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Moments Of The Product F' Distribution®
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Abstract

A new F' distribution is introduced by taking the product of two F' pdfs.
Various particular cases and expressions for moments are derived.

The F distribution is the most familiar statistical distribution in finance, economics
and related areas. The increasing applications in these areas have forced the need for
more variations of the F' distribution. In this note, we introduce a new F' distribution
with its pdf taken to be the product of two F' densities, i.e.

f(-’L') = C;L'Ot-l-a—z(l + Cl‘)_(a‘i‘ﬁ)(l + d.’E)_(a+b) (1)

forx>0,a>0,6>0,¢c>0,d>0,a>0and 3 > 0, where C denotes the normalizing
constant to be determined later. Like the F' pdf, this pdf is unimodal with its mode
given by the positive root of the quadratic equation:

—cd(b+B+2)2° + {(c+d)(a+a—2)—cla+B)—dla+b}z+a+a—2=0.

The F pdf arises as the particular case of (1) for ¢ = d. Figure 1 below illustrates
possible shapes of (1) for selected values of a, b, @ and 8. Note that the y-axes are
plotted on log scale. The effect of the parameters is evident.

The aim of this note is to provide detailed moment properties of (1). Other distri-
butional properties including inference issues will be addressed in a subsequent paper.
The calculations here involve several special functions, including the Gauss hypergeo-
metric function defined by

k

wbie) = — (a),, (b), =¥
2P (a, b ¢;2) ;} ©), kI

the Legendre function of the first kind defined by

1 1+ 2\"? 1—z
PH = | — F (= 1:1 — o
u('r) ].—‘(].—M) <1—£C) 2 1( v, v+ 13 22 2 >
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42 The Product F' Distribution

and, the Legendre function of the second kind defined by

Vrexp(ipm)T(p+v+1) 1/ 5 \u/2
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><2-F1< D) ) 9 +17V+27x2 ’
where (f)r = f(f+1)---(f +k—1) denotes the ascending factorial. We also need the

following important lemma.
LEMMA 1 (Equation (2.2.6.24), Prudnikov et al. [1], volume 1). For 0 < a < p+ A,

oo
/

Further properties of the above special functions can be found in Prudnikov et al.
[1] and Gradshteyn and Ryzhik [2].

* He+y)Pe+2) M =2y PB(a,p+ A —a) o F (a, Xip+A1— Q) .
z

(a) (b}
oo — L=
w — o
L [T ow —
g < I
o — lll‘ o~
= T T T T T T T L T T T T T T T
0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0
x x
(c) (d)
=2 _] = |
oy (o}
S £ 2.
-
o : =2
3 T T T T T T T e T T T T T T T
0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0
x x
Figure 1. Plots of the pdf of (1) for (a): (a B) = (1,1); ®): (a, B) = (1,3); (c):
(@, 0) = (2,3); and, (d): (a, f) = (3,3).

The four curves in each plot are: the black curve (a = 1,b = 1), the red curve
(a = 1,b = 3), the green curve (@ = 2,b = 3), and the blue curve (a = 3,0 = 3).
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THEOREM 1. If X is a random variable having the pdf (1) then
E(X") = Cc™* *Bn+a+a—1,8+b—n+1)

><2F1<n+oz+a1,a+b;a+6+a+b;1%l) (2)

forn <1+ 3+0.
PROOF. One can write

E(X") = C/ greta=2(1 4 o) =@ (1 4 do) (@0 gy, (3)
0

The result of the theorem follows by applying Lemma 1 to calculate the integral in (3).

Using special properties of the Gauss hypergeometric function, the following simpler
forms for (2) can be obtained. Corollary 1 determines the normalizing constant C,
Corollary 2 considers the case for « = a and 8 = b, and Corollary 3 considers the
familiar F' distribution for ¢ = d.

COROLLARY 1. The normalizing constant C' in (1) given by

1 d
o =" "Blat+a—1,8+b+1) 2 F (a—l—a—l,a—l—b;a—i—ﬁ—l—a—i—b;l— z) i

COROLLARY 2. If « = a and 8 = b then (2) can be reduced to one of the following
equivalent forms

Boxmy — O (a4b+1/)0(nt2a - DI @b—ntl) ( d 1/2=a=b
(X" = cnt2a=5/4q1/AT (2a + 2b) e

—a— 1+d/c
x pl/2—a=b —,
n+a—b—3/2 2 d/C

c

B(x" C4tT (0 +b+1/2)T (n+2a — 1) d\ ~(ath)
) VacBatbin=1/2qnta=b-D/2T (2a +2b) \© ¢
. Ca—n 1+d/c
xexp{—im(b—a—n+1)} Q57" (1 — d?c) ;
a+b —(a+b)
E(X") — C4* T (a+b+1/2)T(2b—n+1) d .
( ) - ﬁc(3a+b+"’_1)/2d("+“_b_1)/2I‘ (2(1 n 2b) E _
; a+n—b— 1+d/c
xexp{ir(b—a—n+1)} Q= )7" <—1 — dfc)
for n < 1+ 2b.

