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Abstract

In this paper we solve the tracking problem for linear discrete-time periodic
systems with independent random perturbations in Hilbert spaces. Under stabi-
lizability and either uniform observability or detectability conditions we find the
optimal control which minimize the cost function associated to this problem. We
extend the results from [1] to the general case where the stochastic perturbations
act both on the state and control variables. We also establish the connection
between the uniform observability and the tracking problem.

1 Statement Of The Problem

Let H, V, U be separable real Hilbert spaces and let us denote by L(H, V') (resp. L (H))
the Banach space of all bounded linear operators which transform H into V' (resp. H).
We write (.,.) for the inner product and ||.|| for norms of elements and operators. If
A € L(H) then A* is the adjoint operator of A. The operator A € L(H) is said to be
nonnegative and we write A > 0, if A is self-adjoint and (Az,z) > 0 for all z € H. If
H is a Hilbert space, we will denote by H the cone of all nonnegative operators from
L(H). We denote by I the identity operator on H. The sequence L,, € L(H,V),n € Z
is bounded on Z if sup,,cz || Ln| < oo.

Let (92, F, P) be a probability space. We will denote by B(H) the Borel o-field of
H. If € is a real or H- valued random variable on 2, we write E({) for mean value
(expectation) of £. We will use the notation LP(H) = LP(Q,F, P,H), p € N* for the
space of all equivalence class of H-valued random variables ¢ such that E ||€]|” < oo.

DEFINITION 1. A sequence {n,},n € Z of H-valued random variables is 7-
periodic, 7 € N* if

P{nnl—i-T S Al, -~-a77nm+7' S Am} = P{’I?nl S Al, ...,’I]nm S Am}; (1)

for all n1,ng,...,nym € Z and all A, € B(H), p=1,..,m.
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34 Almost Sure Tracking For Discrete Time Systems

Let &, € L*(R),n € Z be real and independent random variables, which satisfy the
condition E(&,) = 0 and let F,,, n € Z, be the o-algebra generated by {&;,i <n — 1}.
We will denote LP(H) = LP(Q), F,,, P, H),p € N*.

Let us consider the system with control, denoted {A: D,B: H}

and the output
Yn = Cnp (3)

where A,,B, € L(H),D,,H, € LU H),C,, € L(H,V),n € Z and the control
{-syUp, Unt1,...} belongs to the class U defined by the property that u, € Li(U),
n € Z and sup,,cz E un||* < 00. If D,, = H,, = 0 for n € Z, we will use the notation
{4, B} for the stochastic system {4 : 0, B : 0}.

We need the following hypotheses:

Hy: The sequences A,,, B, € L(H),D,,H, € L(U,H),C,, € L(H,V), K, € L(U),
rm € H E (5%) € R, are bounded on Z and

K, > 61,6 >0 forall n € Z. 4)

H, : The sequences A,,B,,D,,C,, K,, r,,b, = E(ﬁfl) ,€n, n € Z introduced
above are T-periodic, T € Z.

Assume that H; and (4) hold and let us denote by Uy, the subset of admissible
controls from U with the property that z, = x(n, k)n, the solution of (2) with the
initial condition zy =1 € L}(H), satisfies the condition sup,,~; E 2|t < .

The tracking problem consist in finding a feedback control u in a suitable class of
controls such us the solution x,, = z:(n, k)n of the controlled system (2) is “as close as
possible” to a given T-periodic signal 7,.

So, for every k € Z, we look for an optimal “pair” (n,u),u € Uy, n € LE(H),
which minimize the following quadratic cost

e ]- K 2
() = Ty oo == 7 [0 (o = 7 I+ (Bt )] (5)
n=k
where z,, is the solution of (2) with the initial condition z, = n € L}(H), for all n € Z,
n > k. Under stabilizability and uniform observability (or detectability) conditions (see
Theorem 11, for the periodic case and Theorem 13 for the time invariant case) we will
find the optimal cost and the optimal control.

2 Bounded Solutions Of Affine Discrete Time Sys-
tems

We denote by X(n,k),n > k > 0, the random evolution operator associated to the
stochastic system {A, B} that is X (k, k) = I and for all n > k,

X(na k) = (Anfl + fnlenfl) te (Ak + ngk)
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The stochastic system {A, B} with the initial condition zx = n € L?(H) has a
unique solution z,, = z,(k,n) given by x,, = X(n,k)n. If B,, =0 for all n € Z, we will
denote the deterministic system x,,11 = Apz, by {A}.

