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Uniqueness Of A Solution Of The Cauchy Problem
For One-Dimensional Compressible Viscous
Micropolar Fluid Model*
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Abstract

The Cauchy problem for one-dimensional flow of a compressible viscous heat-
conducting micropolar fluid is considered. It is assumed that the fluid is ther-
modynamically perfect and polytropic. This problem has a strong solution on
R x]0, T for each T' > 0. We prove that the solution of the Cauchy problem is
unique.

1 Statement of the problem and the main result

In this paper we consider nonstationary 1-D flow of a compressible and heat-conducting
micropolar fluid. The equations of motion for this fluid are derived from the integral
form of conservation laws for polar fluids, under a number of supplementary assumtions
such as politropy, Fourier’s law, Boyle’s law and selection of constitutive equations (see
[7] and [6]). The corresponding Cauchy problem has a strong solution on IT = Rx]0,T7,
for each T' > 0 ([8]). We prove the uniqueness of the solution of this problem.

Let p,v,w and 0 denote, respectively, the mass density, velocity, microrotation
velocity and temperature of the fluid in the Lagrangean description. Then the problem
which we consider has the formulation as follows ([7]):

op  ,0v
ov 0 ov 0
E_%Q)%) —K% (0) (2)
Ow 0 ow
Por = A {P% (P%) w] ) (3)
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in R x RT, where K, A and D are positive constants. The equations (1)-(4) are,
respectively, local forms of the conservation laws for the mass, momentum, momentum
moment and energy. We take the following non-homogeneous initial conditions :

p(x,0) = po(z) , (5)
v(z,0) = vo(z) (6)
w(z,0) = wo(z) , (7)

0(x,0) = Oy (z) (8)

for x € R. We assume that there exist m, M € R™, such that
0<m<po(x) <M, m<O(z)<M, z€R. 9)
If the initial functions satisfy conditions (9) and
po — 1,v0,w0,00 —1 € H(R) (10)
then for each T' € R there exists a state function
S(z,t) = (p,v,w,0)(x,t) (z,t) e I=Rx]0,T][, (11)

with the properties
p—1€L>0,T; H (R)) N HY(IT) , infp > ¢ >0, ceRT, (12)

v,w,0 —1¢€ L>®0,T; HY(R)) N H'(IT) N L*(0, T; H*(R)) (13)

which satisfies equations (1)-(4) in the sense of distributions in IT and conditions (5)-(8)
in the sense of traces (see Theorem 1.1 in [8]).
We denote by B¥(R),k € Ny, the Banach space

B¥(R) = {uec CKR): lim |D"u(z) =0, 0<n <k}, (14)

|z|—o0
where D™ is n-th derivative; the norm is defined by

[ull B+ (ry = sup{sup [D"u(z)|}. (15)
n<k z€R
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REMARK 1. From Sobolev’s embedding theorem ([3, 5, 2]) and theory of vector-
valued distributions ([4]) one can conclude that from (12) and (13) it follows:

p—1€L>(0,T;B°(R)) N C([0,T]; L*(R)), (16)

v,w,0 —1 € L*0,T; BY(R)) N C([0,T); H*(R)) N L*>°(0,T; B°(R)) (17)
and hence
v,w € C([0,T); B%(R)), p,0c L=(II). (18)

The state function S and its distributional derivatives that occur in (1)-(4) are
locally integrable functions in IT and the system (1)-(4) is satisfied a. e. in II. In other
words, state function (11) is a strong solution of the system (1)-(4).

The aim of this paper is to prove the following result.

THEOREM 1. For each T' > 0, the problem (1)-(10) has in IT at most one solution

S = (p,v,w,d) with properties (12)-(13).

2  Proof of Theorem 1.

The proof is very similar to that of Theorem 2.1 in [7] and in [1, Chapter 2].

