

%
1

k

n−1[
i=n−k

p(i)

&
> 2

kk

(k + 1)k+1

where p(n) is defined in (4), then every solution of (2) oscillates.

COROLLARY 5. Let {pij(n)} be real sequences with i, j = 1, 2, ..., N , k and l be
positive integers, a = −1 and −1 ≤ c < 0, if

lim inf
n→∞

%
1

k

n−1[
i=n−k

p(i)

&
>

kk

(k + 1)k+1
,

where p(n) is defined in (4), then every solution of (2) oscillates.
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