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Abstract

This paper is concerned with an inverse transient thermoelastic problem in
which we need to determine the unknown temperature, displacement and stress
function on the outer curved surface of a thin annular disc when the interior heat
flux is known. Finite Marchi-Fasulo transform and Laplace transform techniques
are used.

1 Introduction

The inverse thermoelastic problem consists of the determination of the temperature of
the heating medium and the heat flux of a solid when the conditions of the displacement
and stresses are known at some points of the solid under consideration. This inverse
problem is relevant to different industries where machinery such as the main shaft of
lathe and turbine and roll of a rolling mill is subject to heating.

In [1] and [2], one-dimensional transient thermoelastic problems are considered and
the heating temperature and the heat flux on the surface of an isotropic infinite slab are
derived. The direct problems of thermoelasticity of a thin circular plate are considered
in [5, 7, 9] and inverse problems of thermoelasticity of a thin annular disc are considered
in [3] and [4].

In the present problem an attempt is made to study the inverse transient ther-
moelastic problem to determine the unknown temperature, displacement and stress
functions of the disc occupying the space D = {(x,y,2) € R? : a < (22 +y*)1/? <
b,—h < z < h} with known interior heat flux. Finite Marchi-Fasulo integral trans-
form and Laplace transform techniques are used to find the solution of the problem.
Numerical estimate for the temperature distribution on the outer curved surface is
obtained.

*Mathematics Subject Classifications:74J25, 74H99, 74D99.
tPost Graduate Department of Mathematics, MJP Educational Campus, RTM Nagpur University,
Nagpur 440 033, India.
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2 Statement Of The Problem

Consider a thin annular disc of thickness 2h occupying the space D. The differential
equation governing the displacement function U(r, z,t), where r = (22 + y*)'/? is

9°U 10U
with
U.-=0atr=aandr =09, (2)

where v and a; are the Poisson’s ratio and the linear coefficient of thermal expansion
of the material of the disc respectively and 7" is the temperature of the disc satisfying
the differential equation

or2 " ror 022 kot’

where k = % is the thermal diffusibility of the material of the disc, K is the conductibil-
ity of the medium and p is its calorific capacity (which is assumed to be constant),
subject to the initial condition

T(r,z,0)=0foralla <r <band —h <z <h, (4)

the interior condition

IT(& 2 t)

=L =f(zt) foralla<g<b —h<z<handt>0 (5)

and the boundary conditions

T
W:U(zvﬂ forall —h <z<handt>D0, (6)
T(b,z,t) =g(z,t) forall —h<z<handt>0, (7)
oT
[T(r,2.8) + ki~ (r, 2, 8)]sen = Fa(r1) foralla<r <band >0, (8)

oT
[T(r,z,t) + kzga—(r, 2,8)] p=—n = Fo(r,t) foralla <r <bandt>0. 9)
z
The functions Fy(r,t) and Fy(r,t) are known constants and they are set to be zero here
as in other literatures [3-4, 6, 9] so as to obtain considerable mathematical simplicities.
The constants k1 and ko are the radiation constants on the two plane surfaces. The
function f(z,t) is assumed to be known while the function g(z,t) is not.
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The stress functions o,.. and ggg are given by

10U
= —9u—— 1
Orr = (10)
0*U
ggy = _Q'LL—C()TQ (11)

where 1 is the Lamé elastic constant, while each of the stress functions o,.,, 0., and
09, are zero within the disc in the plane state of stress.

The equations (1) to (11) constitute the mathematical formulation of the problem
under consideration [5].

3 Solution Of The Problem

Applying the finite Marchi-Fasulo integral transform defined in [6] to the equations (3)
to (7), (5) and using (8) as well as (9), we obtain

the initial condition

T(r,n,0) =0, (13)
the boundary conditions
dT(a,n,t)  _
o = a(n,t), (14)
T(b,n,t) = g(n,t), (15)
the interior condition
dT(S) n, t) £
S ) 1
2 = o) (16)

where T denotes the Marchi-Fasulo transform of T and n is the Marchi-Fasulo transform
parameter, a,, are the solutions of the equation

[ara cos(ah) + By sin(ah)] X [B2 cos(ah) + asasin(ah)]
= [agacos(ah) — By sin(ah)] x [B1 cos(ah) — ayasin(ah)],

a1, ag, B and (o are constants and

h
f(n,t):/ F(2 ) Pa(2)dz,

—h
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P,(z) = Qn cos(anz) — Wy, sin(a, 2),

Qn = an(ay + ag) cos(ayh) + (81 — B2) sin(anh),

W, = (1 + B2) cos(anh) + (aa — aq)ay, sin(a,h).