DEFINITION 2. a) The stochastic system {A, B} is uniformly exponentially stable
iff there exist 8 > 1,a € (0,1) such that, for all n > k, n,k € Z and x € H, we have

E|X(n k)z|* < ga" " || (6)

b) The deterministic system {A} is uniformly exponentially stable iff there exist 5 > 1,
a € (0,1) such that, for all n > k, n,k € Z, we have

Ap_14n_o--- Al” < Ba" .

REMARK 3. It is not difficult to see that {4, B} is uniformly exponentially stable
if and only if (6) holds for all n € L2 (H).

The following result is known [4], [1].

PROPOSITION 4. If Hy holds, f, is a bounded on Z sequence and {A} is uniformly
exponentially stable then the system

has a unique, bounded on Z, solution. Moreover, if H; holds and f,, is 7- periodic,
then this solution is T-periodic.

Arguing as in the proof of Proposition 14 from [4] we can establish the following
result.

PROPOSITION 5. Assume that Hy holds and the sequences ¢, v, € H,n € Z are
bounded on Z. If {A, B} is uniformly exponentially stable then the system

Tn+1 = Anl’n + ganxn + v, + gnQn (8)

(without initial condition) has a unique solution in L?(H),

n—1

Ty = Z X(n,p+1) (vp +&pap)

p=—00

which is mean square bounded on Z, that is, there exists M > 0 such that E ||913n||2 <M
for all n € Z. Moreover, if H; is satisfied and gy, v,,n € Z are T-periodic, then (8) has
a unique solution, which is mean square bounded on Z and 7-periodic.

3 Discrete-Time Riccati Equation Of Stochastic Con-
trol And Uniform Observability

We will denote by {A, B; C'} the discrete time stochastic system formed by the stochas-
tic system {A, B} and the observation relation z, = Cpxz,.
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DEFINITION 6.(see Definition 6 in [2]) We say that {A, B; C'} is uniformly observ-
able if there exist ng € N and p > 0 such that
k+mno
> ElCaX(n k)| > plll|”
n=~k
forall k € Z and x € H.
We consider the mappings

D, :H—U,D,(S)=D;SD,, +b,H:SH,,
Vp:H— L(H,U),V,(S)=D;SA, +b,H:SB,,
Gn + H = H,Gn(S) = (Va(S5))" (Kn + Du(8) ™ Va(S).
We introduce the following Riccati equation
R, = A} Ryy1An + b, By Ry1B, + CCh, — G (Rpt1) (9)

on ‘H connected with the quadratic cost (5). A sequence {R,}nez, Ry € H such as (9)
holds is said to be a solution of the Riccati equation (9).

DEFINITION 7. [2] a) The system (2) is stabilizable if there exists a bounded on
Z sequence F = {F,}ncz,F, € L(H,U) such that {A + DF,B + HF'} is uniformly
exponentially stable. b) A solution R = (R,)nez of (9) is said to be stabilizing for (2)
if {A+ DF, B+ HF} with

F,=—(K,+Dy(Rps1)) "ValRyui1), n€Z (10)

is uniformly exponentially stable. ¢) The system {A, B, C'} is detectable if there exists
a bounded on Z sequence J = {J,, }nez, Jn € L(V, H) such that, the stochastic system,
{A+ JC, B} is uniformly exponentially stable.

The following result concerning the Riccati equation is known (see [3]).

THEOREM 8. Assume Hj holds and 1) system (2) is stabilizable; and 2) system
{A, B; C} is either uniformly observable or detectable. Then the Riccati equation (9)
admits a unique nonnegative, bounded on Z and stabilizing solution.

REMARK 9. Tt is known (see [3]) that the stochastic observability does not imply
detectability. Hence the results obtained in this paper under uniform observability
conditions are different from the ones obtained under detectability conditions (see [1]).

THEOREM 10. If H; and the hypotheses of the Theorem 8 hold, then the Riccati
equation (9) admits a unique nonnegative, 7-periodic solution, which is stabilizing for
the stochastic system with control (2).