COROLLARY 3. If ¢ = d then (2) can be reduced to the familiar form

E(X")=Cc " "“Bn+a+ta—1,+b—n+1)
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forn<1+3-+b.

The proofs of the above corollaries are not difficult. Corollary 1 follows by setting
n = 0 into (2). Corollary 2 follows by applying equations (7.3.1.70)—(7.3.1.72) in volume
3 of Prudnikov et al. [1] to reexpress the Gauss hypergeometric term in (2) in terms of
the Legendre functions. Corollary 3 follows directly from (2) since oFi(a,b;c;0) = 1.

We now derive particular forms of (2) for («,a) = (3,0) = (1,1), (1,2), (1,3), (2,2),
(2,3) and (3,3). The results are given in the forms of Corollaries 4 to 9 and note that
all of the expressions are elementary. The results of the corollaries can be verified by
using equations (7.3.1.10) and (7.3.1.128)—(7.3.1.130) in volume 3 of Prudnikov et al.
[1]. These equations provide ways of reducing 2Fi(a, b; ¢; ) to elementary forms when
a, b and c take integer values.

COROLLARY 4. If a = 3 =1 and a = b =1 then (2) can be reduced to

E(X):C’{—2x+ln(1—a:)x—2ln(1—x) }/{023:3},

E(X?) :C{x2—2x+21n(1—a;)x—21n(1—a:)}/{c3x3(x—1)},

where = 1 — d/c and the normalizing constant C' is given by

é:—{x2—2x+2ln(l—x)x—an(l—x) }/{cmg}

COROLLARY 5. If « = 8 =1 and a = b = 2 then (2) can be reduced to

E(X) = C’{x3—12x2+12z+61n(1—x)x2—181n(17x)x+121n(17x)}
/{303335},

B (X?) = C’{x3 4622 — 24x +18In(1 — )z — 24In (1 — ) }/{6c4x5},

E(X3) _ C{2x3+x4+6$2—12:E+121n(1—$)$—121n(1—$)}

/{305335 (x—1) },

where © = 1 — d/c and the normalizing constant C is given by

1
— = {—17x3+42x2—24x+61n(1—x)x3—361n(1—x)x2+54ln(1—x)x

C
—241In (1 —x) }/{6c2w5}.
COROLLARY 6. If « = 8 =2 and a = b = 2 then (2) can be reduced to
E(X) = C{ ~112% + 6022 — 60z +3In (1 — ) 2° — 3610 (1 — z) 22

+90In (1 —2)z—601In (1 —z) }/{3c491:7}7



S. Nadarajah and S. Kotz

E(X?) = C{x4 —322%+ 9022 — 60z +121In(1 —2)2® — 72In (1 — 2) 2

+120In (1 —z)x — 60In (1 — z) }/{3C5£C7 (x—1) },

E(X%) = C’{x5 + 102" — 13023 + 2402% — 1202 + 601n (1 — z) 3

—2401n (1 — z) 22 +300In (1 — ) = — 120In (1 —x)}

/{606307 (z— 1) },

E(X") = C{:c6 + 32° 4 152* — 11023 4 1502 — 602 4 60 In (1 — z) 23

~180In (1 — z)2? +180In (1 — )z — 601n (1 —a:)}
/{307307 (z—1)° },
where = 1 — d/c and the normalizing constant C' is given by
= = —{x4 322 4 9022 — 60z + 1210 (1 — 2) 2° — 72In (1 — ) 22
+1201n (1 — 2) z — 601n (1 — ) }/{303x7}.
COROLLARY 7. If « = 8 =1 and a = b = 3 then (2) can be reduced to

E(X) = C{a®+100* - 1302° + 24002 — 1202 + 60 In (1 - @) 2*

—2401n (1 — z) 2% +300In (1 — ) = — 120In (1 — z) }/{20c4:c7},

E(X?) = c{x5 + 52 4 302% — 21022 + 180z + 120In (1 — z) 22

—300In (1 — )z + 1801n (1 — z) }/{30051:7},

E(X?) = 0{33:5 + 10z* + 3023 + 12022 — 360z + 3001n (1 — 2) =
~3601n (1 — ) }/{GOCGZE?},
E(XY) = O3¢5 +25 4 50* +102° + 302 — 60z + 60In (1~ )«

—601n (1 — x) }/{10c7:c7 (x—1) }
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where = 1 — d/c and the normalizing constant C' is given by