Applying the Laplace transform defined in [8] to the equations (12), (14) to (16) and

using (13), we obtain

A1+ 1dT* 9= s
[ L _d*T* =0 2 _ 2 2
arz T ar = an k’

the boundary conditions
dT*(a,n, s)

= =a*(n,s),

T*(b,n,s) = g*(n,s),
and the interior condition

dT*(g,naS) I
b = (),

(17)

(18)

(19)

(20)

where T* denotes the Laplace transform of T' and s is a Laplace transform parameter.

The equation (17) is a Bessel equation whose solution is given by

T*(r;n,s) = Alo(gr) + BKo(qr)

(21)

where A, B are the constants depending on n, and Iy(gqr), Ko(gr) are modified Bessel’s
functions of first and second kind of order zero respectively and as r tends to zero,

Ko(gr) tends to infinity but T*(r,n, s) remains finite.
Using (18) and (20) in (21), we obtain

A= f_*(nv S)Ko(qa) —u” (n7 S)KO(qg)
q[Ko(qa)Io(q€) — Ko(q€)Io(qa)]’

and
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Substituting these values in (21) and then inversion of Laplace transform and finite
Marchi-Fasulo transform leads to

v Pa(2) 5 Yo (Ama)][Yo (Amé)]
frst nZ::l A Z (A% + @) [[Yg (Ama)]? = [Yg (Am&)?]

n 1

t
X [Yg (Ana) J(Amr) = Yo (Amr) Jy(Ama)] x /0 F(n,t))e FOmFan) (=10 gy

Y5 (Am&)]
Z (A2, + a2)[[Yg Ama)]2 — [Yg(Am)]?]

x[Y_ (Amgw M) = Y3 Oon) Ty )]
« ’11(717 t/)e—k()\?”—l—an)(t—t’)dt/ (22>
0
and
L8 = o~ Pul?) < Yo Ama)][Yg (Am)]
5(&t) n; n mzzl (A% 4+ a2)[[Yo (Ama)]? — [Y§ (Am&)]?]

t
X[V Am@) Ty (Ambd) — Y{ ) Jh(Ama)] x | F(n, ¢ e FOmtan) =) gy
0

S S G Am&)]”
;;: Zl A+ a)[[Yo(Ama)? = [Yg(Am&)]?]

XY (Am€) Ty Aanb) = Y5 ) T (A )]
t
ﬂ(n,t/)e_k(Ail-‘rai)(t—t’)dt/’ )

X

S~

where m, n are positive integers, and A, are the positive roots of the transcendental
equations

[Y()/(/\ma)J(l)(Amb) - Y()/()‘mb)*](/)()‘ma” =0
and

sin(a,h)
2an,

An=[hP2<) HQ2 + W2+ Q2w

Equations (22) and (23) are the desired solutions of the given problem with 1 =
/82 =1 and a1 = ]Cl, Qo = kQ.
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4 Determination Of Thermoelastic Displacement

Substituting the value of T(r, z,t) from the equation (22) in (1) one obtains the ther-
moelastic displacement function U(r, z, t):

) = B (2) & Y5 Am@)] [V )]
Ulrzt) = —(4vje) = leﬁa?)nw )l ~ 5P

K [YL @) T o) — Y2 o) T () X /0 Fln, #)eHORFa2) =) gy

o Pal2) Yo Am&)]?
2 (A% + @) [Yg(Ama)]? = [Yg (Am&) ]

+(1 4 v)ay

n=1 m=1

t
X (Y M) Jo(Amt) — Yo M) Ty (M) / a(n, t')e MO mta) =) gy
0

5 Determination Of Stress Functions

Using the series expansion of T'(r, z,t) in the equations (10) and (11), the stress func-
tions are obtained as

TP > Yo Ama)][Yg (Amb)]
o = (4 )tn; Z: A +a2 [Y/()\ a)? = [Yg(Am&)]?]

X[V Am@) T Amt) — Y D) T (Ama) x / Fn,t))e FXntan) =t gy

2 2 Pula) & Al Yg A2
S 5 Z 02, + @)V )2 — [ OO

XY ) TG M) = Y3 ) JgAm)] [ an, ) e FOmta) =) gy’ (24)

S~

and

_ S . /\2 Y ()‘ma)][yl()\mg)]
70 = 2“(”“)“; Z 02 T a) [[%(Ama)]f— ¥4 OO

t
X[V Am@) T At — Y3 A7) T (Ama) x / Fln,t))e PN tan) (=) gy
0

o Pa(2) A Y5 (Am€)]?