Let S1 = (p1,v1,w1,01) and S = (p2,v2,ws, 02) be two distinct solutions of (1)-
(10) with properties (12)-(13). We can easily show that for all ¢ € L?(R) the function
(pyv,w,8) = (p1 — p2,v1 — V2, w; — wa, ) — Ba) satisfies the following system:

Op = 50V Ova _
/[(’)t +018 + p(p1 + p2) 8x]<ﬂd$—0a (19)
ov 0 Ov Ovs 0
/R[a_ %(pl%“’a )—i—K8 (p10 + pB2)]pdz =0, (20)
Ow 0 ow Ows w 1Y
/R[Gt A(ax(’ol or tr Ox ) p1 T plpz)]wdx =0 1)
a6 o 00 06, vy Oy v
=~ _D K(p10—
/R[at a( s +pa )+ (198 +92pa +P2928)
Ov ,0v;  Ovg vy w 2 P
plax(&v + 8:1:) <3x) Pl(WI+W2)+w291F’2
Ow Owi  Owa Owy

in 10, T'[. From (12)-(13) it follows

p € L>(0,T; H'(R)) N H'(IT) (23)
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v,w,0 € L>(0,T; H'(R)) N H*(IT) N L*(0, T; H*(R)). (24)
Evidently, we have
p(z,0) =v(z,0) = w(z,0) = 0(x,0) =0, = €R. (25)

From (16) and (17) we conclude that

| 1‘1m plx,t) = | 1‘1m v(x,t) = | 1‘1m w(z,t) = ‘ 1‘1m O(z,t) =0, (26)
ov ow 20
lim —(z,t) = lim —(x,t li x,t) = t T 2

By C' > 0 we denote a generic constant, having possibly different value at different
places. We also use the notation

1A= 1f 12> (m)-

First we replace ¢ by p(t) in (19). Taking into account (18) and applying Young’s
inequality we get

SIOIP < Clt +sup | 2P0 + | 501 (29)

Integrating over ]0,¢[ (¢ €]0,T), using (25) and (17), after application of the Gronwall
inequality we obtain

it e [ 12 @)k (20
—(7)|]*dr.

p - 0 a,x

For ¢ = v(t) from (20) it follows

ov Ovy Ov ov

2 2

i i - _ K i

s+ [ m(GErar == [ pThSar+ K [ 0+ poo)San (30)

Integrating again over |0, ¢[ and using (12), (18), (25) and Holder’s inequality, we have

ol + [ 152 <0 [ [+ sup 2Dl
OISl 6

or applying (29) and Young’s inequality with a parameter ¢; > 0(i = 1, 2), we find that

lo®I? + /H— J2dr < ( elm/n )|2dr

+0 [0+ sup A + [ I5H@IPds) + loar. 2
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Taking into account €;(i = 1, 2) sufficiently small and using Gronwall’s inequality, from
(32) we obtain

lo()? + /H WM<C/H9HdT (33)

Now we replace ¢ in (21) and (22), respectively, by w(t) and 6(t) and integrate by parts
over R. With the help of (12), (18), (25) and the Young inequality we get

lo(®)]? + /Ha‘u |d<0/nw 2+ /H 9)2ds +

(1+ (SlépIa—;|)2(7))llp(7)\l2ld7+€1/O H%(T)Ilsz (34)

and
16 + J/ 192 (7) <(/“ Dl + [ 156 IPdsdr
/ UW(HM+®/H— )|12dr
+c/“w—- P @ HI 2P (35)
where
A(r) = Cl1+ (sup | G2+ (sup | 521 + (sup |52
oup | 90+ P22 (| 21 By (36)
B(r) = O[1 + (sup | D21 + (sup | 222
Houp| S22 + (sup | 52, (37

Taking into account (17), (29), (33) and €;(i = 1, 2) sufficiently small, with the help of
the Gronwall inequality from (34) and (35) we obtain

lw(®)]? + /H wi<c/ne|dr (33)

|WW+A|%wwmsc/H@wWM+WMV+@ﬂﬂﬁm

<0/n9\F /n (s)|2ds)d (39)

Using again Gronwall’s inequality from (39) we find that 8 = 0 and from (38), (33) and
(29) we get immediately

p=v=w=0. (40)
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