1
el {63:5 — 1552 + 48023 — 51022 + 180z + 601n (1 — ) z* — 3601n (1 — 2) *

+7201n (1 — 2) 2 — 600In (1 — o) = + 1801n (1 — z) }/{3003337}.
COROLLARY 8. If « = 8 =2 and a = b = 3 then (2) can be reduced to

E(X) = 0{3955 — 190z + 10302% — 168022 + 840z + 601n (1 — z) z*
—6001In (1 — )2 +18001In (1 — ) * — 21001In (1 — z)
+8401n (1 — x) }/{15C5x9},

E(X?) = 0{3955 + 602" — 15702° + 46202 — 3360z + 6001n (1 — z) 2

—36001n (1 — z) 2% + 63001n (1 — z) z — 33601n (1 — z) }
/{600%9},

E(X°) = 0{93:5 + 2% + 902* — 13702 + 29402% — 16802 + 6001n (1 — ) 2

—27001n (1 — x) 2* +37801In (1 — ) x — 16801n (1 — ) }
/{30073:9 (x—1) },

EXY) = 0{63955 + 142° + 327 + 4202 — 42702% + 71402> — 3360z
+21001n (1 — 2) 2® — 75601n (1 — 2) 2* + 8820In (1 — 2) x
~33601n (1 — z) }/{60083:9 (z — 1) }

E(X?) = C{ — 840z + 21002® + 422° + 627 + 2102* + 32% + 142° — 15402
+8401n (1 — x) 2® — 25201In (1 — ) 2> +2520In (1 — ) =
—8401n (1 — 7) }/{15c9x9 (z —1)° }
where x =1 — d/c and the normalizing constant C' is given by

1 5
el { — 2472° 4 26602 — 787023 + 882022 — 3360z 4 601n (1 — z) 2°

—12001n (1 — 2) 2* +60001n (1 — x) 2* — 120001n (1 — z) 2*
+105001n (1 — z) 2 — 33601n (1 — z) }/{60(;43:9}.
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COROLLARY 9. If & = =3 and a = b = 3 then (2) can be reduced to

E(X) = 0{151201;2 — 1372° 4 23102 — 987023 — 7560z + 301n (1 — ) 2°
—9001In (1 — z)z* +63001n (1 — z) 2® — 168001n (1 — ) x2
+189001In (1 — 2)  — 7560 1n (1 — =) }/{30c6x“},

E(X?) = 0{3150952 —1072° + 945" + 2° — 27302° — 1260z + 30In (1 — x) 2°
—4501In (1 — ) 2* +21001n (1 — z) 2® — 42001n (1 — z) 2*
+3780In (1 — z)x — 12601In (1 — x) }/{5C7x11 (x—1) },

E(X%) = 0{15120 x® — 12882° + 27 + 75602" + 282° — 16380z — 5040z
+4201n (1 — x) 2% — 42001n (1 — x) z* +147001In (1 — z) 2®
—235201In (1 — z) 2% 4+ 176401In (1 — z) v — 5040 In (1 — z) }

/{20083011 (x—1)° },

E(XY) = 0{26460332 — 459225 + 1227 + 199502 + 2% + 1682° — 344402°
~75602 + 16801In (1 — x) 2° — 126001n (1 — z) 2* + 35280 In (1 — z) 2
—47040In (1 — 2) 2 + 30240In (1 — ) = — 7560 1In (1 — ) }

/{30091’11 (x—1)° },

E(X°) = 0{20160932 — 62582° + 3627 + 21420z" + 62° + 3362° + 2°

—306602° — 50402 + 25201n (1 — 2) 2% — 151201n (1 — z) 2*
+352801n (1 — x) 2* — 403201n (1 — x) 2* +226801In (1 — ) =

~50401n (1 - 2) } /{200 (2 = 1)* },

E(X%) = c{ — 2520z + 113402° — 57542° + 6027 + 161702 + 152% + 4202°

+52°% 4 2210 — 1974023 + 25201n (1 — ) 2° — 126001n (1 — z) z*
+252001n (1 — x) 2% — 252001n (1 — 2) 2% + 126001n (1 — z) =

—2520In (1 — ) }/{10&%“ (x —1)° }
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where = 1 — d/c and the normalizing constant C' is given by

1 5
el —{3150332 —1072° 4 945" + 2% — 27302° — 12602 + 301n (1 — x) 2°
—4501n (1 — z) z* +21001n (1 — z) 2 — 42001In (1 — z) 2
+37801In (1 —x)x —12601n (1 — ) }/{5C5$11}.
References

[1] A.P. Prudnikov, Y. A. Brychkov and O. I. Marichev, Integrals and Series (volumes
1, 2 and 3), Gordon and Breach Science Publishers, 1986.

[2] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products (sixth
edition), Academic Press, 2000.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