~2(1 Ve ) Z 02, + DY )] — VOl )T
t

X[V AmE) T ) = Y O T (Am)] i t(n, t')e FATa) (=) gt/ (95)
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6 Convergence Of The Series Solution

In order for the solution to be meaningful the series expressed in equation (22) should
converge for all @ < r < b and —h < z < h, and we should further investigate the
conditions which has to be imposed on the functions u(z,t), g(z,t) and f(z,t) so that
the convergence of the series expansion for T'(r, z,t) is valid. The temperature equation
(22) can be expressed as

S Y5 @)Y (M)

(A + a) Y (Ama)]* = [Yg(Am&)]?]

o
P,
T(T, Z, t) = Z )\(Z)
n=1 o om=1

t
X[V Am@) Ty Amr) = Yo (A T (Ama)] X / Fn, t')e RN ntan) (=) gy
0

& Pla) & Vg (M)
Z A mz::l<Aa+az>[[lfa<xma>]2—[Yaumg)m

t
X[V Am&) Jb Amr) = Y Q) T M) / a(n, t)e FNmtan) (=) gy
0

We impose conditions so that both T'(r,n,t) and T;(r,n,t) converge in some gen-
eralized sense to g(r,n) and h(r,n) respectively as t — 0 in the Marchi-Fasulo trans-
form domain. As per finite classic Marchi-Fasulo transform sin(a, z) and cos(a,z) are
bounded, thus \,, converges to a finite limit with 81 = 8o = 1 and oy = ky, as = ko
and h selected with finite limits for our desired solution. Taking into account of the
asymptotic behaviors of P, (z), positive roots \,,, and eigenvalues a,, given in [6], it is
observed that the series expansion for T'(r, z,t) will be convergent if

t 2 2 ’ f / k
/ k(2 +a2 ) (t—t >{ 1{:22 ?; }dt/ _o (#) k>0, (26)

0 ) A%, +ag

Here f(n,t') and (n,t') in equation (26) can be chosen as one of the following
functions or their combination involving addition or multiplication of constant func-
tions, sin(wt'), cos(wt’), e ¥ or polynomials of ¢. Thus, T(r, 2,t) is convergent to a
limit {T'(r, z,t)} y=p,.=h as convergence of a series for r = b implies convergence for all
r < b at any z.

7 Special Case And Numerical Result
In (23), let

Ft) = (L= )z — )(z + W)€,
u(z,t) = (1— e )z — (= + h)’a,

a=A4(k; + k), a=1,b=2 =15 h=1, k=0.86,
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t = 1 second, and J\,, the positive roots of the transcendental equation

[Y()/()‘ma)*](/)()‘mb) - Y()I(Amb)*](/)(/\ma)] =0.

— cos(ay) sin(a,)
a2z,

g(zt)  _ i

n=1

[cos Po(2)
1V o) IYE (LAY o) T4 (20m) — Y (200m) T (Ao
{Z ( )I[YG (Am) J5(2Am) (2Am) Jo(Am)]

(A% +a)[[Yo (Am)]? = Y5 (1.5Am)]?]

o0

Z Vg (1.5, [V (1. 5Am>Ja<2Am>—Y()'(zxm)Ja(l.sAm)]}

= (A% + @) Y5 (Am)]? = [YG (1.5A)]?]

t
x/ (1—e" ) —0.86(A7, +an)(1—t") g4/ (27)
0

The (27) is calculated numerically and it is observed that as r increases the value of

z,t) -
% increases.

8 Conclusion

The temperature, displacements and thermal stresses on the outer curved surface of a
thin annular disc have been obtained, when the interior heat flux and the other three
boundary conditions are known, with the aid of finite Marchi-Fasulo transform and
Laplace transform techniques. The results are obtained in terms of Bessel’s function
in the form of infinite Marchi-Fasulo transform series. The series solutions converge
provided we take sufficient number of terms in the series. Since the thickness of annular
disk is very small, the series solution given here will be definitely convergent.

Any particular case can be derived by assigning suitable values to the parameters
and functions in the series expressions. The temperature, displacement and thermal
stresses that are obtained can be applied to the design of useful structures or machines
in engineering applications.
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