PROOF. From Theorem 8 it follows that the Riccati equation (9) admits a unique
nonnegative, bounded on Z and stabilizing solution. We only have to prove that this
solution is 7-periodic. Let us consider the sequence R(M, M) =0 € H,

R(M,n) = A%R(M,n + 1)A, + b, B:R(M,n + 1)B,, + C*C,, — Go(R(M,n + 1))

for all n < M — 1. If Hy holds, then it is clear that R(M,n) = R(M + 7,n+ 7) for all
n < M — 1. It is known that if the system (2) is stabilizable, then the solution of the
Riccati equation (9) is given by R,z = limy—co R(M,n)z, for all x € H and n € Z
(see [3]). Now it is easy to see that R,y = R, for all n € Z and the conclusion follows.
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4 Main Results

Let us denote f, = A,rn — rpy1 and p, = Bpr,. The following theorem gives the
optimal control, which minimize the cost function (5).

THEOREM 11. Assume that H; and the hypotheses 1) and 2) of the Theorem
8 hold. Let R,, and h, be the unique 7-periodic solution of the Riccati equation (9)
respectively of the Lyapunov equation

with F,, given by (10). If Z,,,n € Z is the unique 7-periodic solution of (2), where
Uy = F,@p — Forn — Vo (D hp1 + b HERyp1pn) (12)

and if E ||Z;||* < oo then the optimal cost is

T

I (T, 0) = %Z[bz (Rivapi, pi) + 2 (hiva, fi) — (Riv1 fis fi)

_) i

where V,, = K, + Dp(Rpn41)-

PROOF. First, we note that, since the solution of the Riccati equation (9) is stabi-
lizing for (2), we can apply Proposition 4 to deduce that the equation (11) has a unique
T-periodic solution. Let us consider the function

VY2 D, bl Riipil || 13
i [ i Nit1 + 015 z+1pl] ( )

Ut H — Ryvp(z) = (Rux, ) + 2(hy, — Ry fr1,2) .
If x,, is the solution of the system (2), then Z,, = x,, —r,, is the solution of the following

system

(14)

Ty=x—ry€ H keZ

By a simple computation we obtain

Unt1 (@Tnt1) = (Ro1Tong1:Tng1) + 2 (hngr — Rog1 fr, Tngr)
= Un (fn) - ||CnTnH2 - <Knumun>
2
+ ] VY2 (= By + bu Vi "H Ry1pn + Vi ' D) H
2
- ’ V, V2 (b H Rogapn + D;hn+1)“
- <Rn+1fnu fn> + bn <Rn+1pnapn> + 2 <hn+17 fn> + Cn + dn7 (15)

where ¢, = (5721 — bn) <Rn+1 (ann + Hyu, ern) s BT + Hpup +pn> and

dn = 2571 <Rn+1 (AnTn + Dnun) + hn+17 ann + Hnun +pn> .
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Since {A+ DF, B+ HF} is uniformly exponentially stable, we can use Proposition
5 to deduce that T, the unique, bounded on Z solution of the system (14), where

Ty = F,Tp — Vi, M (Dl by + by HE Ry 19n) -

is T-periodic and there exists v > 0 such that E ||fn||4 < v for all n € Z. Consequently
Uy, is T-periodic and w € Uy z, .

If Z,, is the unique T-periodic solution of (2) with u,, given by (12) (@, = @,) then
Ty, = ZTn, — ry and using (15) we get

n—1

Z I1C; (& — 7o) + (K, Us) = ﬁ Z [bz' (Ri1pis i) +
ik
]

e [D; hiy1 + biH R 1p;)
+dy) (16)

n—k

+2 <hi+1afi> < 1+1fufz> ’

1
n—=k

Wnt1 (Tnt1) — vk (T)]
:k

We recall Chebyshev’s inequality: P(||€|| > ) < W for all nonnegative and
nondecreasing functions f : Ry — Ry and £ a H- valued or real random variable.
Since E ||Z,||* < v for all n € Z, we have

1
p <n — (Bn1Tnt1, Tar) + (ngs = RBoga o, Tus)] > E)

< 2F <Rn+1§n+1yfn+1>2 + 271E Hin+1”2 < V2
(n —k)*e2 T (n—k)*e2

If An = {W S Q/ﬁ (<Rn+1§n+lafn+1> + 2 <hn+1 - Rn—&-lfnafn-‘rl» ((U) > 5} ) it
follows from the Borel-Cantelli lemma that

oo (oo}
P (ﬂ U An> =0
n=1k=n
Thus as n — oo, ﬁ'[}n+1 (Tn+1) — 0 P.a.s. Analogously it follows that as n — oo,
n—1

—L 0, (Ty) — 0 P.a.s. Now we will prove that == >"""" (¢; + d;) — 0 P.a.s. It is easy
to see that L, = > 7k (¢; + d;) is a martingale. We have

ZVE|Liyi— L) XEla+di> &2 [(a; 4+ b2)ys + biva]
PSRN S e e
i=k i=k i=k

where a; = E||Z;|*. Since an,bn,n € Z are bounded on Z we deduce that there

exists v5 € R such as Y7 M < 'y Soock 22 < oo. By Corollary 2, given by
Shiryaev in [5}, it follows that as n — 00, =Ly, — 0 Pa.s. Asn — oo in (16), i
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follows

2

1.(Fr, )_hmn%o— Z[ ‘ V2D hy + b H Ris1ps)

— (Rit1fis fi) + bi (Riapi, pi) + 2 (hiy1, fzﬂ (17)
Thus

min  Ip(n,u) < Ix(Tg, w).
(n,u),u€U y

If n € L} (H) and u € Uy, and reasoning as above it is not difficult to deduce that
Te(n,u) = Ti(Ty, ).
Thus min(, ) uev, ,, I (n,u) = I;(Tx, u) and the optimal cost does not depend on the

initial value Ty. Since all the sequences in I} (T, w) are T-periodic, we take successively
n=pr+kand p— ooin (17) and we get

:—ZH

—(Rig1fi, fi) + b (Rig1pi, pi) + 2 (hiya, fi>]

2
v, (D7 hiv1 + b H Riy1pi]

The proof is complete.

REMARK 12. Assume that the hypotheses of the above theorem fulfilled. If w,, is
given by (12) then the unique T-periodic solution of (2), according Proposition 5, is

n—1

Tp=— Z X(n,i+ 1) (Di + &H) {V; D] (higa) + biH; Ripapi] + Firi} - (18)

i=—00

where X (n, k) is the random evolution operator associated to the system {A+ DF, B+

5 Time Invariant Case

We have the following result.

THEOREM 13. Assume that H; holds for 7 = 1, the hypotheses of the Theorem
11 are fulfilled and {{,},n € Z is 1-periodic.
i) Then the following algebraic Riccati equation, respectively Lyapunov equation

R=A"RA+V*BRB+C*C — F*(K + D*RD + bH*RB)F
h=(A+ DF)*h+ R(Ar —r)+b(B+ HF)" RBr
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have unique solutions. Moreover
h = Z (A*+ F*D*)" [R(Ar —r) + b(B + HF)" RBr|
p=0
ii) If R and h are the solutions of the above algebraic equations, then the optimal
cost is
2
I@) = b(RBr,Br)+2(h Ar—r)— HV*W [D*h + bH* RBr] H
_<R(AT_T)7(AT_T)>a

and an optimal control is @, = Fz, — Fr — [D*h + bH*RBr], where I, is given by
(18) and we assume that E ||Z, " < cc.

References

[1] A. Halanay, T. Morozan and C. Tudor, Tracking discrete almost-periodic signals
under random perturbations, Int. J. Control, 1(47)(1988), 381-392.

[2] T. Morozan, Discrete time Riccati equations connected with quadratic control
for linear systems with independent random perturbations, Rev. Roumaine Math.
Pures Appl., 3(37)(1992), 233-246.

[3] V. M. Ungureanu, Quadratic control problem for linear discrete-time time-varying
systems with multiplicative noise in Hilbert spaces, Mathematical Reports, nr. 1,
7(57)(2005), 73-89.

[4] V. M. Ungureanu, Quadratic control of affine discrete-time, periodic systems with
independent random perturbations, Portugalia Matematicae (NS), 3(62)(2005),
303-324.

[5] A. M. Shiryaev, Probability, New York: Springer Verlag, 1984.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


